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THE PURPOSE OF COMPUTING
IS INSIGHT, NOT NUMBERS

To study, and when the occasion arises to put what one has
learned into practice—is that not deeply satisfying ?
Confucius, Analects 1.1.1
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PREFACE

There has been much progress in the 10 years since the first edition was written,
but of the many books that have appeared on the topic none has put the emphasis
on the frequency approach and its use in the solution of problems. For these
reasons, a second edition seems necessary.

The material has been extensively rearranged, rewritten, and added to,
s0 that in some respects it is a new book; however, the main aims, style, and
motto have not changed.

As always, the author is greatly indebted to others for much that is in the
book. Mostimportant are his management and colleagues at the Bel] Telephone
Laboratories. Professor Roger Pinkham has over the years been a constant
source of stimulation and inspiration. It would take a list of at least 100
names to thank all who have contributed to some extent, and at the top of this
list would be M. P. Epstein. My thanks also go to all the unmentioned people
on the list and to A. Ralston for many helpful suggestions. Thanks also to
Mirs. Jeannie Waddel for typing and helping to organize the manuscript.

R. W. HAMMING






PART I

Fundamentals and
Algorithms
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AN ESSAY ON NUMERICAL METHODS

.1 THE FIVE MAIN IDEAS

Numerical methods use numbers to simulate mathematical processes, which in
turn usually simulate real-world sitvations. This implies that there is a purpose
behind the computing. To cite the motto of the book, The Purpose of Comput-
ing Is Insight, Not Numbers. This motto is often thought to mean that the
numbers from a computing machine should be read and used, but there is much
more tothemotte. The choice of the particular formula, or algorithm, influences
not only the computing but also how we are to understand the results when they
are obtained, The way the computing progresses, the number of iterations it re-
quires, or the spacing used by a formula, often sheds light on the problem. Fin-
ally, the same computation can be viewed as coming from different models, and
these different views often shed further light on the problem.  Thus computing is,
or at least should be, intimately bound up with both the source of the problem and
the use that is going to be made of the answers—it is not a step to be taken in isola-
tion from reality.

Much of the knowledge necessary to meet this goal comes from the field of
application and therefore lies outside a general treatment of numerical methods.
About all that can be done is to supply a rich assortment of methods and to
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comment on their relevance in general situations. This art of connecting the
specificproblem with thecomputingisimportant, but it is besttaught inconnection
with a field of application.

The second main idea is a consequence of the first.  If the purpose of com-
puting is insight, not numbers, as the motto states, then it is necessary to study
Jamilies and to relate one family to another when possible, and to avoid isolated
formulas and isolated algorithms. In this way a sensible choice can be made
among the alternate ways of doing the problem, and once the computation is done,
alternate ways of viewing the results can be developed. Thus, hopefully, the in-
sight can arise. For these reasons we tend to concentrate on systematic methods
for finding formulas and avoid the isolated, cute result. It is somewhat more
difficuit to systematize algorithms, but a unifying principle has been found,

This is perhaps the place to discuss some of the differences between numerj-
cal methods and numerical analysis (as judged by the corresponding textbooks).
Numerical analysis seems to be the study in depth of a few, somewhat arbitrarily
selected, topics and is carried out in a formal mathematical way devoid of refevance
to the real world. Numerical methods, on the other hand, try to meet the need
for methods to cope with the potentially infinite variety of problems that can
arise in practice. The methods given are generally chosen for their wide appli-
cability in creating formulas and algorithms as well as for the particular result being
found at that point,

The third major idea is roundoff error. This effect arises from the finite
nature of the computing machine which can only deal with finitely represented
numbers, But the machine is used to simulate the mathematician’s number sys-
tem which uses infinitely long representations. In the machine the fraction § be-
comes the terminated decimal 0.333...3 with the obvious roundoff effect. At
first this approximation does not seem to be very severe since usually a minimum
of eight decimal places are carried at every step, but the incredible number of
arithmetic operations that can occur in a problem lasting only a few seconds is the
reason that roundoff plays an important role.  The greatest loss of significance in
the numbers occurs when two numbers of about the same size are subtracted so that
most of the leading digits cancel out, and unless care is taken in advance, this can
happen almost any place in a long computation,

Most books on computing stress the estimation of roundofT, especially the
bounding of roundoff, but we shall concentrate on the avoidance of roundoff. It
seems better to avold roundoff than to estimate what did not have to cccur if com-
mon sense and a few simple rules had been followed before the problem was put on
the machine,

The fourth main idea is again connected with the finite nature of the machine,
namely that many of the processes of mathematics, such as differentiation and in-
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tegration, imply the use of a limit which is an infinite process. The machine has
finite speed and can only do a finite number of operations in a finite length of time,
This effect gives rise to the fruncation error of a process.

We shall generally first give an exact expression for the truncation error and
deduce from it various bounds. A moment’s thought should reveal that if we
had an ¢xact expression, then it would be practically useless because to know the
exact error i3 to know the exact answer. However, the exact-error expression is
very useful in studying families of formulas, and it provides a starting point fora
variety of error bounds.

The fifth main idea is feedback, which means, as its name implies, that num-
bers produced at one stage are fed back into the computer to be processed again
and again; the program has a loop which uses the output of one cycle as the input
for the next cycle. This feedback situation is very common in computing, as it is
a very powerful tool for solving many problems,

Feedback feads immediately to the associated idea of stability of the feedback
loop—will a small error grow or decay through the successive iterations? The
answer may be given loosely in two equivalent ways: first, if the feedback of the
error is too strong and is in the direction to eliminate the error (technically, nega-
tive feedback), then the system will break into an oscillation that grows with time;
second and equivalently, if the feedback is delayed too long, the same thing will
happen,

A simple example that illustrates feedback instability is the common home
shower. Typically the shower begins with the water being too cold, and the user
turns up the hot water to get the temperature he wants. If the adjustment is too
strong (he tumns the knob too far), he will soon find that the shower is too hot,
whereupon he rapidly turns back to cold and soon finds it is too cold. If the
reactions are too strong, or alternately the total system (pipes, valve, and human)
istoo slow, there will result a ** hunting ” that grows more and more violent as time
goes on.  Another familiar example is the beginning automobile driver who over-
reacts while steering and swings from side to side of the street.  This same kind of
behavior can happen for the same reasons in feedback computing situations, and
therefore the stability of a feedback system needs to be studied before it is put on
the computer.

1.2 SECOND-LEVEL IDEAS

Below the main ideasin Sec. 1.1 are about 50 second-level ideas which are involved
in both theoretical and practical work. Some of these are now discussed.
At the foundation of all numerical computing are the actual numbers
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themselves. The floating-point number system used in most scientific and engi-
neering computations is significantly different from the mathematician’s usuai
number system. The floating-point numbers are not equally spaced, and the
numbers do not occur with equal frequency. For example, it is well known that
a table of physical constants will have about 60 percent of the numbers with a
leading digit of 1, 2, or 3, and the other digits—4, 5, 6, 7, 8, and 9—comprise only
40 percent.

Although this number system lies at the foundation of most of computing,
it is rarely investigated with any care. People tend to start computing, and only
after having frequent trouble do they begin to look at the system that is causing it.

Immediately above the number system is the apparently simple matter of
evaluating functions accurately. Again people tend to think that they know how
to do it, and it takes a lot of painful experience to teach them to examine the pro-
cesses they use before putting them on a computer.

These two mundane, pedestrian topics need to be examined with the care
they deserve before going on to more advanced matters; otherwise they will con-
tinually intrude in later developments.

Perhaps the simplest problem in computing is that of finding the zeros of a
function, 1In the evaluation of a function near a zero there is almost exact can-
cellation of the positive and negative parts, and the two topics we just discussed,
roundoff of the numbers and function evaluation, are basic, since if we do not
compute the function accurately, there can be little meaning to the zeros we find.
Because ofthe discrete structure of the computer’s number system it is very unlikely
that there wiil be a number x which will make the function y = f{x) exactly zero.
Instead, we generally find a smallintervalin which the function changessign. The
size of the interval we can use is related to the size of the argument x, since for large
x the number system has a coarse spacing and for x small (in size) it has a fine
spacing. This is one of the reasons that the idea of the relative error

true — calculated
{rue

Relative error =

plays such a leading role in scientific and engineering computations., Classical
mathematics uses the absolute error

Absolute error = [true — calculated |

most of the time, and it requires a positive effort to unlearn the habits acquired in
the conventional mathematics courses.  The relative error has trouble near places
where the true value is approximately zero, and in such cases it is customary to use
as the denominator

max{}x{, |f{x)]}

where f{x) is the function computed at x.
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‘The problem of finding the complex zeros of an analytic function occurs so
often in practice that it cannot be ignored in a course on numerical methods,
though it is almost never mentioned in numerical analysis. A simple method re-
sembling one used to find the real zeros is very effective in practice.

In the special case of finding all the zeros of a polynomial the fact that the
number of zeros (as well as other specialcharacteristics)isknown in advance makes
the probiem easier than for the general analyticfunction.  One ofthe best methods
for finding them is an adaptation of the usual Newton’s method for finding real
zeros, and this discussion is used to extend, as well as to analyse further, Newton's
method. Tt is only in situations in which a careful analysis can be made that
Newton's method is useful in practice; otherwise its well-known defects outweigh
its virtues.

What makes the problem of finding the zeros of a polynomial especially
important, besides its frequency, is the use made of the zeros found. The method
is a good example of the difference between the mathematical approach and the
engineering approach. The first merely tries to find some numbers which make
the function close to zero, while the second recognizes that a pair of “ close ™ zeros
will give rise to severe roundofftroubles when used at a later stage, In isolation
the problem of finding the zeros is not a realistic problem since the zeros are to
be used, not merely admired in a vacuum. Thus what is wanted in most practice
is the finding of the multiple zeros as multiple zeros, not as close, separate ones,
Similarly, zeros which are purely imaginary are to be preferred to ones with a small
real part and a large imaginary part, provided the difference can reasonably be at-
tributed to uncertainties in the underlying model.

Another standard algorithmic problem both in mathematics and in the use
of computation to solve problems is the solution of simultaneous linear equations.
Unfortunately much of what 1s commonly taught is usually not relevant to the
problem as it occurs in practice; nor is any completely satisfactory method of solu-
tion known at present. Because the solution of simultaneous linear equations is
$0 often a standard library package supplied by the computing center and because
the corresponding description is so often misleading, it is necessary to discuss the
limitations (and often the plain foclishness) of the method used by the package.
Thus it is necessary to examine carefuslly the obvious flaws and limitations, rather
than pretending they do not exist.

The various algorithms for finding zeros, solving simultanecus linear equa-
tions, and inveriing matrices are the classic algorithms of numerical analysis.
Each is usually developed as a special trick, with no effort to show any underlying
principles. Theidea of an invariant algorithm provides one common idea linking,
or excluding, various methods, An invariant algorithm is one that in a very real
sense attacks the problem rather than the particular representation supplied to the
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computer. The idea of an invariant algorithm is actually fairly simple and ob-
vious once understood.  In many kinds of problems there are one or more classes
of transformations that will transform one representation of the equations into
another of the same form. For example, given a polynomial

PX)=a,x" + g, X" 4+ day=0

the transformation of multiplying the equation by any nonzerc constant does not
really change the problem. Similarly, when a, # 0, replacing x by 1/x while also
multiplying the equation by x™ merely reverses coefficients. These transforma-
tions form a group (provided we recognize the finite limitations of computing),
and it is natural to ask for algorithms that are invariant with respect to this group,
where invariant means that if the problem is transformed to some equivalent form,
then the algorithm uses, at all stages, the equivalent numbers (within roundoff, of
course), Inasense theinvariance is like dimensional analysis—the scaling of the
problem should scale the algorithm in exactly the same way. It is more than
dimensional analysis since, as in the example of the polynomial, some of the trans-
formations to be used in the problem may involve more than simple scaling.

11 is surprising how many common algorithims do not satisfy this criterion.
The principle does more than merely reject some methods; it also, like dimensional
analysis, points the way to proper ones by indicating possible forms that might be
tried.

1.3 THE FINITE DIFFERENCE CALCULUS

After examining the simpler algorithms, it is necessary to develop more general
tools if we are to go further. The finite difference calculus provides both the
notation and the framework of ideas for many computations. The finite dif-
ference calculus is analogous to the usual infinitesimal calculus.  There are the
difference calculus, the summation calculus, and difference equations. Each has
slight variations from the corresponding infinitesimal calculus because instead of
going to the limit, the finite calculus stops at a fixed step size. This reveals why
the finite calculus is refevant to many applications of computing: in a sense it un-
does the limiting process of the usual caleulus. Tt should be evident that if a limit
process cannot be undone, then there s a very real question as to the soundness of
the original derivation, because it is usually based on constructing a believable
finite approximation and then going to the limit.

The finite difference calculus provides a tool for estimating the roundoff
effccts that appear in a table of numbers regardiess of how the table was computed.
This tool is of broad and useful application because instead of carefully studying
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each particular computation, we can apply this general method without regard to
the details of the computation. Of course, such a general method is not as power-
ful as special methods hand-tailored to the problem, but for much of computation
it saves both trouble and time.

The summation calculus provides a natural tool for approaching the very
common {and often neglected)} problem of the summation of infinite series, whichis
the simplest of the limiting processes (since the index n of the number of terms
taken runs through the integers only).

The solution of finite difference equations is analogous to the solution of
differential equations, especially the very common case of linear difference equa-
tions with constant coefficients, which is a valuable tool for the study of feedback
Ioops and their stability. Thus finite difference equations have both a practical
and a theoretical value in computing.

1.4 ON FINDING FORMULAS

Once past the easier algorithms and tools for doing simple things in computing,
it is natural to attack one of the central problems of numerical methods, namely,
the approximation of infinite operations (operators) by finite methods. Inter-
polation is the simplest case. In interpolation we are given some samples of the
function, say, y(—1), ¥(0), and (1), and we are asked to guess at the missing
values—to read between the lines of a table,  While it is true that because of the
finite nature of the number system used there are only a finite number of values to
befound, nevertheless this number is so high that it might as well beinfinite. Thus
interpolation is an infinite operator to be approximated.

There is no sense to the question of interpolation unless some additional as-
sumptions are made. The classical assumption is that given n + 1 samples of the
function, these samples determine a unique polynomial of degree n, and this poly-
nomial is to be used to give the interpolated values. Withthe above data consist-
ing of three points, the quadratic through these points is

x(x - 1}
2

x(x + 1}
2

P(x) = (=1 + (= x)p(0) + ——— (D)
We are to use this polynomial P(x) as if it were the function. This method is
known as the exact matching of the function to the data.

The error of this interpolation can be expressed as the (n + 1)st derivative
(of the original function) evaluated at some generally unknown point 0 in the
interval, Unfortunately in practice it is rare to have any idea of the size of this

derivative.
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For samples of the function we may use not only function values y(x) but also
values of the derivatives y'(x), y"(x}, etc., at various points. For example, the
cubic exactly matching the data p(0}, y(1), 5'(0), and y'(1} is

P(x) = (1 = 3x% + 2x)(0) + (3x% = 263)p(1) + (x = 2x% + x*)y'(0)
+ (- Xy (1)

It is important to use analytically found derivatives when possible. Then we can
usually get a higher order of approximation at little exira cost since generally once
the function values are computed, the derivatives are relatively easy to compute.
No new radicals, logs, exponentials, etc., arise, and these are the time-consuming
parts of most function evaluation. Of course a sine goes into a cosine when
differentiated, but this is about the only new term needed for the higher derivatives.
Even the higher transcendental functions, like the Bessel functions, satisfy a
second-order linear differential equation, and once both the function and the first
derivative are found, the higher derivatives can be computed from the differential
equation and its derivatives (which are easy to compute). Thus we shall empha-
size the use of derivatives as well as function values for our samples.

Although a wide variety of function and derivative values may be used to
determune the interpolating polynomial, there are some sets, rather naturally oc-
curring, for which n + 1 data samples do not determine an nth-degree polynomial.
Perhaps the best example is the data y{—1}, y(O}, y(1), y"(—1), »"(0), and y"(1}
which do not determine a fifth-degree polynomial—the positions ard accelera-
tions at three equally spaced points do not determine a quintic in general.

The classic method for finding formulas for other infinite operators, such
as integration and differentiation, is to use the interpolating polynomial as if it
were the function and then to apply the infinite operator to the polynomial. For
example, if we wish to find the integrai of a function from —1 to +1, given the
values y(— 1), {0}, and (1), we find the interpolating quadratic as above and
integrate it to get the classical Simpson’s formula;

i
[, 70 dx = 3y(=1) + $5(0) + $(1)

This process is called analytic substitution; in place of the function we could
not handle we take some samples, exactly match a polynomial to the data, and
finally analytically operate on this polynomial. This is the classical method for
finding formulas. It is a two-step method: find the interpolating function and
then apply the operator to this function.

There is another direct method that is almost equivalent to the analytic-
substitution method. Inthis method we make the formula true for a sequence of
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functions y(x) =1, x, x%, x%,..., ¥". Forexample, to derive Simpson’s formula
by this method we assume the form

1
[ y@dx=ay(=D) + a0 +ay(t)

and substitute the sequence of functions 1, x, and x2.  The three resulting equa-
tions determine the three unknown coefficients a;, and the resulting formula is
exactly the same (in this case). The two methods differ in the case where there is
no interpolating polynomial; it may be that there is a formula even if there is no
interpolating polynomial. For example, we have the formula

I_Il y(x) dx = F{Sp(=1) + 32(0) + Sy(D)] — 51=0y" (= 1) = 32"(0) + »"(1)]

which is exact for sixth-degree polynomials when, as we have noted above, there
is in general no interpolating polynomial of fifth degree.

It would seem as if the two methods were equivalent, for if there were an
interpolating polynomial, then the formula would surely be true for the corre-
sponding powers of x; and conversely, if it were true for the individual powers,
then it would be true for any linear combination, namely a polynomial. The
difference lies in the words if there is an interpolating polynomial, then .... Hcan
happen that the two-stage process fails on the first step, but the one-step direct
method will work,

There are two main advantages of the direct method, First the derivations
are much easier, and second the direct method provides a basis for extensive
generalizations. The importance of this method is hard to overestimate. It
means that we can find a very wide range of formulas, all within a common frame-
work of ideas and methods, and that we will therefore be able to compare one
formula to another and then decide which one to use.  Perhaps more important,
it means that we can decide the kind of formula we want and then with this single
method and its generalizations find almost any formula we want—we can fit the
formula to the problem rather than fit the problem to the formula. Thus wecan
try to achieve the insight that is the main goal of the book, as stated in our motto,
The Purpose of Computing Is Insight, Not Numbers,

With a general method for finding polynomial approximation formulas it 1s
necessary to have a corresponding method for finding the error of the formula.
The general method of finding the error is somewhat difficult to understand the
first time. It is based on the use of a Taylor series with the integral remainder,
and by substitutingthis into the formulaforwhich we want theerror(and manipulat-
ing the results a bit) we get the desired error formula. Once we have the exact-
error term, it can be transformed in various ways to get suitable practical-error
estimates.
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The method for finding the truncation error term for polynomial approxi-
mation unfortunately gives it in the form of a derivative, much asthe interpolation
method did. This, as noted before, is unfortunate because the high-order deriva-
tives are seldom available.

"Fhis brings up a central dilemma. Should one use a high-order formula
{error term has a high-order derivative) or use the repetition of a low-order for-
mula—the composite formula? The answer is simple in principle. It depends
on the size of the high-order derivative as compared to the other lower-order
derivative. This is, of course, almost no answer at all, because we seldom can
decide which is better, and the basis of the choice depends on the location in the
complex plane of the singularities of the function being integrated~-something we
seldom know.

1.5 CLASSICAL NUMERICAL ANALYSIS

Much of classical numerical analysis, as we have indicated, is based on polynomial
approximation for the infinite operations of differentiation, integration, and inter-
polation. The polynomial approximation is also used in the numerical integra-
tion of ordinary differential equations. The most widely used methods for this
are the predictor-corrector methods. A polynomial is fitted to some of the data
at past points and is used to extrapolate to the next point—to predict. The pre-
dicted value is used in the differential equation to get the predicted slope. This
stope along with past data is used to find another polynomial which produces the
corrected value, and the corrected value of the slopeis found. Ifthe predictedand
corrected values are sufficiently close, then the step is accepted as accurate enough,
and if not, the step size of integration may be halved (doubled if the two values are
too close}.

‘There are so many possible predictor-corrector methods of the same order
of accuracy that it is necessary to have a general theory to compare the various
formulas within a common framework. Otherwise chaos and prejudice would
reign.

8o far we have discussed the exact-matching interpolating polynomial, and
this is the more usual method. There are other methods, more or less classical,
for the selection of the approximating polynomial. One method is the minimum
sum of squares of the residuals between the formula and the data given. Another
more modern method picks the polynomial with the minimum maximum error-—
the minimax, or Chebyshev, approximation. S8till other criteria could be used if
desired, though the labor of finding the polynomial may be fairly high in some
cases,
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1.6 MODERN NUMERICAL METHODS—
FOURIER APPROXIMATION

The difficulty with polynomial approximation in practice js that it is in the nature
of polynomials to “ wiggle” and to go to infinity for large absolute values of the
argument x. Physically occurring functions tend to wiggle much less than poly-
nomials and to remain bounded for large values of the argument. Thus poly-
nomials are a poor basis for approximation, even though they are easy to compute
and to think about. The fact that the Weierstrass approximation theorem states
that any continuous function can be uniformly approximated in a closed interval
by a polynomial is irrelevant for two reasons.  First, the degree of the Weierstrass
polynomial is generally very high for even a low degree of approximation; second,
we are not finding the polynomial the way the theorem states it can be found, In-
deed, it is * well known ™! that for the simple function ¥{x) = 11 + x*) in the
interval x| < 3.63 ... the sequenice of polynomials that exactly matches the func-
tion at a set of equally spaced points does not approach the function uniformly as
the number of points increases indefinitely—the function and the polynomial
differ by arbitrarily large amounts, and the sequence of approximating poly-
nomials fails to converge.

Since polynomials are rather poor functions to use for approximating many
functions that occur in practice, it is natural to look for other sets of functions.
Among the many sets that are known to be complete (meaning that they can ap-
proximate any continuous function in a closed interval) the functions sin #x and
cos inx {n =0, 1,...) have been the most studied and are the most useful. Ap-
proximation in terms of them is usually called Fourier approximation because
J. B. J. Fourier (1768-1830) used them extensively in his work.

In the simplest case of approximating & function in an interval we are given
a periodic function of period, say 2n, and are asked to approximate the function
¥(x) by a form

) =3+ S (ay cos kx + by sin k%)
k=1

It is easy to show that since the functions are orthogenal, that is,

2% 0 k#m
fcoskxcosmxdx: i k=m#0
o 2 k=m=0
2x

f sinkxcosmxdx = 0

o

L . 0 k#m

J.o sin kx sin mx dx —-{n k=m0

' Meaning that it can be found in the literature,
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the coefficients in the expansion are given by
T p2% A .
=~ fo y(x) cos kx dx by = - fo y(x) sin kx dx

The Fourier functions have a number of interesting properties beyond
merely remaining bounded for all values. The error of an approximation that
uses only a finite number of terms can be expressed in terms of the function rather
than, as in the polynomial case, some high-order derivative. Furthermore, the
rate of convergence, that is, how fast the finite series approaches the function as
we take more and more terms, can be estimated easily from the discontinuities of
the function and its derivatives.

Perhaps most important is the simple fact that the effect of taking equally
spaced samples of the continuous function can be easily understood. The higher
frequencies (speeds of rotation) appear as if they were lower frequencies. This
offect, called aliasing because one frequency goes under the name of another, Is a
familiar phenomenon to the watchers of TV and movie westerns.  As the stage
coach starts up, the wheels start going faster and faster, but then they gradually
slow down, stop, go backwards, slow down, stop, go forward, etc. This effect is
due solely to the sampling the picture makes of the real scene.  Figures 1.6.1 and
1.6.2 should make the effect clear. Once we know the sampling rate, we know
exactly what frequencies will go into what frequencies. The highest frequency
that is correct is called the Nyguist, or folding, frequency. In the polynomial
situation we have no such simple understanding of the effect of sampling.

It might appear that to calculate all the coefficients of a Fourier expansion
would involve a great deal of computing, but the recently discovered fast Fourier
transform (FFT) method requires about N log N operations to fit ¥ data points.
This discovery has greatly increased the importance of Fourier approximation.

Appears as forward
FIGURE 1.6.1 motion
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Most of our functions are not periodic, and so the Fourier series is of limited
importance. For the general nonperiodic function there is a corresponding
Fourier integral

) = j ® Flo)etiet dg

Flo) = f Sem ot dt

The two functions f{¢) and the transform F{s) have the same information: one
describes the function in the space of the variable ¢, while the other describes it in
the space of frequencies o, These two equivalent views are part of the reason that
the Fourier integral gives such a useful approach to many problems.

When we resort to using a finite number of sample points, we again face
aliasing, exactly the same effect as before. The folding frequency now providesa
more natural barrier and leads to the concept of a * band-limited function,”
meaning that the frequencies it the function are confined to a band.

Theidea of 2 band-limited function is mirrored very closely in real problems.
A hi-fi system handles all the frequencies in a band and cuts off above and below
rather sharply; the better the hi-fi system, the wider the band. Theidea of a band
of frequencies applies to most information transmission systems, servomecha-
nisms, and feedback control situations. This means, among other things, that
from the physics of the problem we can estimate the spacing we will nced for our
samples, and vice versa, that from the spacing we can estimate the frequency con-
tent of the solution.
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With the aid of the Fourer integral, which closely parallels the Fourier
series with its nice mathematical properties, we can show the effect of taking a
finite slice of a function from a potentially infinitely long function, Forexample,
the light from a pulsar or Cepheid variable star shines for many years; yet we
observe it for a night or two and from that limited record try to estimate what the
staris doing. Itis oftenimportant to know the effect of the length of the observa-
tion on what we can hope to learn about the star. Similarly in other contro}
problems, the length of the observation affects what we can see, and the Fourier
integral enables us to understand this limitation,

Using this new tool of Fourier approximation, we can then look back at the
polynomial approximation methods and see them in a new way. Once this new
way becomes familiar, we can understand much more clearly what we were doing
before.  Exactly the same computations can be viewed in a new, more revealing
light. This is especially true for the communications and control problems that
tend to dominate our technological age.

Once this new way of looking at computing becomes familiar, it is natural
to begin designing formulas to meet new criteria. In place of the discrete set of
integers that were the exponents of the variable x in polynomial approximation, we
now have a continuous band of frequencies to use and examine. We can pick the
formula that minimizes some property of this continuous error curve (in the
frequency space to be sure). One popular method is to make the error curve have
a minimax (Chebyshev) property.

This new approach is relevant to many design problems. For example, in
designing a simulator for humans to use while training for airplane or space travel,
we areinterested in building the simulator so thatit* feels right ” tothe human who
is being trained. This to a first approximation means that the Fourier transform
(more generally, the Laplace transform) of the simulator should be close to the
transform of the real thing. It is less important that the simulator and real
vehicle go exactly the same place than it is to *“ feel right.””  Thus we are nolonger
to judge the method of integrating a system of differential equations that describe
the simulator by how well the solutions agree, but rather by how well the trans-
forms agree—which is not the same thing! This new method of design is known
as the method of zeros and poles, and unfortunately it involves classical network
theory,

The role of digital communications systems is steadily increasing; more
and mere we are sampling the continuous analog signal that occurs naturally in
the real world and converting it to a sequence of discrete digits. Thus we face
not only sampling but quantization effects of the digitizing of the analog signal.
This effect is like that of roundoff in many ways, but it is usually much more
severe, and because it occurs at the beginning, it again limits us to what we can
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hope to see of the original underlying physical phenomena. Without a good
understanding of these limitations we are not likely to understand what the num-
bers coming out of the computer mean and do not mean.

This leads gradually to the design of digital filters, which filter digital signals
much as the old analog filters were used in processing analog signals, with radio
and television being a couple of familiar examples. The differences from the
conlinuous signals are significant in the digital case, and it is the digital case
that digital computers must use.

1.7 OTHER CLASSES OF FUNCTIONS
USED IN APPROXIMATIONS

After polynomial and Fourier approximations, the exponential set of functions is
maost used.  The three sets, polynomials, Fourier, and exponentials {together
with combinations of the three), are fnvariant under a translation of the origin.
Thisis an important property because in many situations there is no natural origin,
and without this property the choice of the origin would affect the answer. For
these three classes the answer is independent of the origin, though the particular
set of coefficiends used in the approximation will differ as the origin is chosen dif-
ferently.

For the exponential functions there is the Laplace transform corresponding
to the Fourier transform, but it has much more difficult properties from the com-
puling point of view.

1.8 MISCELLANEQUS

When a problem has a singularity, as many practical problems do (often because
of the mathematical idealization), then the structure of the singularity indicates
the class of approximating functions to use, and the position gives the natural
origin. The methods used in this case are similar to those of the three vsual cases.

Sometimes the problem has a natural set of functions to use, and again the
melhods we have developed can be applied, though the details may get a bit messy
in many cases,

Optimization occurs frequently in practice, and the person practicing
numerical methods needs to know something about this rapidly growing fieid.
Most simulations imply an optimization in the background-~the simulation is be-
ing done to optimize some aspect of the situation.

A central idea of mathematics is Nnegr imdependence. In computing it is
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natural that this idea, which involves a yes no situation, becomes more vague.
Clearly in computing there will be some degree of linear independence, and various
forms for representing the same information will have varying degrees of linear
independence. The idea is still in its infancy and needs a great deal more de-
velopment, but it is clearly a central idea in computing,

One of the more difficult problems requiring an algorithm is finding the
eigenvalues and eigenvectors of a matrix. Unfortunately, there is a great lack of
understanding of what the problem actually is and of what the answers are to be
used for, and there are no widely accepted methods for the general case.  Forthe
particular case of a symmetric (also for a Hermitian) matrix reasonably effective
methods are known.

1.9 REFERENCES

‘The problem of supplying further referencesis a vexingone. Theliterature
is rapidly changing when compared to the lifetime of a book, and as a result most
references would soon be out of date and misleading. Furthermore, in a text like
this where most chapters can, and some have, been expanded into whole books,
there is little point in giving a lot of isolated references which will probably be
ignored by most readers. We shall assume that a few standard textbooks are
available and usually refer the reader to them for further information. The
occasional reference to the literature is to amplify a point that is not in standard
textbooks.
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NUMBERS

2.1 INTRODUCTION

Numbers are the basis of numerical methods. Thus logically they belong at the
beginning of a course on numerical methods. Onthe other hand, psychologically
they occur rather Jate in the development,

The situation in numerical methods is very like that in the calculus course
where the real number system is basic to the limit process. The calculus course,
therefore, often begins with a detailed, fairly rigorous discussion of the real number
systemn. Unfortunately, at this point in his education the student has little reason
to care about the topic, and it always turns out to be the most difficult part of the
entire course. Furthermore, the topic generally repels the student, and this at-
titude carries over to the rest of the course.

The history of mathematics further shows that the real number system was
very late in developing. The discoverers and developers of the calculus ignored
the niceties of the number system for many years. The biological principle
“ ontogeny recapitulates phylogeny ” means that * the development of the individ-
ual tends to repeat the development of the species.” This is very relevant to
teaching; the history of a subject gives important clues as to the ordering and
relative difficulties of the material being taught.
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History likewise shows that for a long time the number system used in com-
puting was essentially ignored and taken for granted. Putting the topic first,
therefore, requires justification, because we are asking the beginner to learn
material whose importance he is not psychologically prepared to accept. The
Justification is the same as that for the calculus course.  If we are to make rapid
progress and not to have to repeat some material several times, then it is necessary
to start with a firm foundation. The author’s own experience was that only after
many years of computing did he come to undersiand how the number system used
by the machines affected what was obtaincd and how at times it led him astray.

Thus we are asking the beginner to accept on faith that the material in this
chapter is basic and to put aside his natural psychological prejudicesinfavorof the
logical approach. Of course he wants to get on to solving real problems and not
to fuss with apparently trivial, irrelevant details of the number system used by
machines, which he thinks he understands anyway. In compensation we will try
to make the material a bit more dramaticthan usual in order to sustain his interest
through this desert of logical presentation. Probably he should plan to review
this chapter later several times until he becomes thoroughly familiar with many of
the various peculiar features of the number system used by the machine. Ina
sense it is the real number system, since they are the only numbers that can occur in
the computation; there are no other numbers, and the mathematician’s “real
number system is purely fictitious.

2.2 THE THREE SYSTEMS OF NUMBERS

There are three systems of numbers in the usual computing machine. First there
are the counting numbers 0, 1, 2, . .., 32,767 (or some other finite, rather small
number}. Note that this system begins with O rather than 1. Unless this fact is
thoroughly learned, when a loop is written in a program, the loop will not be able
to be done no times (meaning that it cannot be skipped). This number system is
usually intimately connected with the index registers of the machine, and the
range of the numbess is thereby determined.  Thisis the familiar counting system,
and Hlttle more need be said beyond the fact that it is definitely bounded and does
not extend to infinity.
The second system of numbers is the familiar fixed-point number system,
Typical numbers are:
3.141592654
0.012345678
—123.4567890

These numbers all have a fixed length, usually the word length of the machine (or
some simple multiple ofit}, and the differences between successive numbers are the
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same. They are the familiar numbers of hand computing. Almost all the tables
of numbers that the beginner has used (trigonometric, logarithmig, etc.)) are in
fixed-point notation. The chief difference between the machine’s system and
hand calculation is that the human often changes the number of digits he carries as
circumstances seem to warrant, while the machine generally keeps the same num-
ber of digits (it may occasionally shift from single to double or even multiple pre-
cision).

The third system of numbers is the floating-point number system, which is
closely related to the so-called “ scientific notation ” used in many parts of science.
Thesystem is designed to handle both verylarge and very small numbers.  Typical
numbers are:

31415927 x 10
12345678 x 107¢
—.12345678 % 10" ¢xponcnt

[
mantissa

The first block of eight digits in these above numbers is called the mantissa (in
analogy with logarithms), and the last digit is called the exponent (often ranging
from at least —38 to +38).

Usually the mantissa and the exponent are stored in the same word of the
machine, and as a result the mantissa of a floating-point number is usually shorter
than the corresponding fixed-point number.

For convenience we shall use in the examples in the book a three-digit
mantissa and a one-digit exponent for our floating-point number system. Not
only does this save space, but it also makes the examples much easier to follow.
Occasionally we will use a three-digit fixed-point number system. Examples of
our floating-point numbers are:

n= 314 % 10!
1o 07 x 100
V2

—7 _ 2
556 = 314 % 10

0= .000x10°

23 FLOATING-POINT NUMBERS

The floating-point number system has a number of unfamiliar properties, and the
rest of this chapter is devoted to examining some of them.
First, the zero
0 =.000 x 10~*
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isrelatively isolated from the adjacent numberssince the next two positive numbers
J00 % 107%  and 101 x 107?

are 1071 apart. No other number has a mantissa beginning with a zero digit.
Second, each decade has exactly the same number of numbers, 900 in all,
running

from .100 x 10%t0 .999 % 10° a=—9 -8,...,0,...,9

Within a decade the numbers are equally spaced, but the spacing increases each
decade. Thusthespacingis a fixed, arithmetic spacing for 900 numbers, followed
by a **geometric spacing jump” and then another block of 900 arithmetically
spaced numbers, etc,

The number 0 and the number —0 {namely, —.000 x 10™%) are logically the
same, and some machines make them the same, but some do not. Usually there
is no infinity corresponding to zero.

In mathematics there is a single, unique zero, while in computing there are
two kinds of zeros, The first, as in mathematics, occurs in expressions like

a*0=0
and behaves like a proper zero.  But the zero that occurs in expressions like
a—-a="0
can come from a form like
I—(1—e)(1+¢=0
whenever &% is less than 4 1072 (3 being the number of decimal places carried
in the mantissa). Clearly this zero differs from the mathematical zero. It is
this zero that arises in the subtraction of two apparently equal-sized numbers
which causes so much trouble when the finite arithmetic of the machine is
equated to the infinite arithmetic of mathematics.
All these remarks appear to be obvious, but their consequences continually
affect how we compute and the results we get from the machine.

It is natural in a floating-point number system to measure the error of a
number by the size of the difference relative to the correct number, and thus

true - calculated
true

Relative error =

This is distinctly different from the conventional absolute error used in much of
mathematics, where

Absolute error = |true — calculated|
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‘The idea of relative error fits most physical situations very well, since it is scale-
Jree; that is, a change in the size of the units of measurement does not change the
size of the relative error, while it does change the absolute crror.

The use of relative error fails, however, when the true value is zero, or close
toit. For example, in computing sin 7 we would have

sin 7 — sin{.314 x 10)

Relative error = -
s

andsince sin{.314 x 10%)is not likely to be exactly zero, the relative error would be
infinite.  For this reason it is ofien better in computing the relative error to use

max{{x|, |f(x}}

as the denominator rather than f{x).

As a result of the discrete spacing of the numbers, there are numbers that
cannot come out of some calculations. For example, consider evaluating tan x.
The slope of the function is always greater than 1; thereforc as we go through
adjacent numbers in x, the corresponding values of tan x (see Fig. 2.3.1) must

—————————————————— ¥y Fianx

FIGURE 2.3.1 | 4 15
Graph of y =tan x. Q.5 1.0 1.5 2.0
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occasionally skip over some ofthe possible numbers (since both x and y start at the
origin and y has gotten further in its range than has x in its range).

When searching for gaps in the function values for consecutive values of the
argument, a somewhat crude rule to use is that the spacing is (roughly) propor-
tional to the size of the number. This produces the spacing in the y values
(roughly) proportional to x{dy/dx), and if the spacing in the number system
around y is finer, then there will be gaps, that is, if
dy

Y

or lpixl < g

¥l <

This can be translated into words as follows: when the slope of the line from the
origin to the current point on the curve is less than the derivative at that point,
there are likely to be gaps between consecutive function values,

It might be thought that if the slope is less than 1, as for the sine function in
the first quadrant, then there would be no missed values, but this neglects the fine
structure of the number system. Consider the table (in radians)

x sin x

1.00 841
1.01 547
1.02 852
1.03 857
1.04 862
We see that x has shifted to a new decade and hence o a coarser spacing than that

of the function values, thus producing the gaps in the sequence of function values.

PROBLEMS

2.3.1 Show that our number system has exactly 34,201 different numbers.
2.3.2 Discuss the gaps in the y values of y = V' x.

2.3.3 Discuss the gaps in the y values of y = x2,

2.3.4 Discuss the gaps in ¥ = cos x for the first quadrant.

2.4 HOW NUMBERS COMBINE

Having looked at the individual numbers, let us now look very briefly at how
numbers combine in the four arithmetic operations.  'We assume familiarity with
conventional arithmetical practice,
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The product of two three-digit numbers in conventional arithmetic is a five-
or six-digit number, but in our number system there are only three-digit numbers!
Which number shall we take as the product? Common sense suggests taking the
three-digit number closest to the product., The following is a mechanism for
doing this. If the leading digit of the full six-digit product is a zero, then shift the
mantissa one position to the left and at the same time decrease the exponent (which
is the sum of the exponents of the two factors) by 1 to compensate for the shift.
Neglecting the sign of the product, add a 5 in the fourth position. Provided an
overflow on the left does not occur, the first three digits of what remains are taken
as the product. If an overflow does occur, then further shifting and adjusting of
the exponent are required.

S12% 10
x 106 x 10*

3072
0000
0512

054272 x 10°
542720 X 107 iene

+ 5 round product

S8 X100 = g

This process of rounding produces a very slight bias because the ambiguous
case of 500 in the last three places of the mantissa should be rounded up half the
time and rounded down half the time, but the mechanism just described always
rounds up. The effect is too slight to worry about in practice; it is chiefly of
theoretical interest,

Division is somewhat more complicated, but the effect of rounding is much
the same: we select the three-digit number closest to the mathematically correct
guotient, again with a slight bias.

Addition and subtraction require first comparing the exponents of the two
numbers and, if necessary, shifting one mantissa with respect to the other before
combining. The final shifting for roundoffis much the same as for multiplication.
Subtraction can produce many Ieading zeros {or even all zeros, in which case the
machine produces 000 x 107%), and these need to be shifted off before the round-
ing occurs. (Beware of using .000 x 10° as zero.)
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Compute .314 x 10' + 419 x 1071,

314 x 10t

+ 00419 x 10}
31819 x 106!

+ 5 round

318 x 0=,
Compute .315 x 10? — 314 x 102,

315 x 107
- 314 x10?

001 x 102

.10000 x 10° shiftleft
+ 5 round

J00 x 100 = difference

Compute .749 x 10% 4+ .436 x 10°,

749 x 107
+ 436 x 10°

1,185 x 10?

1185 x 103 shift right
o+ s round

J19 x 10 = 0

This briefly describes what ideally happens in roundoff. In practice there
are many minor variations and some not so minor. For example, since this pro-
cess of rounding is expensive in both hardware and machine speed, some machines
merely chop off or drop the last digits once the initial shifting has lined up the
lcading digits. At first glance chopping may seem to be orly moderately more
severe than rounding, but unfortunately in some problems chopping can produce
an*‘gpidemic’’ in the sense that incycle after cycle of computing the effect will be
in the same direction and the cumulative effect will grow almost lincarly, (See
Sec. 23.4.)

PROBLEMS

2.4.1 Show that a shift due to roundoff can occur.
2.4.2 Discuss using .000 x 10° as zero,
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25 THE RELATIONSHIP TO MATHEMATICS
AND STATISTICS

By now it should be clear that the mathematician’s number system is significantly
different from the fleating-point number system of the machine, and the latter one
is used in most scientific and engineering caleulations. What relationship have
they to each other?

Up to now we have adopted the harsh view that the numbers in the machine
are the only numbers there are and that the mathematician’s numbers are purely
artificial. This is very useful for many purposes, especially when trying to debug
a program by accounting for every last digit. It is also necessary if we are to
understand the limitations of what can be done on the machine.

On the other hand, uvsually the machine is used to simulate the mathe-
matician’s system, and the machine’s number system is sometimes a poor approxi-
mation of what is needed, The approximations in the initial numbers plus the
continual roundoffs in almost every arithmetic operation produce differences that
canbeserious. This is especially true when a subtraction produces alarge number
of leading zeros which are then shifted off (and the exponent is correspond-
ingly adjusted).

To understand roundoff in the large, it is customary to regard it as a random
process in spite of the obvious fact that the same program run repeatedly will pro-
duce the same—-not random--results (assuming that the machine is not defective),
This assumption of random behavior is not essentially different from what is done
in many real-world applications of statistics. In the statistical mechanics of gas
molecules we simply do not want to know the detailed behavior of the 6.02 x 1022
molecules in a mole of gas; we merely want the effects of the average behavior.
Similarly in practice we do not want to know the exact roundoff at all stages of a
computation, rather we want to know their average effect.

Thus statistics coniinuvally enters into numerical methods because of the
random roundoff effects. Furthermore, we usually deal only with samples of the
functions and not with the functions themselves. As a result, statistics lies in the
background of much of what we do, and occasionally it steps up into the fore-
ground, Itis necessary, therefore, whether we like the topic or not, to give serious
atiention to the statistical effects in computing.

2.6 THE STATISTICS OF ROUNDOFF

Let us ook first at the distribution of the roundoff of a single number. In the
mathematician’s number system all numbers in a short interval occur with equal
frequency. All numbersin the interval xg ~ 3 5 x, < xo + 4 (measured in units
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of the last digit) go into the number x, (where X, > 015 a number in the machine).
Thus the roundoff has a uniform probability distribution in the last digit (Fig.
2.6.1).

t (xo— %, %+ D)
Y o
px) {0 otherwise

jw ) dx =1

—x

The two most commonly used measures of a distribution are the mean (aver-
age) and the variance. The mean is the first moment of the distribution p(x},

xo+ /2 xo+1/2 Yo — 2 _ S 2
A= [ xpdr=[  xdx _ (oD~ (xg D
xg=~1/2 xg=1/2 2
1#0
FIGURE 2.6.1
Distribution of roundoff, xg-% % o

while the variance is the second moment about the mean {measures the square of the
*spread ™}

1

2 xg+1/2 5 12 2
Valpy st =[ G- wopdr=[ | di=y

Experimental tests of the uniform distribution of roundoff seem to show that
it is a reasonable model.

How shall we represent this roundoff?  Itis conventional to let x be the true
(mathematician’s) number and x + & be the computer number, where ¢ is the ad-
ditive roundoff. This notation is suitable for the fixed-point number system, but
for floating-point numbers it is better to use

x(1 + &) le] <3 x 1072 (2.6.1)
We have chosen to let x be the mathematician’s number rather than the com-

puter’s number because in this book we are concerned with computing more from
the user’s point of view than from the machine’s, The difference in notation be-
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tween the two approaches is minor in principle, but it has the effect of focusing the
attention on one aspect or another in every formula in which the roundoff occurs.
Roundoll, once started, propagates through subsequent operations. For
example, in the multiplication of two numbers
(1 +ede(1 + ey =xx,(1 + & + 82 + £,89)
Usually &£, can be neglected, but we need to add the roundoff ¢ from the present
operation to get the total roundoff
i+ e)=xx{l 6 +e;+68  Jel <dx 1077
£3 = El + 82 +¢&

Similarly for the other operations.

PROBLEMS

2.6.1 Caleulate the mean and variance for chopping (see Sec, 2.4).

2.6.2 Examine the propagation of roundoff through division.

2.6.3 Show that for roundoff the third moment about the mean is 0 and the fourth is
1/80.

2.7 THE BINARY REPRESENTATION OF NUMBERS

The various features of the floating~-point number system have been discussed in
terms of the familiar decimal representation.  However, most computing is done
on machines that use the binary form for representing numbers.  The binary rep-
resentation system is increasingly familiar these days, and so only a few details will
be given.  As a general rule, if you have trouble with the binary system, then
probably it is because you do not really understand the decimal system, and the
way out of your trouble is to think about the similar situation in decimals. For
example, a decimal number means

1,414.214 =
Ix 103 44 x 0P+ 1100 4 x10°+2%x 107 41 x 1072 44 x 1073
Similarly the binary number
1011101 =
Ix2 4022 +1x2" +1x2°+1 %27 +0x2"% 41 x278

It is important to recognize the difference between the kind of number system
used {counting, fixed, or floating) and the form of the representation of the number
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(binary, octal, decimal, hexadecimal, etc.). Regardless of the form of the repre-
sentation, the number is the same; thus 7 in decimal and 17 in binary are the same
number.  Itis conventional to speak of the binary number or the decimal number
to save words, but in careful thinking it is necessary to differentiate between the
number system and the form of the representation.

Perhaps the main stumbling block with the binary system is converting from
decimal to binary and back. Forexample, consider writing the number417inthe
binary representation. That is, we wish to write 417 as a sum of powers of 2 with

coeflicients of either 0 or 1

AT =1-2"4+a. 2" g, 2" e gy 20

If we divide both sides by 2, the remainder is a;.

the remainder is @y, and so on.

If we divide the quotient by 2,

2 jar7

2|_2_(_)§+1ma0
2[_1_(.'!:{»_—{—0:(1£
215240=a,
2126+ 0m=a,

2LR+0=H4
2L_§-§-I=a5

2] 3+0=a,
2 1+}=a7
2 O+l=g

417 =110 100 001

To convert back we reverse the process.
multiply the sum by 2 and add a; etc.

Multiply ag by 2 and add a4,;

i
2
24+1=3
X2
6+0=6
x 2
124 1=13
x2
264+0=26

etc.
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The above process works for integers. For the fractional part we use a
similar trick of doubling and using the overflow on the left. For example,
T2 m=an,2 4 a 27 Fa 4270 4,
doubie
1324 =a.,+a.,27 +a.,27% + ...
andsoa_y = L
In full

J62
2

_zjs"z'fs
2
_11 048
2
0]096
2

0] 192

_2
0384
2
_0_1 768
2

_i_l 536
Hence
J62 = 1100001 ...

Reversing the process gets from the binary representation to the decimal.

Previously prepared tables for conversion purposes are another way of con-
verting from one form of representing a given number to another form of repre-
senting the same number.

The conversions are customarily done by the computing machine, and since
the machine works in binary arithmetic and since the above discussion has used
decimal arithmetic, there are differences in exactly what happens in the machine.
Itis not hard to take the machine’s point of view and to deduce how to convert its
way.
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Some words of caution are needed however. The terminating decimal
1=l == 0001 1001 1001 1 ...

does not terminate in binary, and as a result adding 1/10 to itself 10 times will not
produce exactly 1 (just as in conventional decimals 1/3 4+ 1/3 + 1/3 =333 + .333
4+ .333 = 999 3£ 1), Thus vsing the floating-point representation of numbers
for counting or for logical control is inviting trouble.

Another point of warning is needed. The conversion routines cannot al-
ways read in a decimal number, convert it to binary and back, and give the result
that is the same as the original number—at least not when the number of digits in
the two forms is reasonably balanced. Take, for example, a three decimal to ten
binary digit (binary digit is usually abbreviated bif) conversion. The 100 decimal
aumbers

9.00 - 1001.000000
9.01 — 1001 . xxxxxx
100 nurabers{ 9.02 = 1001 xxxxxx

..................

9.99 -» 1001 xxxxxx

St s’
64 distinct numbers

must go into 64 binary representations, so that some distinet decimals musst go into
the same binary representation and cannot be distinguished in the reconversion
process. ‘Thusinspite of the fact that 10° « 2'° = 1,024, there witl be times when
a decimal number is read in and comes back slightly, and annoyingly, different.

PROBLEMS

Convert fo binary:
270 1,128
27.2 1,972
2.7.3 1,066
274 0,345
275 0592
276 112
27,7 116

Convert to decimal:
2.7.8 101 001
2.7.9 111 111
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27.10 100 00%
2711 111 111
27.12 100 001

2.7.13 Show that the above argument for the nonunique conversion also applies to the
conversion from 8 decimals to 27 binary digits.
2.7.14 Describe the terminating decimals that also terminate in binary.

2.8 THE FREQUENCY DISTRIBUTION OF MANTISSAS

Although the mantissas of foating-point numbers are equally spaced, and hence
occur equally frequently in the form of representation, they are not equally frequent
in practice. Instead, the probability of getting the leading digit 1, 2, or 3in a deci-
mal number is about 60 percent.  For example, consider the 50 physical constants
whose leading digits are given in Table 2.8.1. In Sec. 2.9 we shall show why we
carg about this phenomenon beyond mere curiosity,

This effect can be explained in terms of the mathematician’s smooth number
system since it is a characteristic of the numbers themselves and not peculiar to the
finite representation that the machine necessarily uses. We shall show that it is

Table 2.8.1 THE DISTRIBUTION OF THE LEADING
DIGITS OF 30 PHYSICAL CONSTANTS*

Number Theoretical

Leading of cases number

digit N observed Eq. (2.8.3) Difference
1 16 15 1
2 11 9 2
3 2 6 —4
4 s 5 0
5 ] 4 2
6 4 3 i
7 2 3 -1
8 H 3 -2
9 3 2 1

50 50

*From Handbook of Mathematicai Functions, AMS 55, National
Bureau of Standards, 1964 and Dover Publications, Inc.
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reasonable to adopt the model for the distribution that the probability density for
observing the number x in the base bis

1 i
<Ink 35x<1 {2.8.1)

This is called the reciprocal distribution (Fig. 2.8.1) for obvious reasons.
The cumulative probability distribution is defined as

RGO = f;r(z) dt =

R(%)=0 and RM=1 (282

r(x) =

Inx+Inb
Inb

ind

plx}=r{x}

v =1b 1 i

FIGURE 2381
Reciprocal distribution.

Thus the probability of observing the leading digit N is

A - afl) D

which is what the table confirms,

We examine first the way multiplication transforms various distributions.
Let x come from the probability (density) distribution f{x}, let y come from g(y),
and let the product z have the distribution i(z). Further, let their cumulative dis-
tributions be, respectively, F(x), G(y), and H(z), the measure of the set of points
for which xy < z.
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A study of Fig. 2.8.2 shows that
T 2/ (bx) * 1
H=[ [ " fegodyds+ [ [ f(x)g0)dy dx
b Y ifb b Y 1{{bx)
1 .2ix
+[ [ f(x)g0) dy dx
x Yi/{bx)

<o) o) 0 o[
ol -of )]

i’ 2
y=z/x
\
y=zlbx
| .
i
| y=|lbx
) < o
i
FIGURE 28.2 ! x
The cumulative probability distribution z
for the product z = xy, /b 1
Differentiating H(z) with respect to z gives the density distribution
1 1
h(z) = f(z)[ ( ) ( ) +G(1) - G( ) G(1) + G(E)]
z 1 FA
+ [ a(Z) 5z dx+ [ swa(Z) Lax
* () ( ) ') ( )
b o o) 4t f x (2.8.4)

This is the basic formula which describes how the process of multiplication
combines the distributions of mantissas of two numbers x and y to give the dis-

tribution h(z) of the mantissa of the product.
Suppose, now, that one of the two factors, say y, has the reciprocal distribu-

tion; that is,
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Putting this in Eq. (2.8.4), we get
t
CIE) b )

s X zinb s X zlnb

M)"-

zmb(f J@ax+ | f(x)dX) ; - @89

Obviously the same applies if we assume f(x) is the reciprocal distribution. Thus
we have shown that if one of the factors of a product comes from the reciprocal
distribution, then regardless of the distribution of the other factor, the product
has the reciprocal distribution. This may be called the persistence of the recipro-
cal distribution once it is established. In a long sequence of muitiplications if at
Teast one factor has the reciprocal distribution, then the result has the reciprocal
distribution.

Next we show how thereciprocal distributioncan arise.  'Weneed a measure
of how close a distribution is to the reciprocal distribution. After some tries we
measure the distance of ii(z) from the reciprocal distribution r(z) by

h(z) —r(z)
r(z)
This measures the maximum relative error (which is natural for floating-point

numbers).
We just showed that

=L 1) ae [ 19,(3)

Subtract this from Eq. (2.8.4) and divide by r(z} to get the form for the distance
function

max {
1/bszst

} = D) = DUy (286

h(z) — 1(z) _ f S(x) {Q{Z/(bx)}'— r[Zf(bX)l} .

r(z) i X r(2)
L f(x) [g(z/x) — r(zx)
= [ "z) ] ¥

But
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and we have
h(Z)r(z)r(Z) J‘mf( ){g{zlf(b:g}]:{(—b ig;l(bﬂ}} dx
+ L‘ f(x)[g(da;)(zjxr}(ﬁx)]
Since /(x) 2 0 in the two intervals
OO\ < [} st ax + [ faio) d

< D{g}
for all z, it follows that

P < Dt (287

How fast does the distribution appreach the limiting distribution? Re-
membering that for any distribution g(x)

1
| g —reddx =0
171

we form a guess at the increase that must occur in replacing the square brackets by
their maximum D{g}. We can also calculate how the distance decredses for a
continued product of a sequence of numbers taken from a flat (uniform) distribu-
tion. Seec Table 2.8.2

Similar results can be obtained for division. For example, Eq. (2.8.4) be-
comes

M) =5 f} w1t () ax+ 2 [ 000 ()&

and the rest follows to produce the corresponding results for division.!

Table 2.8.2 DISTANCE FROM THE FLAT
DISTRIBUTION TQ THE LIMITING DISTRI-

BUTION

Number Percentage of
of factors Distance original distance
1 1.558 100.0

2 0.3454 222

3 0.0980 6.29

4 0.0289 1.85

! For further resulis see R. W, Hamming, On the Distribution of Numbers, Bell Systems
Technical Journal, vol. 49, no. 8, pp. 1609-1625, October, 1970,
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PROBLEMS

2.8.1 Derive the corresponding resuits for division,
2.8.2 I F(x) = f(¥) = b/{b — 1}, show that for multiplicatioa

M) e ————=[In b~ (b—1)In z]

b 1)z
283 If f(x) = g(y) = b/(b — 1), show that for division

1 1
K =3%-1 (b + 25)

29 THE IMPORTANCE OF THE
RECIPROCAL DISTRIBUTION

The reciprocal distribution has many applications. For example, consider the
placing of the decimal or binary peint before rather than after the first nonzero
digit. Scientific convention places it after, while computing convention places it
before, the digit. The difference first arose in the carliest electronic computers
where the choice in fixed-point notation meant that the product would ot produce
an overflow on the left. What justification can we now give? 1f it is placed be-~
fore, we run the risk in floating point of having a leading zero and of requiring time
to shift this off and adjust the exponent accordingly. On the other hand if it is
after the digit, we run the risk of getting two digits before the point and of requiring
an exponent adjustment to get to standard form. What are the probabilities of
these two (complementary) events? If xy < 1/b, then the probability of a shift
when both factors are from the reciprocal distribution is (Fig. 2.9.1)

yen 1
PmL/a-’.”a xlnbylnbdydx
b - ¥
'"f 1 [ln 1/(bx) ~In Ilb} =f __1__ (_ .i"r}_z) I
1

i In b X 1/b lnzb X

NENE 1.
—El‘lzb - 2 1;5—2

And so it is a matter of indifference where the point is placed in this model. For
numbers from the flat uniform distribution the probability depends on the base b
and for b =2, p ~ 0.38,

In the design of optimal library routines it is necessary to know the distribu-
tion of the input data. In the cases of square root and exponential routines it is
the distribution of the mantissa that is most important, but for other routines such
as the sine it is necessary to know something about the distribution of the ex-
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€ n
gl

Ho

FIGURE 2.9.1
Probability of a shift, it i

ponents. Unfortunately almost nothing at this time is actuaily known, nor are
there any theories available to suggest what might be found under some suitable
conditions,

We will Jater give some other applications of the reciprocal distribution.

PROBLEMS
2.9.1 [Inabase 16 system written as groups of four binary digits, show that the numbers
of the form
dxxx ..
Oixx...
001x ...
0001 ...

are equilikely for the reciprocal distribution.
2.8.2 Ininformation theory the information measure of a distribution is

[=— j"’ P(In[p(0] dx

Apply this to the reciprocal distribution and compute the information loss from
the uniform distribution for base b.

2.10 HAND CALCULATION

Hand calculations are used to see how a computation might go before program-
mingif for a machine and to check the results after a machine run,  We no longer
need to do extensive hand caleulations, and as a result it is a dying art-—one that is
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best left to die quietly, A whole book could be devoted to the topic, and the
knowledge of its contents would be of some use sometimes, but it is simply not
worth the effort to learn in detail when there are so many other things more worth
knowing. Besides, the topic is dull and disorganized.

The main thing to note isthe types of error that are most common in hand
calculation. The two most prominent errors are both in copying numbers. The
first is to reverse a pair of digits—87 becomes 78-—and the second is to double
the wrong number in a triple of numbers—776 becomes 766. They are the same
errors that are common in dialing phone numbers.
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FUNCTION EVALUATION

3.1 INTRODUCTION

Once we understand the number system, we can examine how numbers combine
when we evaluate functions. Mathematically equivalent formulas can have very
different roundoff characteristics, If the way we evaluate a function produces a
great deal of roundoff, then we cannot use it for practical computing. 'We need,
therefore, to see how to avoid roundoff when evaluating functions ; we need tolearn
how to evaluate functions for machine computation.

3.2 THE EXAMPLE OF THE QUADRATIC EQUATION

The formuia for finding the zeros of the quadratic equation
ax* +bx+c¢=0

18 given in textbooks as

x =

b+ . /b~ dac
2a



42 3 FUNCTION EVALUATION

An examination of the formula suggests that when 4ac is small with respect
to b2, that is,

{dac| < b?

then
-b+./BP—dac forb>0
—b= /B <dac forb<0

will result in severe cancellation for one root. Consider, for example, the par-
ticular case:

a= 0,100 x 10*
x*—80x+1=0 b= —0.800 x 10%
c=0.100 x 10}
_ 0.800 x 10% + \/0.640 x 10* — 0,400 x 10
x= 0,200 x 107
0,800 x 10% + 0.800 x 10°
n 0.200 x 10' Approximate true values
0.800 x 107 = 80 80 — oy = 80(1 - 5%3)
) 0.000 x 107° = 0 LR ;.,..,1_..)
. KL 803 B 802

How can we avoid this cancellation?
Since

a(x = x;)(x =~ x2) = ax? — a(x; + x;)x + ax;x,

it follows that the product of the two zeros is ¢fa.  If we use the case without the
cancellation to find x; and then find x, from

Xy 5= —

we will get

Xy = 0.800 x 102

1 -1
Xy = ey = 0,125 x 10
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‘We need, therefore, to rearrange the formula for the zeros to pick out the
one without the cancellation. One way is

- 2 L]
X = wht b - hac "‘224‘"" Use opposite sign of b
T
27 ax,

How good arethese answers? One way of answeringis to try to reconstruct
the polynomial from the zeros.

(x — 0.800 x 10%)(x — 0.125 x 107%) = x* — x(0.800 x 10%) + 0.100 x 10

The reconstruction is exact; therefore, in some sense, the answers must be
exact since we appear to have lost no information around the whole loop.

This is not the complete answer on how to evaluate the formula; we still need
to worry about (1) underflow, (2) overflow, and {3) b* — 4ac < 0, but these are not
relevant here,

PROBLEM

3.2.1 Find the formula for the roots of ax? + 2bx + ¢ =0 and note the savings in
arithmetic.

3.3 REARRANGEMENT OF FORMULAS

It would appear that there are an unlimited number of tricks for rearranging
formulas to avoid severe cancellation (in some region of the argument x), but they
are often the same tricks that were used in the calculus course to rearrange the ex-
pressions that arose in the delta process of formally taking the derivative of a
function.

EXAMPLE 3.1 Evaluate \/ x+1- \/; for large x. As in the calculus we
rationalize the numerator by

_— JrAlHya 1
(x+1=/%) x+1+\/§)“\/x+1+~/§

which has no cancellation. it
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EXAMPLE 3.2 Evaluate S—‘%i‘ for small x.

In floating point there is no trouble except for x = 0. As a special case, if
x = 1077, then

sinx = 1072
and

as jt should. In general since for small x

sinx=x o +
X m X e
6

then
ii.’}..’f s ] - 'E.z. N ...).c:.. —e
6 120
is accurately evaluated by the sin x routine followed by division by x. The
trouble occurs in the fixed-point number system (which we do not use). Y
EXAMPLE 3.3 Evaluate sin{x + &) — sin x for smalf ¢,
Using the trigonometric identity
sina —sinb==2c:osE-j;-ésint-z--:-:wé
2 2
we have
=2 co§ (x+%) sin%
as a suitable form. Hii

EXAMPLE 34 Evaluate %ﬁ%ﬁ for small x.

We have the identities
1 —COsX sin x _
sinx  l4cosx

tan

i

E S

EXAMPLE 3.5 Evaluate

N+1 dx
f —-—3 = arctan(¥ + 1) ~ arctan N
¥y l+4x

for large N.
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In Fig. 3.3.1 for large N the area is the shaded region and is expressed as the dif-
ference between two large areas. We use the identity

a
arctan g — arctan b = arctan

+ ab
to get
arctan !
14+ NN+ D
asasuaitable form. Note we also have avoided one arctan evaluation which is the
time-consuming part of the computation, i
¥
5
FIGURE 3.3.1 N N+l X

EXAMPLE 3.6 Forlarge x evaluate
1 1
NZINEES
We write it as
Jxtle s I
\/x+1)(\/x) \/x+1\/x(\/x—§- -%\/x) (x+1)\/x+x\/‘c+1

PROBLEMS

For large x, or ¢ small with respect to x, rearrange for evaluation:

1 1
3.3.1 m =%
332 tan{x+ e —tanx Ans. Sih 8

" cos xcos(x + &)
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LY S _—
x+1 x" x—1 Cox(xr—1)

334 Vx+1-x
335 cos{x--€)—cosx

N+1
j 5“%‘ =N+ ~InN Nlarge

3.3.3

3.3.6

337 et -2-e* Ans. 4 sinh*(e/2)

34 SERIES EXPANSIONS

Sometimes rearrangements cannot be found to remove the cancellation, and some
other device must be used. One of the more effective tricks from the calculus
course is the expansion of the functions into a Taylor series about some sunitable
point.

EXAMPLE 3.7 Evaluate ¢* — I for small x.
Expanding ¢* about x = 0, we get

x* x?
—-1m=1 AP ILAI
e —1 X4 > + 3 + 1
~x(z+"+"2+~«) it
o 276
EXAMPLE 3.8 Evaluate for large N
N+1 N+ 1

f Inxdx=(xInx—x)
N

N
=(N+DIn(N+1) —NIn N -1

which has severe roundofl trouble in this form. See Fig. 3.4.1.
There are many ways of going about this problem. One way isto writeit as

N[n(N + 1) —In N} + In(N + 1) — 1 =N1n(1 *%v) +IN+ 1)1

and use

¥ ox oyt
! R IR T AR TR
ol +x)=x 3 ty-7t |x} small
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-
e
™
.

FIGURE 34.1

to get

T A TRy
S S S
2N 3N2 4N3

N(l et ] )+In(N+1)—-1
=ln(N+1)— 1

EXAMPLE 3.9 Evaluate ;c - cin x for small x.
We have

sinx —xcosx
xsinx

3 ] 2 4
X X X p.o
("-s"ﬁ"s"z““')“"(““z'*z?““‘)

il



48 3 FUNCTION EVALUATION

EXAMPLE 3,10 For small x evaluate

x? x* x*
In( —x) _(x%_§.+-3_+_4_+...)
ra

In(1+x) . ¥ 2 x

Divide out the two series formally to get

In(l - x) x* 5x?
m— (l+x+—i-+—35+ ) i
If we are given an ¢ that is small, then when we evaluate

In{l + &)

by computing first 1 + ¢, we lose most of the accuracy in this first addition. For
this reason many math package libraries include the function:

given g, compute in{l + &) directly

PROBLEMS

For large x, or ¢ small with respect {0 x, compute:

I—cose

340 =25

E(e(“' b ___ }}

3.4.2 m One ans. b

1—& FER
343 ln1+e Ans., ~2(e+-5--§-~§+ )

344 Je"“l
et — 1
£—sine

&—fan e

3.4.6 (x 3 DY xtin

345

3.5 USE OF MACHINE TO DECIDE

The beginner is inclined to believe that he must personally analyze each problem
and program the machine accordingly. Only after a while does it oceur to him
that the machine can make the choices, provided the program is written properly.
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For example, consider evaluating

™ w

for a range of x and a set of parameter values o, When lax | is small, we need to
use the series approximation; otherwise we can use the direct evaluation and sub-
tract. If we do not mind the loss of one bit in the direct evaluation, then we need
only use the series for [ax| <-&. (Note: e = 1.105.,..)

To evaluate ™ - 1, see Fig. 3.5.1.

No Yes
y 4
Compute Compute
3
P ax(i-}-a—;'-i-w'; )

x y

FIGURE 351 Go on

The term neglected is of relative size

(axy®

-3
Ty <10

so that even if ax < 0, the relative error is less than 4 x 1073, and there is no loss
in accuracy in the power series approximation.

36 THE MEAN VALUE THEOREM

The mean value theorem is the third item from the calculus course that is widely
used in computing, especially in the more theoretical parts of deriving errors of
formulas,
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The mean value theorem  Let y = f{x) be continuous fora < x < band
possess a derivative at each x for ¢ < x < b. Then there is at least one

number @ between g and b {see Fig. 3.6.1) such that

Oy —fl@=@G-a)f' @ a<f<b

Thisisequivalent to stating that at the position 8 the slope of the derivative is paral-

lel to the chord joining the two endpoints.

Equation (3.6.1) can sometimes be used to avoid roundoff (and sometimes a

lot of machine time). For example,

(3.6.1)

In(N + a) —inN=aé
¥
a ] b *
FIGURE 3.6.1
and it is reasonable to pick # as the midvalue
2a
!n(N+a)-—InN~2N+a

Let N=100and a = 1; then
In 101 — In 100 = 4.61512 — 4.60517 = 0.00995
Again,

2 1
05T~ 1005~ 00995

and no logs were evaluated in the computation,
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PROBLEMS

Apply the mean value theorem and check the result if numbers are given.
361 VB2

3.6.2 sin(x - &) —sinx

3.6.3 arctan(N+ D) —~arctan N N=10

N+1
3.5.4] Inxde N=10
N

3.7 SYNTHETIC DIVISION

Polynomials play a central role in computing. Not only do they occur naturaily,
but everything that the four arithmetic operations (addition, subtraction, multi-
plication, and division) can produce is the equivalent of one polynomial divided
byanother. Itisimportant, therefore, to examine with some care the problem of
evaluating a polynomial for a given value of the argument x.

The polynomial

POYmayx® b ay X gy XN gt ag
can be written in the “chain™ (nested) form
{lanx+ag.dx+ag e+ adx+a

which involves N additions and N multiplications.

The chain method is the same that occurs in the synthetic division process of
dividing a polynomial by a linear factor x — a. Forexample, the particular poly-
nomial

P() = x* 4 6x% —Tx + 8

divided by x — 2 leads to

x* + 2% 4 10x + 13 = quotient
Divisor = Jc—ZIx‘t +0x 4+ 6x*— Tx+ 8

xt -2y
2x* + 6x°
2x* — 4x?
10x* - 7x
10x? = 20x
13x+ 8§

13x — 26

+ 34 == remainder
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which can be written as

fff)zmxwéf_“;x"*"g X% 267 + 10x + x3»q--~§i:-2
or as
PG =x* +6x% = Tx + 8 = (x — (x> + 2x% + 10x 4 13) 4+ 34

When x = 2, we get
P(2) == 34 = remainder

This is a special case of the remainder theorem.

The remainder theorem  If 2 polynomial P{x)is divided by x — a, we get
Plxy={(x—-a)0{(x)+R
where Q(x) is the quotient and R is the remainder, and we have
P@)=R
If R = 0, then a is a zero of P(x).

The division process can be simplified by noting that the powers of x are
place holders and need not be written provided zero coefficients are supplied for the
missing terms. Furthermore, the quotient need not be written on the top line
since it is given by the numbers at the bottom of each column.  Finally, we need
write not x — a, but g, and then add, instead of subtract, in the body of the form,
As aresult of alf these changes we get

dirvisor -—*2‘11 0 -7 8
2 4 20
2 2 }0 13 I___ remainder
quonent

In this form it is clearly the chain method of evaluating a polynomial P{a).

If the quotient is again divided by the same linear factor, we will get another
quotient and anotherremainderr; . Dividing this new quotient again by the same
factor, efc., we find that we are performing exactly the same process that was used
to represent a number as a sum of powers of a number base (Sec. 2.7 where we used
the base 2), and correspondingly we are representing a polynomial as a sum of
powers of the linear factor we were dividing by. Thus we will get

Py =rg+r(x—a)+rx—a+ - +rx—a)
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Using the Taylor-series expansion of a function

fx) =f{a)+(x—a)f’(a)+(x«a)2£2(_?+--.

we se¢ that
ro = P(@)
ryo=Fla)
_P@
2575
_Pl”(a)
T
Using our earlier example,
2(1 0 6 -7 8
2 4 20 26
_3_[1 2 10 13 Bmp(z)
2 3 36
2l1 4 18 ]49:?’(2)
2 12
2i1 6 B:f_@
2
2

T P
o-te
and we have

P(x) = 34 + 49(x — 2) + 30(x = 2)? + 8(x — 2)* + (x = 2)*

3.8 ROUNDOFF¥ EFFECTS

The preceding is a purely mathematical result. How does it work out in the
machine’s floating-point number system with its ever-present roundoff? In par-
ticular, how large a remainder R can be considered as being zero?

We start by assuming that the coefficients a; of the polynomial have roundoff
errors in the floating-point form

a((l + 8‘)
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and we shall assume that the number g at which we want to evaluate the poly-
nomial is exactly known.  Since double-precision arithmetic is very widely avail-
able and usually costs little more to use than single precision,’ it is widely used in
polynomial evaluation. In this case the roundoff of the evaluation process con-
tributes almost nothing to the error in the result—almost all the error arises from
the initial coefficients. Since the coeflicients occur linearly in the division pro-
cess, the result is the sum of two divisions, one on the true coefficients g, and the
other on the errors a; ¢;.  1f we assume that the ¢ are bounded,

fa|<e

then carrying out the following division process

lalllan]  lan-s] =l
[ap | v lf_

gives Re as the error bound on the remainder, This is an error bound due to the
error in the initial coefficients.

If single-precision arithmetic is used in the evaluation process, then we must
also consider the effects of the rounding of the individual products and sums,
Each arithmetic operation will include a factor

1+ ¢*

If we examine the process of synthetic division, we observe that the first coefficient
ay goes through 2N arithmetic operations and so picks up 2 factors of this form.
The next coefficient ay.., will have 28 — 1 operations done on it, the next ay_,
will have 2N — 3 operations, etc., down to an g, which will have 1 operation.

We are going to use the method of ** backward analysis,” meaning that the
roundoff errors will be regarded as equivalent to small changes in the initial co-
efficients—we will answer the question ““ what problem has exactly the calculated
answer?” The multiplication produces a factor 1 + & on each of the terms that
enter into the multiplicand. But the addition process may shift one number with
respect to the other before the addition and roundoff take place. We are supply-
ingaterm1 + ¢£to both numbers, thus putting in more roundoff than there should
be, but the more the relative shift done, the less this excess. The typical termis of
the form

a1+ eda'(L+ &) -+ (1 + e5is1)
and the error in the polynomial evaluation from this term will be

apd {1+ e )1+ (T +ehe ) — 1]

1 This is not true for the special-function evaluation of €%, In x, sin x, ete.
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which is, neglecting products of &/s in comparison to g's
@ e, + Ef +eF + 0+ eheas]
For the purpose of bounding the ultimate error, al! the ¢* are
lef | s @R
for a k-bit machine. Thus if in place of a; in the polynomial we wrote

ak[l + & + (El—cg—i)z”‘}

we would have more than allowed for all the roundoff of the single-precision arith-
metic done in the evaluation process, and we could proceed as before, using these
modified coefficients to obtain a bound.

3.9 COMPLEX NUMBERS—QUADRATIC FACTORS

It frequently happens that a function with real coefficients is to be evaluated fora
complex argument x + {y. For example, given
e# + e-:

w = f(z) = 5

evaluate this for z = x + iy. We have

_€°cosy-+e Tcosy ie“siny—e "siny
B 2 2

et e * fet—e ™
= 3 cosy +1i > Si Y

It is also very common to be asked to find

fiz)

Sz + f(2)
where the bar means the conjugate x — iy. In the above example we will have
A2 + (2) = (e* + e )cos y
The particular case of a polynomial is of importance, both because it occurs
frequently and because it has special properties, The direct evaluation using
complex arithmetic is unnecessarily expensive in machine time, We use the fact
that evaluating the polynomial at a point @ + ib is the same as finding the remain-

der when dividing by the corresponding linear factor.  Notingthatcorresponding
to the linear factor we can construct the real quadratic factor

[z = {a+ b))z —(a~ib)] = 22 = 2az + a* + b*
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we divide the polynomial by this quadratic factor (using the obvious extension of
synthetic division to quadratic factors) to get the remainder ryz + r,.
Consider the special case of computing P(2 — 37} where, as before,
P@)=z* 4622 -7z +8
The quadratic factor is
[z=Q2=3)z—~2+3)]=2>~4z 413

4 =131l 0 6 - 8

~-13 - 52 - 117

1 4 +9~1 -23 —109 = remainder

quoticnt

Thus

P(z) = (22 — 4z + 13)(z% + 4z + 9) + {~23z — 109)

Atz =2 -—3iwehavez* —4z+ 13m0
so that

P2 —3i)=—232~3i)-109
= — 155 + 69

Note how much complex arithmetic we have avoided in this process. Thisisa
very useful trick: we replace the evaluation of 2 polynomial at a complex number
by a division process using only real numbers and at the last moment let the com-
plex number enter (only linearly).

Error bounds follow along the lines of the linear-factor theory, and need not
be developed here in detail.

PROBLEMS

Evaluate the given polynomial for the argument value given.

391 PO =x%+6x*+15x*+20x*+ 15x* - 6x+ 1 forx=—1+1
R

—

14+ V35

392 Px)=x*—2x"+35x*+4x+1;forx =

393 Px)w x*2x*+5x* 4 4x 4 7;forx =

3.94 Discuss the evaluation of P'(x + ).
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3.10 REPEATED EVALUATIONS

Often we want to evaluate a function not once, but at a series of equally spaced
points (arguments). If machine time and costs are important, then significant
savings can be made by taking advantage of various features of the function,

EXAMPLES

ea+(n+]}h a-+ i

ax g2 Mg
[sin[a + (n + 1}h] = sin(a + nk) cos h + cos{a + nl)sin h
cosla + {n + Dh] = cos(a + nh)cos h —sinfa + ni) sin h

h 17 h \?
in[a+(n+1)lz]mln(a+m‘1}+a+nh—E(a_l_nh) g h<a<+nh
i

For polynomials see Sec. 9.5.

The reed for frequent evaluations of a polynomial even when the arguments
are not equally spaced is a common occurrence. For example, most library
routines for the special functions have some polynomial-evaluation steps. 1t
comes as a surprise to many people to learn that for polynomials of degree six or
higher there are arrangements that can save in the number of arithmetic operations
used versus those used by the obvious chain method (see Ralston [49], sec. 7.2, for
more details). Note that (1) often these shorter methods lead to severe roundoff
troubles, and (2) the conversion to the shorter form can be programmed on a
machine once and for all.

PROBLEMS

3.10.1 Discuss using the addition formula for tan x for finding successive, equally
spaced values of tan x. Include a discussion of the probable error trouble.

3.10.2 Note that the routine for successive values of the sine requires the corresponding
cosine values; develop a method that uses only the last two sine values.

3.10.3 Examine the roundoff error propagation in the sine routine and the effect of
writing cos kas 1 — ¢(h} for /i small.

3.11 OVERFLOW AND UNDERFLOW

We have ignored one of the realities of computing, namely that not only are the
mantissas Hmited, but so also are the exponents. This limitation gives rise to
both overflow and underfiow. It may seem strange at first that with the usual
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wide range of at least 1072® to 10°® there should be trouble with exponents. But
this ignores a number of facts, First, it is quite common to have adequate
theories, with analytical resuits, at both ends of some range, and the computation
is to cover the ground between where certain effects (terms) are completely neg-
ligible to where certain other effects are similarly to be ignored. Thus it is
naturaf that in some cases being run there will be terms that are very small or very
large.

Seccondly, even for modest ranges some very common functions such as the
exponential will have very Jarge (small) values, Forexample,£?® = 0.720 x 10!,

Thirdly, many mathematical theories about the real world include singulari-
ties, and it is sometimes necessary to compute very close to the singularity in order
to discover the nature of it.  (Sce Chap. 42.)

When underflow occurs, it is almost always satisfactory to replace the num-
ber by the machine zero, 0.000 x 10™%,  Usually there is no comparable infinity
to use when overflow oceurs, and at best the overflow number is replaced by some
very large number such as 0.900 x 10° (to leave room for some further increase
without again tripping the overflow alarm).

Because of the lack of symmetry in the machine hardware and corresponding
number system, it is preferable to arrange computations to have an underflow
rather than an overflow. Usually this is not hard to do. For example, to com-
pute

forlgx<10

we write

it should be obvious how to do this in many cases; what is necessary is to think
about it before programming the details for a machine.
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REAL ZEROS

4.1 INTRODUCTION

The problem of finding the real zeros of a continuous function oceurs frequently
in science and engineering and has therefore received extensive treatment. We
shall give only a few of the simpler methods that are easy to understand and use.
We will look at the problem of finding complex zeros in Chap. 5, and in Chap. 6 we
will examine the important special case of polynomials.

It is in the nature of the problem of finding the real zeros of a function that
the positive and negative terms of the function almost exactly cancel. We there-
fore face roundoff, and all that was said in Chap. 3 about how to evaluate a func-~
tion to avoid unnecessary roundoff clearly applies to the problem of finding real
zeros of a function.

The floating-point number system puts further restraints on what can be ex-
pected. We can at best hope to keep the relative error under control, and we
cannot expect to find zeros far from the origin with great absolute accuracy. The
roundoff also means that we cannot expect to find a number that makes the func~
tion exactly zero. 1tis for this reason that generally we do not try to find a zero;
rather we try to find an interval in which the function changes sign. We then
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measure the accuracy by the length of the interval relative to the maximum of the
function value and the argument. But even worse, we can expect in practice to
find a sequence of values, some with plus and some with minus signs!

4.2 GRAPHICAL SOLUTION

One of the easiest methods for humans to use is the graphical method of drawinga
curve and noting where it crosses the axis, or sometimes a pair of curves whose
mutual crossings indicate the zeros. Unfortunately this method is particularly
bad for unaided machines, and so we will look at it only briefly to set the stage for
further methods that are more suitable for machines. For machines with graphi-
cal output and with a human examining the output, it can be very useful and easy
to use.

EXAMPLE 4.1 Consider the problem of finding the real zeros of the function
y= &% x2

We pictute in our minds the plot of y = * (see Fig. 4.2.1) and the plot of y = x?
and look for their crossings. If a were small and positive, it is clear that the x?
curve will rise quickly enough to cross the exponential curve at least once, and
since ultimately the exponential grows faster than any power of x, there will be a
second positive crossing.

When we plot the curves, we get a picture that confirms what we expected.
It is natural to ask for the value of a beyond which there is only the negative zero
and no crossing on the positive side.  To find this we note that as ¢ increases, the
two positive crossings will approach each other and finally merge into a double
zero. At this point both the function and the derivative will have a zero at the
same place.

ymeT—x =0
V=ae* - 2x =0
Eliminate ™ to get
ax® - 2x =10
or

X = (spurious solution)

o
2
X
a
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Putting this in the second equation, we get

orfora>0,

FIGURE 4.2.1

ae? —— =
a

{ 2
q = -
i
lx=e

(,J’ =0 i
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PROBLEMS

4.2.1 Find graphically the first two positive zeros of tan x — x = 0 t0 one decimal
place.

4.2.2 Find graphically the maximum of y = —xIn x(0 < x < 1). Check analytically.

4.2.3 Find the value of a for which sin x -~ ax == 0 has a double zero,

4.2.4 Show that there are noreal zerosfory =e"—Inx—1.

4.3 THE BISECTION METHOD

One of the best, most effective methods for finding the real zeros of a continuous
function is the bisection method. The bisection method begins with an interval
(x5, x,}in which the function changes sign, whick is measured in the machine by

JE(x) <0

We then pick the midpoint x4 (bisect the interval) and evaluate the function
there, If
<0  then thereis a sign change in (x,, x3)
Sl (x3){ >0 thenthere is a sign change in (x5, x;)
z {) then x5 is a zero

Repeated bisections reduce the interval containing the sign change to an
arbitrarily small length—or until we meet the granularity of the number system
around x and the machine computes the midpoint as one of the two end values.
Ten bisections reduce the interval length by more than a factor of 3 —three
decimal place improvement! Thusin practice it is rare that the bisection method
will be used for 20 steps.

The method is robust in the sense that small roundoff errors will not prevent
the method from giving an interval with a sign change, and if roundoff is mis-
leading you, it is not the fault of the method but of the program that evaluates the
function. There is one danger, namely that what you implicitly thought was a
continuous function had a pole and that you end up straddling an odd-order pole,
but this can be checked for easily.

The bisection method supposed that an interval had been found whichhad a
sign change in it, and the problem is usually stated as that of finding all the real
zeros in some given interval. This requires a search for intervals of sign change.
If we search with a large step size ki, then we run the risk of stepping over a pair of
zeros ot of getting an interval with an odd number of zeros and finding only one
of theminthe end. If we use a small step size ki, then we will spend most of the
time looking where there are no zeros. It is an engineering judgment to resolype this
dilemma.
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The problem of multiple zeros can be troublesome. One way to cope with
itisto search for sign changes in both the function (which indicates all odd-order
zeros) and the first derivative (which indicates all even-order zeros), but without a
lot of elaborate analysis the machine cannot be expected to solve the general
problem of the multiplicity of the zeros it isolates.

EXAMPLE 4.2 Find /2.
This is a zero of y = x* — 2. Try h = }, starting at x == 0, for the search.

y{(0) = -2
yd =~
y = -1
B =%
We have the interval
l<x<1.5
Bisect and try x = 1.25; p(1.25) = —0,4375. 'We have the interval
1.25<x< 1.5
Bisect and try x = 1.37; 3(1.37) = —0.1231. 'We have the interval
1.37<x <15

Bisect and try x = 1.43; y(1.43) = 0.0449 ... > 0. And so forth. il

As a practical matter, given the original interval, it is usually best to decide
on the number of subintervals to try in the search method and on the number of
bisections to use in case a sign change is found, rather than on interval sizes.

PROBLEMS

Find to one decimal place the real zero of :
431 het=1

432 cosx=x

433 xlnx=1

Using the bisection method, compute:

14+ 5
2

435 2
4.3.6 Elaborate on the last paragraph of this section.

4.3.4 Hint: Find a quadratic of which it is a zero.
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44 THE METHOD OF FALSE POSITION

‘The method of false position (regula falsi) is a very ancient method, and it attempts
to do better than the obviously slow bisection method. The method of false
position again starts with two points at which the function has opposite signs; that
is, we have an interval in which thereis a zero, and we wish to decrease the interval.
The straight line through the two points is used in place of the function, and the
zero of the straight line is used in place of the midpoint of the bisection method,
The main weakness of the method——its slow approach from one side—is apparent
from the picture. Further obvious faults tend to exclude the method from prac-
tical use on machines,

fix}

*2

FIGURE 4.4.1 p—

In more detail, given the two points (x; , f{x;)) and (x,, f{x,)) (sec Fig. 4.4.1),
the line through them is
¥(x;) — Kx
y) = i) + DTS ()
Xy — Xy

whose zero is given by
Xz ™ Xy
Hx2) ~ p(x1)
. X ¥(x2) = X3 y{x)
T ¥ = ¥(x)
Note (1) the symmetry of the formula and (2) that y(x,) — ¥{x,) is in fact an ad-
dition because we assumed y(x,)y{x;) < 0.

x = xy — y(x,)
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4.5 MODIFIED FALSE POSITION

A simple modification of the false-position method eliminates its worst feature,
the one-sided approach to the zero with the resulting large interval,  The modi-
fication of the false-position method consists in dividing by 2 during each cycle of
the computation the function value at the end that is kept. Figure 4.5.1 shows
how this modification improves the method.

Xy
— X

W kR
FIGURE 4.5.1 —

The method is usually (but not always) faster than the bisection method and
has the defect that we cannot tell in advance how many steps will be required to
obtain an interval length less than the preassigned accuracy needed.

Inmore detail the algorithm s the following. Given a continuous function

J(x) for an interval @ 5 x < b with fla}f{(b) < 0,

af(®) - bfta)
B ~f@

1 Compute x =

2 Compute f{x).
x  becomes new b
<0 then J(x) becomes new f{b)

( fla)

" becomes new fla}

3 Compute fla)f(x). Iffi}f(x) (=0  then youare done
x becomes new 4

-0 then f(x) becomes new f(a)
Jib)

5~ becomes new f{b)
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EXAMPLE 4.3 Find the zero of y = he" — 1 (using two-decimal arithmetic to
make it easily followed).

It is easy to sec that

fih=—-1<0
) =e—-1>0
hence
a=0 fla)y= -1
b=1 fi)=172
= af(by — bfla) - 0x 172~ (-1} =_1__ - 047
Jib) — fla} 172 e (= 1) 2.72
J) =037 x145-1=054~-1=-046
next step
a=037 flay= 046
p=1 TO_ o6
2
_ 0.37(0.86) — 1{—0.46} _ 0.778 _ 0.59
- 0.86 + 0.46 T2
S(x) =0.59 x 1.80 — 1 = 0.06
next step
a =037 'C(g-z = =(0.23
b =059  f(b) =006
- 0.37(0.06) ~ 0.59(~0.23) _ Q_EE ~0.55

0.06 + 0.23 025

fx) = 0.55 x 1.73 — 1 = —0.05
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next step

a=055 fla)=—005

b=0.59 ):%3 =0.03

_0.55(0.03) - 0.590.05) 0046 _ o
0.03 + 0.05 0.08
f(x) = 0.038

a=0.55 ﬁ;—) = =0.025

b =0.58 ’32’32 = 0.038

x % 0.565
- i

An alternate version of the modified faise-position method halves the ordi-
nate kept only when it stays on the same side of the zeros as on the previous step.
This modification is believed to speed up the convergence at the cost of a slight
amount of extra programming and testing. Unfortunately the method has not
been adequately analyzed, and experimental tests of selected functions are not
completely convincing.

PROBLEMS

Using the modified false-position method for three steps, find the zero of:
1 T

Ta =r<3

4352 y=x*—-2 0=Zxg2

453 y=xlhx—1 1<x52

4351 ypetanx —

454 y=cosx—x Ostg

4355 y=x*-2 s x<2

4.5.6 The choice of halving the kept function value was arbitrary. Discuss other
possible choices and when to use them.

4.5.7 Draw a flow diagram of the modified false-position method.
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46 NEWTON'S METHOD

Newton’s method for finding the real zeros of a function y = f(x) is usually taught
inthecalculus course. Theidea behind the method is the  analytic substitution™
of the local tangent line for the function and then the use of the zero of this line as
the next approximation to the zero of the function.

In mathematical notation the tangent line at x, (Fig. 4.6.1) is

¥(x) = flxd + f(0Hx = x)

and hence solving for x = x, , ;, the next approximation is

- Sx)
Kgp = Xy = f’(xk)
y
fix}
X
* s \
FIGURE 4.6.1

When it works, Newton’s method is fine, but it has three obvious faults as
canbeseeninFig. 4.6.2. Thus, unless the local structure of the function is known
in some detail, the unmodified Newton’s method is to be avoided.

The worst features of the method can be partially compensated for by a
simple device. Letusintroduce a metric, or distance, to measure how well we are
doing. We will use |f{x)| as this metric. The beginning of the next step in the
iteration process involves the evaluation of f{x) at the new point, If this new
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¥y ¥y
’ \
oA
. % | ? !
i ! ‘ ;
x
i Xpey Xn X1
inflection point Multiple zero wocal minkmum
Can cycle and never Slow approach with f'—~ 0 Risks being sent very far
converge and trouble in division step away for next appreximation
FIGURE 4.6.2

value is not smaller in size than the previous value, we will not accept the step, but
instead we will go back and halve the step

~fix)
J(xd)

Xipp = X = Axy =

using instead

&,
2

If this does not decrease the distance, we repeat the halving process until it does,
because we knoy that the local slope of the curve is in the direction to decrease the
distance and that a sufficiently small step will work (until the granularity of the
number system getsin the way). If this modification is used, it is well to add an-
other, namely that no new step is more than twice the preceding step (to prevent the
tedious shortening-up of the step size cycle after cycle). In this way the troubles
from inflection points are eliminated, and the method will creep up on multiple
zeros. Local minima, which are not always easily recognized, can cause trouble
in a machine.

How shall we end the iteration in Newton’s method? The approach to the
zero becomes one-sided, and we do not have an interval in which the zero lies.  If
we use the size of the function at the point as the criterion, we will get different
answers depending on whether we use f{x) = 0 or &f{x) = 0 as our original equa-
tion. Ifwe use the step size Ax = x;,; — X, as a measure, then when we quit, we
may be far from the zero and be only slowly creeping up onit.  There is no com-
pletely satisfactory answer, and we will suggest using the size of the step relative to
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the zero being found as a measure. As will be shown in the Sec. 4.7, the error
tends to be squared each step when we are finally close (in some sense), and this
fact can be used by comparing three consecutive step sizes,

Axkﬂz Ax z-f”(xku)
(Axk)2 (Axk,1)2 2 ()

4.7 THE CONVERGENCE OF NEWTON’S METHOD

Newton’s method is highly favored theoretically because when it finally starts to
converge, the convergence is quite rapid. To show this we need a couple of im-
portant mathematical results.

The first result we need is the Taylor series with an integral remainder.  For
our immediate use this can be found by integrating by parts the obvious identity

yx) = yia) + f V(s)ds
Setting
u = y'(s) du = y"(s) ds
dv = ds vm= —{x )
we have

¥(x) = 3(a) — [(x — 5)y'()]

i + fxy”(s)(x - §) ds

= y(a) +{x — a)y'(a) + j:y"(s)(x —5) ds

The second mathematical result we need is that if f{x) and g(x) are continuous
andif fix) = 0(a <x < b), then

f F()g(x) dx = g(6) j "f)dx  forsomef a<@<b

To prove this, write g as the minimum of g(x) and write G as the maximum (in the
interval), Thus

9595 G
Multiply this inequality by the nonnegative quantity f(x)

af(x) < fx)g(x) < Gf(x)

and then infegrate (sum) to get

-1 ] ]
6 [ 10 dxs [ fe dx <G [ S d
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Now consider the quantity, as a function of ¢,

) b
$(0) = () [ 70 dx - [ f()g() dx
At the point where
gty =g, then ¢(1 <0
g(t) = G, then ¢{) 2 0
Hence, since ¢(f) is continuous, there is a value ! = 0 such that

90 =0

or
[ 100 ax = @) [ 165 d

We use these results as follows: write f{x) in the Taylor-series form where a
is the current guess x, and x is the zero of the function.

x
FR=0=fx) + (x =% ) + [ x—a)(s) s
The next guess x, . is given by Newton’s formula

0 == f) + (Xps 1 — % (%

Subtracting, we get
X
=)@+ [ (=) () ds =0
LY
Using the second theorem, since x — s is of constant sign,

(= 5 (0 +S'0) [ (e s) do =0

o
=5 ) 0 T 0

But
X = Xpgq = Eggq = NeXt error
X —-X, =& = curtent error
hence
""‘f”(@) 2

LS __2f'(xk) &
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is an exact formula for the new error in terms of the current error; we square
the error each step {almost). This is often described by the remark that with
Newton’s method you double the number of correct digits each step (assuming
that (/121 (x,)] is around 1 in size).

But let us not be deceived by this result.  Normally it is not the final rate of
convergence that controls the number of iterations; it is the initial rate of conver-
gence. Here the bisection method shines—it starts out well in comparison with
many other methods.

PROBLEMS

Apply Newton's method, using the starting value given to:

4.7.1 yeuxet -1 x= 12

472 y=arctanx -1 x=}

473 y=Inx-3 x=10

4.7.4 Using y=x"— 1, show how for some values of x, the focal convergence of
Newton's method can be very slow.

4.8 INVARIANT ALGORITHMS

The idea of an invariant algorithm is simple but important. The importance
arises from being one of the few ideas that provide some unity in the field of al-
gorithms with its many varied methods and tricks.

The idea is easily iHustrated by applying it to Newton'’s method. We in-
stinctively feel that it is the same problem whether we find the zeros of y = f{x) or
of ¥ == ¢f{x). A moment’s examination of Newton’s method shows that at the
step where we compute f{x){f"(x) the multiplicative factor ¢ is automatically re-
moved. Wealso feel thatifin place of x we were to use ¢; x as the argument of the
function, then we still have essentially the same problem. [f'we scale the starting
value by the corresponding amount, then we again see that the successive values
of the estimates x; also scale properly; the iteration equation is homogeneous in
¢;. Due to the nature of the floating-point number system a translation of the
origin does not leave the problem unchanged.

‘What about the stopping rule? Should it not also be invariant under these
two classes of transformations? The use of the change in the estimate %, . ; — x;
relative to the estimate x; clearly scales properly. The use of the step size, the use
of the size of the function, and many other possible stopping rules do not scale
properly and are not appropriate for an invariant algorithm.,
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In general, an algorithm is invariant with respect to some class of transfor-
mations. ‘The class is found by considering the source of the problem, the mathe-
matical structure of the problem, and the use that is going to be made of the results.

“Fhe class usually forms a group, provided the finite limitations of the machine
are recognized.  The importance of invariance with respect to a group of trans-
formations has long been recognized in mathematics. That which is invariant is
usually recognized as being more fundamental than the chance form of the par-
ticular representation of the problem; in Euclidean geometry only things invariant
with respect to translation and rotation are regarded as geometric entities.  Simi-
Iarly, an algorithm which transforms properly with respect to a class of transforma-
tions is more basic than one that does not. In a sense the invariant algorithm at-
tacks the problem and not the particular representation used (though clearly it
uses a particular representation in the computation done), The slight differences
inroundoff that can occur are not basic to the idea, but come from the nature of the
finite structure of the number system used.  On the other hand, the roundoff dif-
ferences from different representations will usually not be large, except for iil-
posed problems.

Invariance is something like dimensional analysis. 'We realize instinctively
that invariance should apply {o proper equations and proper algorithms, and if it
does not, then this is a warning sign to look a good deal closer before going on.
And like dimensional analysis, invariance in an algorithm can point to forms that
are suitable and ones that are not, and often delimit the acceptable forms so asto
practically give the proper one (see, for example, the stopping rule for Newton's
method). But invariance may inciude transformations that are more than mere
linear scaling, and so the idea of invariant algorithms includes more than dimen-
sional analysis.

The larger the class of transformations under which the algorithm is to be
invariant, the more restricted the algorithm and (like much of mathematics) the
more simple and powerful the result when finally found. In the search for an
algorithm the invariance requirement will block off many fruitless paths.

1t is easy to see that two classes of transformations, multiplying the function
by a constant and stretching the x axis, are reasonable to be used on the problem of
finding zeros of functions, Applying this invariance to the bisection method, we
see that if the initial interval is properly scaled, then it is a matter of scaling the
stopping rule; and if the stopping rule is not 50 scaled, then there is probably some-
thing wrong.

Similarly the false-position and modified false-position methods are in-
variant providedthe stoppingrules are picked properly. Inparticular, the method
of iterating the bisection method a fixed number of times, as well as the interval
length relative to the size of the zero being found, is invariant. Stopping rules,
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like the size of the function or the length of the interval, do not scale properly and
should be avoided in practice.

In the future we will use this idea of invariance as a tool for finding and
examining algorithms, and we will find that some of the classic methods are not
invariant.

4.9 REMARKS ON COMPARING ALGORITHMS

Having given a number of algorithms for finding real zeros, how are we to compare
them and others yet to be discovered so that we can pick onein a reasonable fashion
when necessary to do a particular problem?

Evidently the bisection method is powerful, but slow in the final steps when
compared to Newton’s method. Butitis quite likely that the bisection method is
much faster in the carly stages. And in practice it is usually the initial rates of
convergence, not the final ones, that matter because we rarely want high accuracy
in the zeros we find—in mathematical problems yes, butinengineering and science
usually we don’t know the other parts sufficiently well to justify a many-digit
answer,

The modified false position is so much better than the simple false position
that it is the second choice to consider.  When and in what respects does it com-
pare favorably with the bisection method? Evidently it is likely to be faster on
reasonable functions, but it can be slower on some functions, Nothing is really
known at this time about the distribution of functions that occur in practice whose
zeros we want to find, and so little can be said.

Newton's method is the classic one for finding zeros. It requires finding
and coding the derivative. Some methods of rating algorithms count the effort
to evaluate the derivative the same as to evaluate the function—thus counting one
step as the equal of two in other methods~-but this is r7ot reasonable. For most
functions, once the parts of the function have been found, there are very few new
parts that are expensive to compute when the derivative is found. No new
radicals, logs, or exponentials can arise; at worst a sine can go into a cosine {or the
reverse), and the special functions are the time-consuming parts of most function
evaluations. Al the straight arithmetic is vsually small in time when compared
to the special-function-evaluation routines..

Two methods which are sometimes discussed, but which we have so far
ignored, should be mentioned. The secant method resembles the false-position
method, except that it uses the plausible argument that the last two values, rather
than a pair that lies one on each side, should be kept. The danger in the method
is especially clear when roundofTis considered, since by chance a locally horizontal
tangent can cause great trouble.
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The other method is called successive substitutions, Given one or more
equations, they are each solved explicitly for a different variable, even if it also
appears on the other side, and the old values are substituted into one side to find
updated new values of the unknowns. This method is powerful when done
by hand, but it is hard to use on machines in situations that have not been
preanalyzed. Evidently its success depends on arranging matters so that large
errors in an unknown tend to produce smaller ones in the next cycle of iteration.
This technique is related to the idea of stability which will be discussed in more
detail in later chapters.

EXAMPLE 4.4 Consider again the example in Sec. 4.2 of finding the zeros of

et w3t =
this time using a = 1.
We have the two curves (Fig. 4.9.1)
y=x
y ex,'z
Solving the second equation for x, we have
y=x
x=2iny
¥y
y= exft 2

FIGURE 49.1
Rough Sketch. x
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If we start with x = 5, we get in turn (using two decimals)

x=75
y=x'=25
x=2Iny==64
y =41

x = 7.4
y=55

x =80
y=064
x=83

y == 69
x=85
y= 72

x =83

(which is a poor answer), and we approach the upper zero from below.  If we were
to reverse the substitution loop, we would approach the lower zero from above.

it

It is easy to draw sketches to show what will happen in particular cases, but
this is exactly the kind of thing that machines have a lot of trouble doing. Thus
the successive-substitution method is suitable only for carefully analyzed situa-
tions (of which there are many), but the details are easily worked out in any par-
ticular situation, and nothing more need be said here.

PROBLEMS

4.9.1 Make sketches showing the dangers of the secant method.
4.9.2 Show that the proposed modification of Newton’s method is invariant,

4,10 TRACKING ZEROS

The problem is often not just to find the real zeros of a function, but rather to find
the zeros as a function of some parameter in the equation.  In this situation it is
clearly foclish to solve each parameter value asifit were a new problem. Instead,
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from the values of the zeros for the previous parameter value(s) we can form a
good guess at where those for the current parameter vatue probably lie.  Methods
for tracking the zeros as functions of the parameter can be developed from the
predictor-corrector methods discussed in Chap. 23,  Itis a complex, difficult task
to design a foolproof methed of tracking zeros since sooner or later almost every
possible trouble will occur.

In tracking zeros one should use a local coordinate system (fike the moving
trihedral in differential geometry) to avoid artifacts of the problem’s coordinate
system such as vertical and horizontal tangents. This remark applies to almost
all graphical work.

For this chapter probably the best, easily available references are Ralston
[49] and Traub [59] (see References in the back of this book).
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COMPLEX ZEROS

5.1 INTRODUCTION

The problem of finding the complex zeros of a function in some region occurs
frequently in practice, though not as frequently as finding real zeros. It is
curious that the real-zero problem has been extensively investigated while the
complex-zero problem has generally been ignored. Evidently itis a field ripe for
further research.  We shall give only two simple methods which are based to a
great extent on the bisection method.

The functions we shall consider are called ** analytic in the region of investi-
gation,” meaning that at every point in the region the function has a convergent
Taylor series. For convenience only, we shall assume the region is a rectangle in
the complex plane.

While finding rea! zeros, we used the notation y = f{x); in the complex
plane it is customary to use the notation z = x + iy as the independent variable
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and w(z) = u(x, y) + fv(x, ¥} as the dependent variable. Thus the single condi-
tion that w(z) = 0 is equivalent to the two simultaneous conditions

ux,y)=0
{x,y) =0

where u{x, y) is called the real part and v(x, y) is called the intaginary part of w(z).

Very frequently the function we are examining has only real values for w(z)
when z takes on real values; that is, w(x + i0) has only real values. In this
important case we have the well-known result that if x 4 iy is a zero of w(z), then
x — iy is also a zero.

Thetheorem is important because it means that in this very common case we
need to examine only the upper (or lower) half of the complex plane for zeros.

As an exercise in dealing with complex numbers we shall prove this theorem.
The letter i can occur in the function definition as well as in the argument z = x +
iy; for example,

w(z) =sinz = 5
and we need to distinguish these two appearances. Given w = f{z), weshallusea
long bar over both the function and the argument to mean the conjugate values,
that is, when /is teplaced by —{. A short bar over the function means that only
the f’sinthe function are changed, while the bar over the argument means that only
in the argument are the i’s changed to ~i’s. The assumption that the function
takes on real values for real arguments means that, as in the above case of sin x,

w = w(x)} = W(x)
The statement that x + iy is a zero means that
wix +5)=0
We need to show also that w(x — iy) = 0. We havein turn
WOx o+ i) = 0= wlx  1p) = W(x = Iy) = wlx = i)

and we have proved the theorem.

PROBLEMS

For practice in handling complex functions, find wand v
5.1.1 Hw=1z*

512 Hw=tanz

513 Hw=lnz

504 Uw=Vz
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52 THE CRUDE METHOD

The bisection method for finding real zeros is both very easy to understand and
very robust, and it is natural to try to extend the method to finding complex zeros.
This extension depends on finding the right way of looking at the bisection method
in order to generalize it to complex zeros (keeping in mind the invariance prin-
ciple}.

One approach is to regard the search method for locating the zero as
recording plus or minus at each point along the real axis according to the sign of
the function at the point.  In the complex plane for each point x + iy we record

+ 4+ + - - - - %

the quadrant number in which the function value falls. Thus at each point, we
record 1,2, 3, or 4, and we record a O whenever either u(x, y) =0 or o{x, y) = 0
or both. This produces a picture of a region with numbers attached to each
mesh point (see Fig. 5.2.1).

We can now take colored pencils and color in each quadrant. We will find
that typically four quadrants meet at a point, each having an angle of about 90° at
the point. At this point there is evidently a zero, since it corresponds to a point
in the w plane where both u(x, y) and «{x, y) are zero.

The w(x, y} = 0 curves divide quadrants | and 2, and 3 and 4, while the
v(x, y) = 0 curves divide quadrants 1 and 4, and 2 and 3.

As we shall later show (Sec. 5.4), where four quadrants meet at a point, itis
a simple zero ; where eight quadrants meet (each having an angle of about 45%), itis
a double zero; etc.

Having located the general region of the zero, we may clearly enlarge the
region as much as we please by plotting our mesh points at finer and finer spacing
to get further accuracy until we run into either roundoff or the granularity of the
number system.

This crude methed is easy to understand, reliable, and accurate, but its
fault is that it requires unnecessary computing (and also implies human interven-
tion in the process of finding the zeros). 'Wewill later refine the method, but even
in the crude form it is very useful and effective.

PROBLEMS

5.2.1 Prove that for functions such that w =, the x axis of the plot is a line of zeros
corresponding to v = 0.
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ty

FIGURE 5.2.1

5.3 AN EXAMPLE USING THE CRUDE METHOD

As an example of how the crude method works, consider the problem of finding the
complex zeros of the function
w = w(z) = & — 22
which lie near the origin.  For this function we have w(x) = #(x)}, and so we need
only explore the upper half-plane. We try the rectangular region
~T LX< 20
0sy<in
‘The quadrant numbers are easily computed on a machine and are plotted in

Fig. 5.3.1. The x axis is a line of 0s, as it should be (there is one other number
which is almost zero which we have marked asa0). Indrawingthecurvesu=10
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2
1 1 P i il % 4 444 4 4 4 4 4 4 4
1 b1 113 4 44 4 4 44 4 4 4 4 4
1 F B 11 114 4 44 4 4 4 4 4 u=i
P F 1 113 4 4 4 4 4 4 3 3
| 7 T T B | 4 4 4 4 313 3 3
u=0 I T U T | 4 4 4 33 3 3
LI T S T | 4 4 4 3 3 =0
2 NI 1 1] 4 4 222 2 % 2
22 1 11 4 2 2211212
22 11 4 221 2 22
u*0
21 2N 1 | N T T ]
212 2 1 1 1111 11
_(:; L /v' 1 &—g——a- o000 A x
Real ze Compiex zero
FIGURE 5.3.1

and v = 0, we remember that the curves in the lower half-plane are the mirror
images (in the x axis) of those in the upper half, but that the quadrant designations
interchange 1 and 4 as well as 2 and 3.

Does this picture seem to be reasonable? The real zero on the negative real
axis seems to be about right because we know that as x goes from 0 through
negative values, e* decreases from 1 toward 0, whereas z2 goes from 0 to large
positive values. Thus, ¢* and z* must be equal at some place (and we easily see
that this happens before we reach - 1).

The complex zero we found is likely to be one of a family of zeros with the
next one appearing in the band

Ly <4n

An examination of the picture shows that it is a reasonably convincing
display of the approximate location of the complex zero. We could easily refine
the particular region if we wished by simply placing our points in a closer mesh.

5.4 THE CURVES u=0 AND v=0 AT A ZERO
At any point z = z,4 (Fig. 5.4.1} the Taylor expansion of a function has the form

z- RN » )3
1(2) = 1(z0) + £(20) =2 + f (o) Tt 4 £z o)
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iy ty
2
I
ﬂk &
Ay ;
o
Ok

X X
FIGURE 54.1

or
f@) =ap +a,(z = 20) + a(z — 20 + az(z — 2p)* 4+
For each k we set
a = A, e A, real
and we also set
Z - zo = pe'?
‘Therefore, the Taylor expansion has the form
f(z) - Aoe""’ + Alper“” +8) 4. Ay p26it¢z+ 2

At asimple zero f{z,) = 0, then 4, = 0, and for small p the immediate neighbor-
hood of z, f{z) “looks like”

A;pe“‘" 8

or
f(2) = Adypleos(dy + 6) +isin(g; + )]
The u = 0 curves (Fig. 5.4.2) are approximately given by
Aypcos(d; + )y =0
or

9u~¢x+~g+kn k=0,1

and the v = 0 curves are approximately given by
Aypsin(d; +6)=0
or
G= gtk k=01
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FIGURE 54.2 x

We see that the 1 = 0 and v = 0 curves intersect at right angles, and hence the
quadrants we plan to color each have an angle of approximately 90° at the zero.
The picture we color is therefore easy to interpret at a simple zero. Note that
this happened at both zeros of the example in Sec. 5.3.

At a double zero both f(z,) and f'(z,) are 0, so that the Taylor series looks
like

f(z) =4, pze‘““* 20 4 Aap:’ew‘* 36) ..
We have for small p

um A, p?cos(g, +20)

v~ A, ¥ sin{e, + 29)

_ ¢y m k=
u=0 = 2-{—4+2
-~ Gy kn

ve=0 9—~-—2+2

and the angles of the colored quadrants are approximately 45° (see Fig. 5.4.3). It
is easy to see that for a triple zero the colored quadrant angles will be approxi-
mately 30° and in general for a multiplicity of m, we shall have the ¥ =0 and
v = 0 curves meeting at approximately =/(2m) radians {or 90°/m).
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FIGURE 5.4.3 x

As an example of a Jouble zero, consider Example 4.1 in Sec. 4.2 where we
asked for a double zero of

w(z) = % ~ z?

and found that a = 2fe. What does the picture of this look like? We should
have the vand v curves crossing at 45° angles for this transcendental function. We
have plotted the quadrant numbers only where quadrant changes occur, which is
all that is needed. (See Fig. 5.4.4.)

20 1
1.5 1
1.6

B
u=0 1.0

~
T
LR

~1.0 02 06 10
4

FIGURE 544
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PROBLEMS

5.4.1 Sketch the u = 0 and v == 0 curves for w == 22 — x -+ { using the lattice points

xm% k=0,1,2,3,4

y=«§ m=0,1,2,3,4

and check by using the quadratic equation formula.
5.4.2 Prove that for a zero of order m, the quadrant angles are #/(2m) radians.

5.5 A PAIR OF EXAMPLES OF u=0 AND v=0 CURVES

The following pair of simple polynomials illustrate how the u=0 and v =0
curves behave at zeros and elsewhere in the plane.

The first example is a simple cubic with zeros at —1, 0, and 1. The poly-
nomial is

WewzZ)=C+Dzz— 1) =2 -2
=(x+ i)’ - (x+iy)
=(* = 3xp? = x) +iGx%y ~ y* ~ )
The real curves are defined by
te x? o 3xy? e x =2 0
or
x(x* =3 =1} =0
This iz equivalent to two equations
x=0
=3 - 1=0

The latter is a hyperbola whose asymptotes are

Sl

The imaginary curves are defined by
v=3x’y -y —y=0
This again is equivalent to two equations

y
Ix? — 3¢

i

fl
Lol
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The latter is again a hyperbola, but this time with asymptotes

y= /3
The figure we have drawn (Fig. 5.5.1) looks reasonable. In the first place,
at each simple zero the real and imaginary curves cross at right angles as they
should according to theory. Secondly, far out, that is, going around a circle of
large radius, the curves fook as if they were from a triple zero; and the farther out
we go ,the more the local effects of the exact location of the zeros tend to fade out.

v Q
x
4
FIGURE 5.5.1
For the second example, we move the zero from z = —1 to z = 0, which

makes a double zero at z = 0. The polynomial is
W=z =) =23 -z?
= (x4 iy — (x+ )
= x* = 3xp? = x2 + ¥ +i(3x%y — y? - 2xp)
The real curve is

=x*=3xy? —x*+y? =0
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Solving for y?, we have
: X(x-1
T o3x -1
which is easily plotted as it has a pole at x = §, zeros at 0 and 1, and symmetry
about the x axis. As we expect, the asymptotes are parallel to

y=2

il

The imaginary curve is

pudxty -y e 2xy =0

which is
p3xr -y = 2x) =0
or
y=0
iy
v=0
=90
u=0
3
2
1 v={
x
3 ! 4
H
4 3
1 12
i
i

FIGURE 5.5.2
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and
Ix = 4P —yi= i
The last curve has asymptotes

y=1/30x =1
which is what we expect.

Sketching these curves (Fig. 5.5.2), we see that far out in the complex plane
they are the same as in the previous example. At the double zero there are two
real curves and two imaginary curves alternating and crossing at 45° angles.  The
rest of the curves lock as if the real and imaginary lines were being forced together
by the movement of the zero fromz = —1t0 2z = 0,and asif theytend to repel each
cther strongly.

Note that in the example in Sec. 5.3 the infinite sequence of zeros must be
considered in judging the reasonableness of the shapes of the curves.

5.6 GENERAL RULES FOR THE
u=0 AND v =0 CURVES

We cite without proof the principle of the argument which comes from complex-
variable theory. This principle states that as you go around any contour, rec-
tangular or not, in a counterclockwise direction, you will get a progression of
quadrant numbers like

1,1,1,2,2,2,3,3,4,4,1,...

with as many complete cycles 1, 2, 3, 4 as there are Zeros inside (we are assuming
that there are no poles in the region in which we are searching). There may at
times be retrogressions in the sequence of quadrant numbers such as

L1, 1,2,2,3,3,2,33,4,44,1,...

for some suitably shaped contour, but the total number of cycles completed is
exactly the number of zeros inside.

We have glossed over the instances of jumping over a quadrant number (say
a 1toa3), and we will take that up later. 'We have assumed that the Os that may
occur are simply neglected, as they do not influence the total number of complete
cycles.

To understand this principle of the argument, the reader can try drawing
various closed contours in the previous examples. No matter how involved he
draws them, he will find that he will have the correct number of zeros inside when
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he counts either + 1 if he circles the zero in the counterclockwise direction or —1
if he circles the zero in the clockwise direction. Double zeros count twice, of
course.

In the general analytic function, the ¥ = 0 and v = 0 curves can be tilted at
anangletothe coordinatesystem. Theycanbesomewhatdistortedand involved,
but they must obey the three following restraints:

1 At a zero the curves must cross alternately and be spaced according to
the multiplicity of the zero.

2 Far away from any zeros, the local placement of the zeros must tend to
fade out and present the patiern of an isclated multiple zero having the
number of ali the zeros inside {with their multiplicities).

3 The number of ¢ycles of 1, 2, 3, 4 going counterclockwise along any
closed contour must equal the number of zeros inside that contour
{when counted properly).

These three conditions so restrict the behavior of the curves we are follow-
ing that many pathological situations are eliminated and the problem is thus made
tractable.

PROBLEMS

5.6.1 Sketch the curves for the polynomial having zeros at

5.6.2 Sketch the curves for

5.6.3 Skeich the curves for

57 THE PLAN FOR AN IMPROVED SEARCH METHOD

One of the main faults of the crude method is that it wastes a great deal of machine
time in calculating the function values (and corresponding quadrant numbers) at
points which lie far from the # = 0 and v = 0 curves and hence give relatively little
information.

Instead of filling in the whole area of points as we did, we propose to
trace out only the 1 = 0 curves and to mark where they cross the v = 0 curves
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which gives, of course, the desired zeros. See the example at the end of Sec. 5.3
for how this might appear if we track both the u = 0 and the v = 0 curves.

The basic search pattern is to go counterclockwise around the area we are
examining and look for a u = 0 curve, which will be indicated by a change from
quadrant number 1to 2 {or2to 1) orelsefrom3to4 (or4to3). SecFigs.5.7.1
and 5.7.2.

When we find such a curve, we will track it until we meet a v = 0 curve,
which is indicated by the appearance of a new quadrant number other than the
two we were using to track the u = 0 curve.

u=0
ty 2 1
=0
3 4
x
FIGURE 5.7.1 FIGURE 5.72

Having fourtd the general location of a zero, we will pause to refine it, but
we will need to pass over the zero finally to continue tracking our u = 0 curve
until it goes outside the area where we are searching for zeros.

We need to know if this plan will probably locate all the zeros (* probably ”
depending on the step size we are using and not on the basic theory behind the
plan). By the principle of the argument, the number of cycles we find is the
number of zeros inside the region. Thus, the u = 0 and v = 0 curves we care
about must cross the boundary of the region—they cannot be confined within the
region—and our search along the boundary will indeed locate all the curves we
are looking for (unless the step size of the search is too Iarge) (Fig. 5.7.3).

iy

P X

FIGURE 5.1.3 Imnpossible
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It may happen that occasionally there is a jump in the quadrant numbers,
say from 1 t0 3. 'Wecan easily see that we have in one step crossed bothau =0
and a v == 0 curve. Just where these two curves cross is, of course, not known,
though probably it is near the edge (Fig. 5.7.4). If we want to find this zero, then
we assumethatitisa I, 2, 3; whereas, if we wish toignoreit, we assume thatitisa
1,4,3. We have to modify our search plan accordingly, but thisis a small detail
that is not worth geing into at this point.

Qutside nside
Find zero

FIGURE 574

5.8 TRACKING A u=0 CURVE

How shall wetrackau = Qcurve? Forconvenience westartatthelowerleft-hand
corner of the rectangular region we are examining for zeros and go counterclock-
wise, step by step, looking for a change in quadrant numbers that will indicate
that we have crossed a u == O curve (Fig. 5.8.1). When we find such a change, we
construct a square! inside our region, using the search interval as one side.

The u = 0 curve must exit from the square so that a second side of the square
will have the same change in quadrant numbers. 'We continue in this manner,

™~

! / 2 2
4+ "
i {2
FIGURE 5.8.1 Start

1 Squares only if x and y are comparable in size or importance (or both); otherwise, suit-
ably shaped rectangles to maintain relative accuracy,
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each time erecting a square on the side that has the quadrant number change,
until we find that a different quadrant number appears.

When this occurs, we know that we have crossed a v = 0 curve (Fig. 5.8.2)
and that we are therefore near a complex zero of the function we are examining.

By eye it is easy to make the new square, but it is more difficulty to write
the details of a program that properly chooses the two points of the next square to
be examined. It is also necessary at each stage to check whether the curve we
are tracking has led us out of the region we are searching, and if so, we must mark
the exit (Fig. 5.8.3) so that when we come to it at a later time (while we are going
arcund the contour), we do not track this same u = 0 curve again, this time in
the reverse direction of course.

u={
4 I3
™~
I — =
1 2 0 Mark

AOVA
XY
) | %0 3 Uz/=\Mark

FIGURE 53.2 FIGURE 583

[ =) \
=
i
<

¢

PROBLEMS

5.8.1 1Inthe example of Sec. 5.3, apply the tracking method to the complex zero in the
first quadrant.

5.8.2 Find the complex zeros as in the example in Sec. 5.3, except in the region 0 < x <<
2m, 2 5y s 4

59 THE REFINEMENT PROCESS

Having located a square during our tracking of a u = 0 curve which has three
distinct quadrant numbers, we have the clue that we are near a zero. We need,
therefore, to refine our search pattern and locate the zero more accurately. The
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simplest way to do this is to bisact the starting side of the square that first produced
the three different quadrant numbers.

If we use this smaller size, the u = 0 curve crosses one of the two halves, and
selecting this half, we erect a square (of the new size). 'We may or may not find
a third quadrant number, If we do not, then we continue the search with the
new step size,

Usually within three steps (Fig. 5.9.1) we again have a square with three
distinct quadrant numbers. We again halve and repeat the process, continuing
unti} we have as small a square as we please (or run into either roundoff or the
quantum size of the machine’s number system).

Bisect

apain \ o
l 4
\ SieQ

N\

2, / 2
Stepl/ Stop 2

a Bisect @
FIGURE 5.9.1 /

Evidently when we stop, we krow that the zero is either in the square we have
isolated or, at worst, in an adjacent square (again assuming that our step sizes
are so small that the curves we are dealing with are reasonably smooth and weil
behaved).

What to do when you meet a zero value while tracking one of the curvesisa
small coding nuisance and is not a basic difficulty.

PROBLEMS

5.9.] Discuss how to handle a zero value in the refinement process.
5.9.2 Discuss the use of other methods than bisection for the refinement process,
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510 MULTIPLE ZEROS IN TRACKING

So far we have tacitly assumed that while we were tracking a v = 0 curve, we
would come {o a simple, isolated zero. But what happens when there is a
double (or two very close—close for the step size we are using at the moment) or
higher-order zero?

Ata double zero we may find that the two quadrant numbers on the far side
from the initial side of the square have the same guadrant numbers but are
reversed (see Fig. 5.10.1). Thus we need, in fact, not only to check whether we
have found a new quadrant number but also to check at each step that the same
numbers are not in diagonally opposite corners, indicating two zeros or a double
Zero.

4 3
3 4
FIGURE 5.10.1

Once we sense that we are near a multiple zero, we are reasonably well off,
because we can ther afford relatively elaborate computing to clarify the matter.
In principle it is only necessary to go around the suspected location with a
sufficiently fine mesh of points to find the change in the argument and hence the

Fine mesh ]
of points 9

FIGURE 5.10.2
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number of zeros inside (Fig. 5.10.2). Once we know this, we can proceed as the
situation suggests. One way is to regard it as a new problem with a much finer
search size and make an “ enlargement of the region.

Another method, which somewhat simplifies the problem of multiple zeros,
is not to search one curve at a time but to go across the bottom side and find afl the
intervals that contain a u = 0 curve (Fig. 5.10.3). Then we push the calculations

A 4
: 2 1T 3 . *
7
, N
i
; \
FIGURE 5.10.3 [ B 3\ 4

up one square, regardless of how many squares sidewise they go (and watch the
sides for new u = 0 curves),

1t is only when two or more 4 = 0 curves meet that we need to worry abouta
muitiple zero. Thus, unless the second u = 0 curve is parallel to the bottom side
of the rectangle, or so nearly so as to come as a total surprise, we have a very
simple clue as to when to suspect a multiple zere. It may be that the two are
meeting head on and are the ends of a single curve, which is not hard to detect;
otherwise, we are reasonably well off in making an estimate of the number of
u = O curves that are coming into the local region and hence of the multiplicity
of the zero.

This method of pushing up one row at a time has the added advantage that
it eliminates a lot of testing to see if the curve we are pursuing is leading us out of
the region we are searching.

But let us be clear about one thing: We are vulnerable to being fooled by
having chosen too large a search step, just as in the bisection method, and so the
method cannot be made absolutely foolproof. What we want is a reasonably
economical and safe method. All we need is a warning that there is a compli-
cated situation at or near the location, and then we can simply apply our micro-
scope via the enlarging process to isolate what is going on; we can repeat this
enlargement process until we run inte the granularity of the number system of the
computing machine.



5.11 FUNCTIONS OF TWO VARIABLES 97

5.11 FUNCTIONS OF TWO VARIABLES
The problem of finding the real simultaneous solutions of

glx, ) =0
h(x,y)=0

can be partially mapped onto the problem of finding the complex zeros of
f(x + iv) = 0 by assigning the guadrant numbers in the obvious way:

I Quadrant
g>0,h>0 1
g>0h<0 2
g<0,h<0 3
g<O,h>0 4

The crude method will work, though we are not sure that the zero curves will
meet at right angles at a simple zero. If we try the tracking method, we are not
sure (since the principle of the argument need not apply) that we shall find all the
curves as we trace the boundary. Still, the method will sometimes give useful
results. Fig. 5.7.3 is now possible.

PROBLEM

5.111 Discuss the motion of the zeros of w=e*--x?==0 as functions of the
parameter a.



6

*ZEROS OF POLYNOMIALS

6.1 WHY STUDY THIS SPECIAL CASE?

We have just discussed the location of both real and complex zeros of a function,
and it is natural to ask why we should examine the special case of polynomials,

w=P@)=ayz¥ b ag. 2" 4 g
This can be answered in a number of different ways.

I Theproblemoccurs frequently, and special methods cansave a great deal
of machine time and trouble.

2 For polynomials we can apply the invariance principle very effectively
because we have a large class of transformations that leave the problem
essentially unchanged.

3 A polynomial of degree N has exactly N zeros, and we therefore know
when we have found all the zeros.

4 The factor theorem shows that in the polynomial case, zeros and factors
are equivalent, and we can use the divisibility as a too! in finding the
ZET0S.
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5 When we find a zero, we can * deflate ™ the polynomial by dividing out
this factor and thus obtain a simpler problem to solve.

6 Inapplicationsit is often of crucial importance to identify multiple zeros
as multiple zeros and not as close ones.

7 Inapplications itis often true that the zeros are known to be real and/or
pure imaginary and those that fall off the two axes were moved by
roundoff. Therefore, the polynomial routine can “ nudge ™ such zeros
back onto their respective axes provided the difference is attributable to
roundoff effects.

8 In applications it appears that often the user is more interested in the
zeros as a self-consistent set rather than as a set of individually accurate,
but unrelated, zeros.

9 From the factors we find, we can reconstruct the polynomial (approxi-
mately) and compare these coefficients with the original to form some
measure of the loss of information around the whole loop. Since the
reconstruction is fairly direct, presumably most of the loss occurs while
finding the factors. {Compare Sec. 3.2 where we discussed quadratics.)

The point about multiple zeros needs elaboration. If a double zero is
reported as a pair of close zeros, then when they are used it is highly likely that
there will be great trouble with roundoff. We have adopted the attitude that we
prefer to avoid roundoff rather than bound it by an elaborate rule, and this means
that we must make special efforts to identify muitiple zeros so that later the round-
off will not cause trouble,

As an example of the effect of a double zero being reported as a pair of
close ones, consider the problem of solving the simple linear differential equation

V+2'+y=0 p0=1 and p0)=0
The characteristic equation is
m+2m+i=0
(m+1*=0
m= —1, ~1

The solution is, therefore,
y=e N{Cy + Cyx)

=e¢ "1 + x)
But if due to roundoff the roots were given as
e —1l4e

My = —1—¢ ¢ smail
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then the general solution would be
y= Cxe-(i-s)x + Cz e-—(!-ﬂ)x
Applying the initial conditions we get
Cl + Cz - 1
wfl w gJCy =~ (1 + £)Cy = O

- }_ [(l 3 }_)e—-(!—c)x - (_E_ —_ 1)8-—(1 +z}x]
2 g £

Note the roundoff trouble, especially near x = 0.

As a second example of this important effect consider the integration of
rational functions. If the zeros of the denominator were multiple but were
reported as close, then instead of

and

ki

w  dx 2 gsectt 1 2
f f dt=-—-3-f cos? tdt = —s
o a’Jo 4a

(@ + % Jp a*sectt

we would have the integral (with b close to g)

© dx 1 J-‘”( 1 1 )d
L a4 Pt \Erd 15 *

-]

£ 1 (1 arctan X ! arctan x)
T -at\a a b b

0

This expression can be reworked, using the methods of Chap. 3, to avoid the
obvious heavy cancellation. In this simple example the trouble is obvious and
typical of the general case of integration of rational functions when a maltiple
Zero occurs in the denominator.

PROBLEMS

6.1.1 Devise another example to demonstrate the effect of close zeros on subsequent
computations.
6.1.2 Discuss the case

f_dx 3
L (@a+x)* 8a?

Hint: use —a, —{a — &), —(a + &) as zeros.

a>0
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6.2 INVARIANCE PRINCIPLE

Polynomials provide a good example of the use of the invariance principle
because we have three different transformations that leave the polynomial
essentially unchanged:

1 The transformation of P(2) into ¢P{2)
2 The transformation of P(z) into P(cz)

1
3 The transformation of P(z} into z"P (;)

The special case under (2), where ¢ = — 1, reverses the direction of the x axis and
can be used, if we wish, to confine the search to finding positive zeros only.

The reciprocal transformation (3) has the effect of reversing the coefficients
of the polynomial. Thisis mirrored in the synthetic division process. We have
written the polynomial {a linear combination of successive powers of z) as if
|z| > 1 and have put the highest power of z first, much as we would when writing
numbers. Butif wethink of z as being less than 1 in size, then we would naturally
write it as

ag+az4a 4+ +ayt
and in the division process divide by {for a quadratic factor)
1—pz—q2?
The remainder would be
P2 Y
If in the usual process the divisor were a factor of the polynomial, then the remain-
ders v and ry would both be zero; in the second case it would be ry.; and ry, that
would be zero, A little thought shows that these two are equivalent and that the
two quotients must be the same. Thus we have iwo alternate ways of using the
third transformation: either we can reverse the coefficients of the polynomial
(which carries the region ! < [z] < o into I = [z| > 0} or else equivalently we
can do our synthetic division in the reverse way, from constant to higher powers
rather than the more conventional order of higher to constant powers.

We shall check regularly that the methods we propose to use obey the

invariance principle with respect to these three transformations.

PROBLEMS

6.2.1 'The product of a number of factors (x — ¢,)(x — ¢2) - ++ {x — ¢y} leads to a poly~
nomial whose coefficients are the elementary symmetric functions

Eywe3ey, Eyem 3iei6yy 00ny Exv i34 O
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Thus for
LA I e )
with zeros ¢y, €2, ..., Oy,
an—x = ("‘ IPE
Discuss the roundoff errors in constructing this polynomial.

6.2.2 Devise a measure of closeness of two polynomials using only the coefficients.
Defend your choice.

6.3 THE PLAN

One of the consequences of the complex zeros of a real function occurring in pairs
is that by the fundamental theorem of algebra a polynomial with real coefficients
can be written as a product of real linear and real quadratic factors. This
approach has the advantage, as shown in Sec. 3.9, of working only with real
numbers and of avoiding special programming for complex numbers (also saving
machine time). The approach to the problem of finding the factors has the
further advantages of ease of thought and of finding what is most often needed in
the next step, namely, the factors rather than the actual zeros.

Therefore, after examining the given coefficients to see what kind of poly-
nomial we have and making the obvious possible simplifications, we will first
find all the real linear factors, watching carefully for multiple factors, and deflate
the polynomial each time we find one. Then we will search for the real quadratic
factors, again watching for multiple factors and deflating each time we find a
factor. Further, each time we find a quadratic factor, we will check to see if the
zeros of the factor might have been on one of the axes and had been moved off
due to roundoff.

The methods we use will be guided by the requirements of the invariance
principle.

6.4 PREPROCESSING THE POLYNOMIAL

Often the polynomial which we are given is said to be of degree N, butisnot. For
example, the leading coefficient ay may be zero (perhaps for a particular value of 2
parameterin the equation), which means that the polynomial has a zero atinfinity.
Further it may be that the last coefficient a, is zero, which means that thereis a
zero at the origin.  In both cases these zeros should be removed before starting.
To do this we can test for

agay =10
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and if the relation holds, we must find out which of the factors is zero and remove
the corresponding zero from the polynomial. This test applied recursively will
remove all these trivial zeros.

Next we need to find out if it is a polynomial in some power of z, say z2 or
2%, and if it is, we should make the proper substitution to reduce the effective
degree of the polynomial. For example, the polynomial

21 6x® a2 N - 6 AT+ 1

is actually a cubic in x* and should be treated as a cubic and not as a polynomial
of twelfth degree.

The factor k that we want is the common factor of ail the exponents of
terms with nonzero coefficients. To find this factor we start with the constant
term @y # 0 and look for the next higher term with a nonzero coefficient. If it
is a;, we are done—*k = 1; but ifit is some higher power, we find the factors of the
exponent which are also factors of the degree N.  Each factor that divides Nis a
potential candidate for further search to see if all terms in the polynomial have
exponents that are multiples of it. In this way we can find the highest common
factor of the exponents those terms present in the polynomial.

Suppose we have found such a number k> 1. Making the obvious

substitution,
=z

wehave a polynomial in 2’ of much lower degree to solve, one having no common

factors of the exponents of the terms present.
This transformation must, of course, be undone when we finally produce

the answers. For the real linear factors

Write a in the polar form

] fora>0

— it = =
a=pe where  p = {a| 6 {n fora<0

PR YA BT IR | X P e |

Taking the kth root, we have the k zeros

84 2mm 9+21tm)
+1s1n——k-—

m=01,...,k~1

2, = pllikglO+aeml ., pl,fk(cos
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will improve our guesses at p and g. Note that this is essentially Newton's
method in two variables.

To get the required partial derivatives, we observe that P (z) does not
depend on p and g, and we differentiate

6P2M,,{...}Q(z)+(r;,z+rz) Q a’; +%%-—0
ang {._,}Q(Z)qm(raz*!"rz) Q ar[ -}»o?a“f&g:

These equations are rdenmres in z, hence are true for all values of z and in par-
ticular for those which make Q(z) = 0. Using one of these values, we have

3!" aro
{rsz +rz)(—z)+-é;z -i-'é}';

3r1 3:'0
(!‘32+r2)(“1)+"{§"g"2+"5‘}" = §

But since 22 = pz + g and we are operating formally, we regard 7 as a complex
number and set the linear terms and (separately) the constant terms equal to zero.*
Thus we get the four equations

r‘_,,p+r2=-aﬂ
"3‘1“%;?

Using these, the Newton approximations (the truncated Taylor-series expansions)
become the usual Bairstow equations

(rap+r)Ap+ryAg=
(raq@) Ap + r; Ag = —ry
The determinant of these equations is

Du=ry? 4riryp—ryq

2
w2l {l2 2 .
s [(?‘3) ~}”p":a q]

' Weare using the fact that if gz - b = 0, withgand b real and z complex, thena = b= 0.
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From the last form (valid only if r; # 0), we see that the ratio ry/rs is a zero of
7% 4 pz — g = 0 (note the plus sign on the 7 term), and if the original quadratic
O(2) = z* — pz — g has complex zeros, then D# 0. Ifr, =r, =0, then we are
*near” a possible multiple zero which we will investigate later. The possibility
that g = 0 and r, = 0 is also unlikely fthough we shali start with ¢ =0 as our
starting approximation for Q(z)] since we have removed all zeros at the origin,
which implies g # 0.

The modification of Newton's method (Sec. 4.6) uses a metric [P(z)]. We
shall at this point use the equivalent, but more convenient, metric

|P(2)|?
evaluated at the point where ((z)} = 2 « pz —g =0, Thus
lP(z)%z = (17 + ro)(r Z + 1)
=r2(—q) + rirop + 1o°

Experience shows that using this modification of Newton’s method, Bairstow’s
method will converge even for multiple factors and cannot wander or fail to
converge.

When we find a quadratic factor, we need to check that its zeros are not near
the imaginary axis (we have in the removal of the real zeros effectively checked
that they are not near the real axis.) If p? is very much less than —4q (whichisa
positive number), then we need to consider whether or not the quadratic factor
2% — g would be acceptable within roundoff, and if it is, then we prefer it.

6.8 CONVERGENCE OF BAIRSTOW’S METHOD

The unmodified Bairstow method is famous for not converging, but the simple
modification of Newton’s method removes most of this trouble. It is worth
examining further to seec why we do not get into trouble in this application of
Newton’s method in two variables—in particular why a local minimum does not
trap us.

In the theory of functions of a complex variable there is a minimum modulus
theorem (much like the maximum modulus theorem) which says that if at 2 point
z, in the z plane the function f{z) # 0 (and f(2) is not a constant), then there are
values of f(2) in the immediate neighborhood of 2, such that

@ < [f@di

We are, of course, notin the z plane, but as discussed in Sec. 6.6, we are operating
in the pg plane inside the parabola and not “ near ” the edge. Therefore there is
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a local one-to-one mapping of points in one plane onte points in the other, and
there are points in the pg plane where the function is lower—in this problem there
can be no local minima other than zero.

When we solve the Bairstow equations for the next step (except in the fan-
tastically unlikely case of exact cancellation of roundoff effects), we will find that
there are terms in the polynomial that will produce a step, possibly small, that
takes us away from any local saddle points (the two-dimensional equivalent of a
local minimum trouble in one variable), and we will not get stuck, unabletogotoa
lower point. It was partly for this reason that we reduced the polynomial to one
which had no common factor of the exponents of the nonzero terms.

69 MULTIPLE ZEROS

We have developed the theory for the linear and quadratic factors so that they
paraliel each other. Thus there is little more to be said about finding multiple
quadratic factors except to say we do the analogous steps.

We should not become 100 excited about how accurate in fact are various
multiple or close zeros. Consider, for example, the two functions

fi={z+1)*=2%+82" + 285 + 565 + 704 + 567 + 287 +8z41
=G+ D+ =20+ + L+ ()

AN
by

FIGURE 6.9.1

To eight decimal places they are the same; yet the first has an eightfold zero at
z = —1, while the other has its zeros on a circle of radius 1/10 about z = ~1.
Evidently near multiple zeros it is dificult to know what is really happening--but
often in practice it does not matter. If it does, then probably the problem was
posed wrong! But for computing purposes we must report them as multiple
zeros if we are to avoid subsequent roundoff troubles, and the multiple zero can
be located reasonably accurately.
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LINEAR EQUATIONS AND MATRIX INVERSION

7.1 INTRODUCTION

The problems of simultaneous linear equations and matrix inversion have been
exhaustively studied, and yet our knowledge is not all that we wish it were.
Indeed, the very volume of papers indicates the difficulties of the two problems.
We shall begin by presenting the simpler, rather widely accepted views of the
matter and gradually point out the deficiencies in our theories that arise in some
circumstances. In spite of the many objections that we shall raise for which
there arc at present only a few partial answers, the present methods often provide
satisfactory results. Many of the points we wish to make will be illustrated by
simple examples (it does not take a big machine to study and do research in
numerical analysis), but very little is known as to how typical the examples are in
practice.
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7.2 GAUSSIAN' ELIMINATION—SIMPLIFIED VERSION

The solution of a set of simultaneous linear equations by the successive elimina-
tion of the unknowns is taught in beginning algebra courses and is known as

Gaussian elimination. We consider first a simple concrete example:

3xw—dyfzel]
2x4+y+22=3
x+2y-—-z=15

First divide the top equation by 3:
x-4y+dz=4%

(7.2.1)

and then subtract 2 times Eq. {7.2.1) from the second and also subtract Eq. (7.2.1)

from the third, thus eliminating x from the last two equations.

Next divide the second equation by 4

4 7
R TRRT
and subtract 10/3 of this {rom the third equation to get
84,5
33 33
Thus
z= -}
Substitute z = —1in Eq. (7.2.3) to get
7 4
S Thal T

and substitute the values of y and zin Eq. (7.2.2) to get

x=jify-fz=iegei=2

(1.2.2)

(7.2.3)

Let us generalize this familiar process. Given N equations in N unknowns

X1 Xz ey Xns
ay, 5%y + @y X3 F Ay 3 X+ b ay Nxy = By
Gy 4% +ag, 3% F 8y 33X b kg y Xy =By

...............................................

Gy, 1%+ ay, 2% @y 3% + 00 Ay y Xy =by

! (Johann) Cart Friedrich Gauss {1777-1855).
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we divide the first equation by a, ; and then subtract a, , times this first result
from the second equation, a, ; times the initial result from the third, etc., until we
have N - l equationsin the N — | variables x5, x5, ..., xy. Usingthese N — 1
equations, we eliminate x, in the same way, leaving N — 2equationsinx,, ..., xy.
Repeating this process a total of N — 1 times, we finally come down to one equa-
tion in the variable xy.

In the back solution we solve the last equation for xy, put this in the next-to-
last equation to get xy_.;, put these two into the third from the Jast equation to get
Xy.z,--.,until we have all the unknowns (determined in the order xy, xy.q, ..+,
xy).

We now have our solution. The amount of arithmetic is roughly*

_N(N+12N+1
T2 3

additions and the same number of multiplications—a total of approximately
2N 33 operations in the forward part of the solution. The back solution has
of the order of N operations, and for large N this is not significant,

Sometimes the value of the determinant of the system of equations is needed.
When we divide an equation by its leading coefficient, we alter the value of the
determinant by this amount. But when we multiply an equation by a constant
andaddittoanother equationt, we do not alter the value of the determinant.  Thus
the value of the determinant is the product of the N divisors we use.

NP4 (N—DP 4+ (N =2+ (N =3P 4o 41

PROBLEMS

Solve and find the determinant value:
7.21 3x4-6y-4-92=39

2x 4 5y e Jzrem 3

X+ 3p—z==2

7.2.2 x+y+z=0
2x4-3y+z=1
X—y+z=3

7.2.3 Xyt z=1
2x+ 2y —-2=3
Ix—-3pt2=1

7.2.4 ax+hy=e
cx+dy=f

 See Sec. 11.3 for the summation formula.
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7.3 PIVOTING

If the solution of simultaneous linear equations is this simple, then why give all
thisattentiontotheproblem? Thereason is simply that in the above description
we have overlooked many important details,

In the first place we ignored the possibility that one of the N coefficients that
we were dividing by might have been zero. The answer is, of course, to pick
another nonzero coefficient, but which one? The customary description says to
pick as our pivet (as it is called) the largest in the column of the unknown you are
eliminating, This is called partial pivoting,

This in turn raises the question of in which order the unknowns should be
eliminated. Why the order x(, x,,..., x4 ? If instead of looking only in the
next column we look at the array of all the coefficients a; ; and pick the largest as
the pivot, then this is called complete pivoting. 1t is generally agreed that while
complete pivoting is not worth the very large effort necessary to find the largest
of all those left at each stage, partial pivoting is worth the effort.

Partial pivoting can be regarded as a reordering of the equations, though
this should not be done in the machine since it is apt to confuse the user of the
results if he ever wants to sec how the elimination wentin his problem. Comiplete
pivoting can be regarded as reordering both the equations and the subscripts of
the unknowns.

The conventional argument for using the largest element as the pivot goes
as follows. Selecting the largest element means that at each stage when it is
combined with another equation, the pivoting equation will be multiplied by a
number less than 1 in size, suggesting that the roundoff will therefore beless. But
this is not truc in a very real sense. Let L, be the ith equation and ¢ be the multi~
plier. If we eliminate one way, we get (symbolically)

cL; + L; = L} = the new equation
while if we eliminate using the seme two equations but in the reverse way, we get

1 i .
L+ ELJ = ;Lj = the new equation

It should be obvious that these two equations have the same relative floating-point
errors but different fixed-point errors. Thus the widely used argument that we
should use large pivots because they reduce the roundoff is not sound for floating-
point computation.
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PROBLEMS

Solve, using pivoting:

731 x4+ y+z=%6
2x—y+z=3
Ix b2y —zw=d

7.3.2 Prob.7.23

74 GAUSS-JORDAN ELIMINATION

If instead of the back solution we use the last equation to eliminate xy in the top
N —1equations and then use xy_, in the next-to-last equation to eliminate all the
Xn-1'5, etc., we will come to a diagonal system of equations (Fig. 7.4.1) with

X X X X X
x X . X X

X ... X X x

X X X

FIGURE 7.4.1

the solution explicitly given. This is known as the Gauss-Jordan method of
solution. It is not recommended in practice, but we shall need the idea a little
later. Sometimes the Gauss-Jordan method is described as eliminating each
unknown from the earlier equations just after the unknown is eliminated from the
equations below it. This, clearly, requires more arithmetic and is not recom-
mended.

7.5 SCALING

The method of pivoting used words like *“ pick the largest element,” but if instead
of writing down an equation we wrote down ¢ times the equation, we would
quite possibly get a different pivot. Clearly the algorithm is not invariant as it
stands; what we do will depend in many problems on the haphazard way the
equations were written down. This suggests that some initial scaling is necessary



75 scaumg 117

before we begin the solution process. Scaling can be regarded as trying to make
the algorithm invariant.

We can clearly multiply the ith equation by any nonzero constant r; we
please and mathematically still have the same set of equations, and we can replace
the jth variable by ¢; x;, which effectively multiplies the jth column by ¢;. And
we could, if we pleased, multiply the right-hand sides &, by a constant, as well as
multiply all the numbers in the problem by a constant M. These give the trans-
formations that we intuitively feel leave the system of equations the same and for
which we wish our algorithm to be invariant.

If we were to pick the same pivots cach time (as judged by the subscripts
i, /), then the algorithm would be invariant under all transformations of the same
problem, though it will take a little thought on the reader’s part to follow the
elimination process and the back solution processes through to convince himself
of this. The r; merely affect the multipliers used to do the elimination, the ¢;
change all the numbers in the jth colunin by the same factor, the right-hand sides
similarly are merely scaled by a multiplication constant, and the multiplier M has
no real effect,

We face, therefore, the problem of making some sense of the words * pick
the largest element in the next column as the next pivot.” It is conventional to
say that the transformations should be used to scale the rows so that the maximum
in each row is around 1 in size and then we scale the columns similarly (or else
scale the columns and then the rows). Sometimes it is observed that we should
not actually perform the scaling, as this will cause unnecessary roundoff, but
merely store away the scaling factors and use them when we come to * pick the
largest....”

As we shall later show, scaling by rows and then columns, or scaling by
columns and then rows, does notlead to the same result;indeed, one way may lead
to disaster while the other does not. Thus the usual advice about scaling is both
superficial and misleading.

If this is so, then what about the whole method of Gaussian elimination?
Before we panic, it should be observed that many times the problem comesin a
form where the equations have been ““naturally scaled” by the way they came
about, especially in equations that arise in mathematical problems. But there
are times when the equations do indeed need some preliminary scaling before
starting the elimination process. Section 7.6 discusses one possible approach to
scaling that produces a unique result and has the property that any time you alter
the system by any of the transformations:

Interchange of rows
Muitiplication of a row by a nonzero constant r,
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Interchange of columns
Multiplication of a column (including the right-hand side) by a nonzero
constant ¢,

Multiplication of everything by a constant M

the scaling method will, within roundoff, remove the transformation effects, thus
producing the basis for an invariant algorithm.

7.6 INVARIANT SCALING-ANALYSIS OF VARIANCE

The method of analysis of variance in statistics provides a natural tool for the
invariant scaling of a set of simultaneous linear equations,
We suppose, first, thatall the a; ; # O and set

{a;, ;] =20

We imagine multiplying each row by 2" (i = 1, 2, ..., N), each column (including
the right-hand side) by 29 (f = 1,2,..., N + 1), and everything by 2%, The
exponent in position /, j is now

d"j'é‘r;”i'Cj‘*'M

If we now minimize the sum of the squares of all the exponents, we will find values

such that, in the least-squares sense, the exponents will be as close to zero as they

can be made to be; that is, the variance of the exponents is minimized.
Therefore we minimize

N+1 N
m=y Z(d jFrite + MY

i=1 i=1

Differentiating with respect to each of the unknowns r; and ¢;, we get

dm Nt
ar —ZZ(d;j‘!'r;‘i'C +M) G i=1,2,...,N
i
am .
ac 2Z(d[j+r;+cj+M) 0 j=1,2,...,.N4+1
1

‘We have more than enough parameters, and so we arbitrarily set

| N+l N

M=———— d
NN + 1) ,21 ;Za L
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The solution to these equations is

N+t

-1 N
e —— d+M hence Y r; =0
fi N+1J.=Zx( o ) j;; ¢

N+1

—~1N
¢p= = Y {d;+ M)  hencey ¢;=0
N & &1
as can be seen by substituting these into the derivative equations

N+1
Zidi.j-(dilj+M)+0+M}=0
=1
N
Zfdr.1+0“(ds,;+M)+M]=0
i=1

Thus r; and ¢, are the appropriate negative averages of
d;+M

and M is the negative of the average over ali the d; ;.

This approach minimizes the variance of the scaled exponents, which seems
like a good thing to do. However, we are unable to connect this property
directly with the subsequent elimination process, or at present with any other
method of solution, so that the method is merely suggestive and plausible.

If any of the coeflicients of the original system of equations were zero, then
the corresponding value of d; ; would be minus infinity, and we exclude them as
“missing data.” With data missing the solution of the system is harder to find.
We refer the reader who wishes 1o pursue this unconventional scaling method to
the standard books on the topic of analysis of variance. 'We note, however, that
we are merely looking for a reasonable solution to these equations to get some way
of reasonably scaling the original system. WNote that we do not need to get
integral solutions to minimize the roundoff due to scaling, because we intend not
to actually scale the equations but only to use these numbers to pick the pivots in
the original system of equations

77 RANK

During Gaussian elimination on a system of linear equations it may happen that
at some point all the rest of the coefficients in a column are zero.  This means that
the rank of the matrix of coefficients is not N but lower. Indeed, in principle we
may find at several stages that we are blocked by a column of zeros. Equally
likely we may find a row, or rows, of zeros blocking us.
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In the case of finding a row of zeros this clearly means that the linear com-
bination of the earlier rows used is equal to the row of all zeros; it means that there
is a linear dependence and that the rank is not N.

Most of the time the proposer of the problem believed that the system of
equations was of full rank and that it would determine a unique solution. The
fact that the system is not of full rank does not end the probiem, since the proposer
needs to know what the dependence is in order to go back and reformulate his
problem. How can we find the dependence? We could follow the elimination
process to find the lincar combination that produced it.  Alternatively, we can
drop one of the earlier rows and try again; if at the same point we again find all
zeros, then we know that the dropped row is not part of the dependence.  But if
we do not find all zeros, then it is part of the dependence. Droppingonerowata
time, we can find the minimal linearly dependent set. Then it is a matter of
finding the actual coefficients of these equations, which can be done by keeping
track of the coefficients used in the elimination process.

It is a central theorem of linear aigebra that the row and column ranks are
the same, which means that if we find a row dependence, then there must be a
corresponding column dependence, and vice versa.  Evidently we can operate on
the columns as we did the rows to find a column dependence.

Mathematics often does not make distinctions that some applications re-
quire. For example, Euclidean geometry does not distinguish between left-
handed and right-handed triangles: given three sides of one triangle equal to three
sides of another triangle, the triangles are congruent (see Fig. 7.7.1). But for
many applications (such as wearing gloves, studying some chemical compounds,
etc.) it is necessary to distinguish between the two different orientations. For
these applications Euclidean geometry must be altered a bit.

Similarly for simultancous equations: though in principle the row and
column ranks are the same, in practice the meaning to be attributed to one may be
differcnt from the other. In practice a simple row dependence, say two rows are
the same, is quite different from two columns being the same.

Row dependence Column dependence
2x+4y +6z= 10 2%+ 4y +6z= 10
X442y 432= 5 x+2p—z = 4
pivot XY —Zuw — T pivot X+ 2p+Tz= 6
x+2y+3z= 5 xX+2p43z= 5
Oy+0z= O Oy —4z = =1

=3y —~dz= 12 Op+dz= 1

row of zeros column of zeros
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FIGURE 7.7.1

This difference means that in partial pivoting when we find a zero element,
we should at that point check to see if the whole row is zeros (we will automatically
find the column of zeros if that is the case). When we find 2 dependence, we
should isolate it as best we can and exhibit it to the user. 'We should, probably,
continue to search for further dependencies before stopping.

Sometimes it is necessary o carry out the solution of a system of linear
equations when the rank is less than N.  We cite without proof the main result
forthis. 1Ifiherank ofthesystemisr < N, thensome N — r of the variables may
be transferred to the right-hand side and the system solved in terms of them as if
they were parameters. 1f the rank of the augmented matrix is the same as the
rank of the matrix, then there is an (N - r)-parameter solution; otherwise the
equations are inconsistent.

PROBLEMS

7.7.1 Find the rank and linear dependence.
x4y 4+ ze2
2x 4 4y — Gz = 8
2x 43y 2z = §
7.7.2 Solve the system
X4 y= 4
2x+2y=12a
7.7.3 Find the linear dependence, both row and column, of:
X4 3y 2§
28w Yo Q2um T
4x+ Sy — 4z 17

7.8 ILL-CONDITIONED SYSTEMS

All the above has been carried outin terms of exact numbers. The floating-point
numbers we use will generally not produce rows or columns of exact zeros, and we
will have trouble determining the rank. Indeed, it may well be that the row and
column ranks are not the same as judged by our tests for rank. How to resolve
this kind of trouble is not very well understood at present.
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Given the system

x4dp=1
2x 4+ dy=2

The rankis 1.
Put the system in a computer:

Note coefficients

1
0.100 x 10tx + 0.333 x 10% = 0.100 x 10}
0.200 x 10%x +0.667 x 10% = 0.200 x 10!

Now the rank is 2, and we can solve the system uniguely!

0.100 x 107%y =0

y=0
X =

Our trouble with determining the rank plus our trouble with initial scaling to
give pivoting some meaning indicate that we need to find something to replace
these two ideas. This needed idea is *ill-conditioning,” and as used in the
literature it is ill-defined. Ill-conditioned means, vaguely, that small changes in
the given numbers will produce large changes in the results,

The ill-conditioning may arise from three distinet sources.  First, it may
be the original problem itself. Thus a pencil balanced on its point (Fig. 7.8.1)
presents us with a situation in which small changes in the initial position will
resultin large changes in the subsequent position in a short time. This is usually
referred to as an unstable system.

FIGURE 7.8.1 i
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Second, the trouble may be not in the problem but in the representation
used. For example, if we sclve the differential equation

dy
— = 0) = 0) = —
=y O=1 yO=-1
by using the hyperbolic functions as our basis for representation, then the solution
is

y == cosh x — sinh x
and we will indeed see that small changes give rise to large differences later (Fig.
7.8.2). But if we choose the exponential functions (which are mathematically
completely equivalent) as a basis, we get

=

y=e

For large values of x there is no trouble with this representation.

FIGURE 7.3.2
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Third, the source of the ill-conditioning may be in the method of solution.
Consider, for example, the following symmetric system of equations which appear
to be reasonably scaled.

Ix+ 2y+ z=343
2x + 2ey + 262 = 6¢ & small
pivot X+ 2y~ ez=28
x4+ %y + {z= 1+
(3 +2)y +(~3+2)zr=-2+4
(-3 + 28 +(~%— elz=~14s

Forsmall ¢ these are ill-conditioned and are almost linearly dependent.  But if we
first eliminate x between the original second and third equations, we get

gy — 28z = —¢
In floating-point arithmetic this is equivalent to
y—2z= -1
and we can now solve, using the first two equations with this equation to get
y=z=1

Put these in the first equation and we will have roundoff trouble, but in either of
the other two we pet accurately

X =8

The fact that the system may be well conditioned and apparently reasonably
scaled and that still the method of Gaussian elimination appears ill-conditioned is
apparently not widely known nor its importance appreciated.

‘The conventional * scale by rows and then by columns, or vice versa,” may
cause ill-conditioning, Given the matrix of coefficients

3 11
g &
I 2 ¢
P -

where ¢ is small and due to roundoff effects we equate

1+el=1
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Scale by rows first Scale by columns first
’/pivot
It 1 3t i
1 2& & 1 2% 2
2 £ & 2 g &
pivo;“
’/pivot
0 t 1\ 3 1 1
3e £ 1 1
A% 7T 3 0 -3 3
£ e 2 2
3 3 ¢ -3 3
G i 1 and the rank is 2
2 0 (] —g
e g
1 el z
2 2

and the back
substitution is easy

PROBLEMS

7.8.1 Devise another exampie of apparently scaled systems which are ili-conditioned by
straight Gaussian elimination but are in fact not ill-conditioned when solved
properly.

7.8.2  Scale the “row and column scaling ™ example by the method of Sec. 7.6.

7.9 THE RIGHT-HAND SIDES CAN
CAUSE ILL-CONDITIONING

It is widely believed that ill-conditioning depends only on the coeflicients of the
unknowns, but this is false as the following example shows. Take the same
symmetric system as in Sec. 7.8 and change the right-hand sides to form the
system

x4 Iy 2e=6

2x+2ey +2ez=2+4¢

x+2y— sz=1+ &
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The solution is x = y = z = !, and the system is indeed ill-conditioned because
we are unable to solve the system so that the factor e can be divided out as we did
before without depending on the exact cancellation of the integer parts on the
right-hand side (which, of course, will produce a large shift in the floating point
addition} and hence depend on the rounded-off parts of the e terms.  As a result
the answers are sensitive to relatively small changes in the coeflicients of x.

PROBLEMS

7.9.1 Explain* why” the above example works. Devise another example showing this
effect.

7.9.2 Itisoften thought that it is the angle between the lines that makes Hl-conditioning,
For N = 2 show that this statement is false.

7.10 A DISCUSSION OF GAUSSIAN ELIMINATION

Gaussian elimination is the main tool for solving simultaneous linear equations.
Inspite ofall the fanlts and misconceptions about the method itis often reasonably
effective. Howcanthisbe? Aswe observed earlier, many systems are naturally
scaled by the source from which they come.

Consider pivoting next. Once the system is scaled, the value of the deter-
minantisfixed, and thelarger the early pivotsare, the smaller the later ones must be.
It is not correct that big pivots are good and small pivots are aufomatically bad;
rather, large numbers become large only through multiplication by large numbeus,
while small numbers can be small because of multiplications by small numbers or
else by heavy cancellation. Thus a farge number is comparatively safe, while a
small one is suspect. By picking the large numbers as pivots we tend to avoid
the numbers that were formed by heavy cancellation.

But we may doubt the wisdom of the basic method. Given a system of
equations and the general processes used in eliminating one variable, if we ask how
to produce the maximum amount of linear dependence in the next stage, then we
would be tempted to use one equation to eliminate from all the others so that at
the next stage everywhere we look we would see this same one equation—that is,
we would do somethinglike pivoting. Itis possible instead to eliminate a variable
using adjacent equations thus avoiding the same equation in every derived equa-
tion. 'We can clearly see amechanism that produces ill-conditioning in Gaussian
elimination if we imagine a system of equations scaled and with the pivot in the
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top equation, but also with the largest numbers in two other columns being in the
top equation (Fig. 7.10.1}). When we use the pivot equation, these largest two
numbers tend to dominate all the derived equations, thus producing a linear
{column) dependence. Indeed, looking at some of the earlier examples, we can
see this is the mechanism behind why the examples “ worked ™’ (i.e., failed).

Relatively large in
Pivot their columns

FIGURE 7.10.1

The user should be wary of the use of bounds as a measure of the guality of
the results and especially as the basis for a comparison of two methods.  Bounds
tell only part of the story. The answer may be very much better than the careful
bounds indicate. Backward analysis which pushes the errors committed back
onto the original coefficients and states that the numbers obtained are a sclution
to anearby system of equations is of little use unless the zero coefficients are kept as
zero in the nearby system. (We should use the floating-point concept of relative
error and not the fixed-point idea of additive error—a point that is rarely noticed
in backward analysis.)

In many places in the lterature the condition of a sytem of equations is
givenin terms of the singular values of the coefficient matrix. The singular values
of a matrix A are the cigenvalues of A7 4 (see Chap. 45). Of course if 4 is sym-
metric, then the singular values are just the squares of the eigenvalues. But Sec.
7.9 shows that this cannot be the whole story.

If the coefficient matrix is symmetric, then it can be written as the sum of its
principal idemnpotents (projections), each multiplied by an eigenvalue. The
accuracy of the solution can then be related to this expression, as is well summa-
rized by Richard Rosanoff*:

1 Rosanoff and Nishimoto, Zeus on the Leus, Space Division, North American Rock-
well Corp.



128 7 LINEAR EQUATIONS AND MATRIX INVERSION

Idempotents summed are the
Array baby,
When truncated they create
Dismay baby,
You cannot invert them
Any way baby,
Gauss can't give you anything
But fove,

711 MATRIX INVERSION 1

The problem of finding the inverse of a square matrix 4 = (a; ;) is very common,
Since matrices are not in general commutative, thereis the idea of a left inverseand
a right inverse

A A =1

Adp™t e
1t is an important mathematical result that these two inverses are the same.  The
proof follows easily from the associativity.
(A7 WAART) = (A7 D) = (4,79
(AL AN AR ™) == (T4 7" = (A7)
However, this may be very far from true for some computed matrices. Anin-

verse may be close when muitiplied on one side (in the sense that the off-diagonal
elements are small) but very far when multiplied on the otherside. Forexample,

AL—JAAR—‘I i (

let
100 1.00 (-89 100
A*(l.oo 9.99) C”‘( 90 —-100)

then
10 0.0 10
AC:(O,i a,o) CA:(—IO —9)

Given the coefficients of a square matrix A = (g; ), if we were to solve the
systems with the right-hand sides

first 1,0,0,...,0

second ¢, 1,0,...,0

third 0,0,1,...,0
etc.
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and arrange the solutions in a matrix form with the solutions as columns, then we
would have the inverse. To see why this is so consider what you would do if you
had these special fundamental sofutions and were asked to solve the same system
with the right-hand sides by, b5, b1, ..., by.  You would multiply these funda-

mental solutions inturn by b,, b,, ..., by and add the resuits.
Thus, given
Ax=Db
we have
x= A"

which is what you did to get the answer-you multiplied the (6,) by a matrix.

PROBLEMS

7.11.1 Find an example when 447! and A~ A4 are very different,
7.11,2 Find the inverse of

7.11.32 Find the inverse of

7.12 MATRIX INVERSION 2

A completely equivalent method of finding the inverse is to write the 2N x N
matrix

al'lat'z Y a4y N 1 0 0
ay,403,2 " 43w a1 - ¢
aN,]aN,Z aN‘N 0 0 l

and to use the steps of the Gauss-Jordan elimination to transform the first N
columns into the identity matrix. We will find that the last N columns are the
inverse of the first N columns. To see this we must first recognize that each step
we used can be written as multiplication on the left by some matrix. When we
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are done, we can, by the associative law of multiplication, gather all the matrices
we used into one single matrix, say C. We have
Ch=1
hence
C=4""

But the matrix C also operated on the last N columns (the identity matrix), so
when we are done, we have 4™ in the last N columns.

EXAMPLE 7.1 Given the matrix

merrr—
I

[ —
I

— S
t o

Uy e

form
i 1 4 I 0 0
-1 1 0 1 0
I -1 -5 6 0 1
i 1 4 H 0 0
0 1 5 i i +]
0 =2 -9 -1 0 1
1 1 4 1 0 90
0 i 5 1 I 0
0 0 1 1 2 i
i i 0 -3 -8 -4
it 1 0 -4 -9 =5
g 0 1 i 2 I
1 0 0 i i |
0 i 0 -4 -9 -5
0 0 i 1 2 1

The inverse is

an———
i

[ N
|

B D e
|

e h

i et

1l

PROBLEMS

Using the method of Sec. 7.12, find the inverse of the following matrices and check the
results.

7121 f{a b
¢ d
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7124 [ 2 3 5
7 11 —13
17 -39 23

REFERENCES

Probably the two best references to this highly developed field are Forsythe [11] and
Noble [46}.
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*RANDOM NUMBERS

8.1 WHY RANDOM NUMBERS?

Randomness is traditionally looked upon as something to be avoided if possible.
The idea that randomness may be used constructively strikes many people as
strange. However, many parts of modern computing practice use random
numbers, and we shall give a few examples in this chapter.

In spite of formal axioms, probability is an intuitive idea, just asin Euclidean
geometry the ideas of point, line, and plane are intuitive, Randomness is
closely connected with probability.  As an example of how the modern, complex
idea of a random process can arise, consider the simple act of "“tossing a well-
balanced coin.”  If we record a | for a head and a 0 for a tail, we have a simple
random variable. If next we consider not a single toss but a sequence of tosses,
then we have a sequence of Os and s, which we may regard as a binary number.
Thus we are led by easy stages into gradually considering an indefinite number of
tossesand thentoregarding the resulting sequence of Os and Is as the binary repre-
sentation of a number between 0 and !, As a result we have for each of the
nondenumerable numbers in 0 < x < 1 a corresponding sequence of tosses of a
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simple coin. This is the idea of a random, or stochastic, process; corresponding
to some index 4 we have a family of functions

£
where the variable 1 is often regarded as time, either continuous or at discrete
intervals.

With our finite machine we cannot hope to actually carry out the mathe-
matician's random process; instead we will approximate it by some finite sequence
of finite numbers. Furthermore, as we shall show, in most cases we will not deal
with what is intuitively random numbers, but rather we will generate a perfectly
definite sequencethatiscompletely predictable.  This approach violates the view
of random that is usually equated with nonpredictable, However, in practice
we do not care if the numbers are theoretically predictable. 'We care only that
with regard to their use they are random.

The idea of a definite random process is almost a contradiction, and so we
must approach the matter slowly. First we examine a couple of very simple
examples to see how random numbers might be used in many applications and
why we are not alarmed at their actual structure in these cases. Evidently we
would not use & predictable sequence of random numbers in such applications as
lottery selections and other processes that interact directly with humans; we use
them only with machines and then only with care.

After looking at the simple uses, we will look both at possible sources of
uniformly distributed random numbers and at why we prefer a predictable source,
Only then will we look at how to generate them and prove that they have certain
properties. Since it is a difficult topic, we will give a few moments’ consideration
to the complex matter of testing random numbers.

We then look at various distributions other than the flat one and at ways of
using various tricks from statistics to aid in saving machine time. As is 50 often
the case, what we cover in one short chapter can be, and has been, expanded into
a whole book.

8.2 SOME USES OF RANDOM NUMBERS

The most obvious use of random numbers is in the simulation of random proces-
ses such as nuclear disintegrations, people coming at random for a particular
service, telephone traffic studies, and making random choices in some decision
process, say playing a game,

Less obvious are the so-called “ Monte Carlo™ applications in which a
definite process is replaced by a random process that arrives at the same result.
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The most famous example is probably the Buffon! needle. In 1773 Buffon
observed that if a needle of length L < | were tossed at random onto a horizontal
surface ruled with equally spaced lines, say at unit spacing, then the probability
of the needle crossing a line is

L
Probability = %:—-

He reasoned, therefore, that he could experimentally determine the value of n by
making repeated trials,

Let us derive this result (see Fig. 8.2.1). 'The position of the needle’s center
is within 1/2 unit of some line, and the words “ tossed at random ™ mean that the
probability is uniform in the interval 0 < x < 4. The angle 8 that the needle

FIGURE 8.2.1

makes with the direction of the lines varies in the interval 0 < 8 < #, and again
the words ** tossed at random ” are taken to mean that the probability distribution
is sniform in the interval. A crossing will occur if and only if

L
xsgsinﬁ

From Fig. 8.2.2 we see that this probability is the ratio of the shaded area to the

area of the whole rectangle
e fMLIsinBd8 2L
Probability = S = o
r ihity 10 p
If the value of n were inaccurately known, then this would be a good method
for finding that it is around 3. With some care in drawing the lines, measuring
the needle and the crossings, and tossing at random, we could get perhaps 3.1 with
some reliability; but to get 3.14 would tax our abilities and patience,
Many generalizations of this famous needle problem have been used. One,

! Georges Louis Leclere, Comte de Buffon (1707-1788).



8.2 SOME USES OF RANDOM NUMBERS (35

i}

“Ii'"sin(?

m

FIGURE 822

for example, estimates the amount of “ grain boundary™ in microphotographs of
magnetic materials,

A similar Monte Carlo method,! this time estimating e, is based on the
observation that if 2k numbers x, are drawn in sequence from a random equilikely
source, then the probability that they are all in ascending order x,, x; x5+~ - x5, 18

I
(2k)!
This probability is easily found from the observation that the 2k numbers x; can
have (2k)! possible orderings and that only one ordering will be in ascending
order. The probability that a sequence of trials yvielding an increasing sequence
of x;’s will fail on the odd trial 2k + 1 is the difference

1 1
@0 @k + 10

Thus thetotal probability that a sequence of drawings of random numbers froman
equilikely source will produce a rising sequence that ends with an even number of
numbers is

i 1 1 _ i’: 1 1 1
¥ [("275? TRk 1)!] T [W T (2 1}!] T e
An experiment using 252 runs gave 1/e = 0.381 (a 3.5 percent error).

In both of these examples the experiment is a test more of the source of the
random numbers used than of the result. Indeed, in the second case it provided
a nice, stimple check on the derivation of the formula—the test would have caught
the elusive factor of 2, the slip in the minus sign, and many other typical human
errors in mathematics. It is a common research practice to “experimentally

! Due to Roger Pinkham, (192%——}.
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verify some result ” by some simple numerical tests before building further on the
result, and Monte Carlo techniques are one more tool for doing this.

Another use of random numbers, which are most often random decimal
digits {base 10) or random bits {base 2), is in game playing on a machine. When
things are equally favorable, then often it is desirable to make a random choice—
this, for example, will tend to defeat the opponent who tries to play the same
opening repeatedly untii he finds a weakness in the formulas used by the machine.

The uncritical use of randomness to solve complicated problems should be
tempered with a dose of reality. Tt may well be true that by using random trials
one can expect to find the solution, but the size of the task may be like the famous
case of the monkeys and the typewriters. In this story a number of monkeys are
set down at typewriters, and we wait until they type out in sequence all the books
in the British Museum in the card-catalog order. There is a finite chance that the
first letter will be typed correctly, and indeed, in the infinitude of time this will
happen infinitely often. Among this infinite number of cases there is a positive
probability that the second correct letter will by typed next, and among all these
infinitely many cases of two letters . . . Often grandiose proposals fo use a
random search are this situation in some disguise! A random search should not
be started unless some careful estimates of the running time are made—otherwise
you are apt to get a very large computing bill and waste a lot of time in the prep-
aration of the program with little hope of getting a result.

PROBLEMS

8.2.1 Using the integral — jPe " In x dx == v, set e~* = f and estimate y, using 10
random points.

8.3 SOURCES OF RANDOM NUMBERS

The first source of random numbers likely to come to mind is some ratural, phys-
ical phenomena such as cosmic rays, nuclear disintegrations, or perhaps samp-
ling at random an alternating frequency. Such devices have been built in the
past, and they do have their uses. Their main defect is that if they are used and
something interesting happens in a computation, then it is practically impossible
to repeat the run to find out how the effect came about. This foolishness is
repeatedly done; a clever programmer may realize that by consulting the clock
time at widely separated intervals and using the last digit of the time, he has what is
probably a source of random digits, but he will fail to realize the consequences for
the research because he thereby removes the repeatability of the computation.
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Tabies of random digits have been published, the most famous being the
Rand Table of One Million Random Digits and One Hundred Thousand Normal
Deviates.! In principle such tables could be stored on a tape and read into a
machine as needed, but this is rarely done because of the slowness of the input and
because in large problems with random numbers | million digits is hardly enough,
H is possible to use a table to create a new table, for example by adding adjacent
numbers and dropping the carry, but this does not seem to be popular, although
this device was used by Rand to make their numbers more random.

The third source is mathematical formulas. Many sources have been
proposed, such as the old “in a k-digit machine, square the last random number
and keep the middle k digits of the product as the new random number,” but few
are kept in use for long. The ones most often used are still multiplicative con-
gruence generators of the form

Xn41 = X, plmod 2°)
where we take the last k digits of the fixed-point product {on a k-digit binary
machine). In words, “x, ., is congruent to x, modulo 2°” means the difference
between x,,; and x, is divisible by 2%,

Asanillustration of this kind of a random-number generator consider using
000 001 as x, and 100 [0} as the multiplier on a six-bit machine. We get Table
8.3 of products. As we can easily see, all the numbers are of the form 4k + 1.

¥ Free Press, Chicego, 1955,

Table 8.3

Binary Decimal Dirop last
number equivalent two digits
000 001 1 1]

100 101 37 g

Ot 001 25 5

011 101 29 7

£10 001 49 12

010 101 21 5

001 001 9 2

001 101 13 3

160 004 33 8

000 101 5 H

11t 004 57 14

11§ 101 61 i5

Q10 001 17 4

110 161 53 13

101 001 41 10

{01 101 45 11

000 001 i 0
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The last binary digit is hardly random, nor is the next to the last, but dropping
both of them, we have the decimal representations of the numbers 0, 1, ..., 15in
what looks like a random order. However, each number occurs only once in the
cycle of 16 numbers, and that is definitely suspicious.

As we will prove in Sec. 8.4, using any (k = 3}-bit machine will have the
same effects.  All the numbers, once the last two digits are dropped, are repre-
sented exactly once, but otherwise the numbers seem to beinachaoticorder, The
periodicity is for the typical 35-bit machine

26-2 = 233 % 8.59 x 10°

and seems to be adequately long for most simple applications.

PROBLEMS

8.3.1 Make a random-number generator using a 5-bit word length with p = 13 and
Xg = 1.
8.3.2 Find the period of a 6-bit random-number generator using p = 33 and x, = 1.
8.3.3 Using the generator in the text, remove the last 3 bits and study the probability of
one number being followed by another, i.e., the correlation of adjacent numbers.
8.3.4 Repeat the random-number generator in the text except start with xo = 3. Com-
pare the two runs.

8.4 THE RANDOM-NUMBER GENERATOR
We now study random-number generators of the form
x, = px,_{mod 2%

where mod 2* means “keep the remainder after dividing the product by 24"
and this, in a binary machine, is simply the last k digits of the product, the lower
part of the accumulator. Howdo we pick the multiplier p and the starting value,
and what can we expect for the resulting sequence of random numbers?

1f 2 divides x, , then all the products will have at least one 0 at the end, and
we are wasting one bit of the machine capacity. Hence we take x, as an odd
number.

Similarly, if p is even, then the products will gradually aceurnulate Os on the
right-hand end until

Xery = p*"lxy = O(mod 29

and all numbers past this point will be zero.
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Therefore p is taken as an odd number.
Now all odd numbers can be written in one of the forms

Bt+3 St+1 8r-1 8t -3

for some integer t.  How shall we pick ¢, and which of the four forms should we
use?

Theorem 8.4.1 If p = 81 + 3, then the period of the sequence is 2*72,
PROOF  If the period is to be 2*™ 2, then the theorem states that
p*7 % Y(mod 29
p™"* = H(mod 29
which is equivalent to saying 2* divides (p**~*
" - 1.
We begin by observing that using

A —-l=(@+1Ma-1

— 1) but does not divide

repeatedly we can write
P =D =EF T DT D o+ D - D)
For each factor ( 2 1)
P4 lmt (34 80Y

=1+3"+ ki( £ DO, ky(Bey 32
But

143 =1+@~D =1+ -4"

=1+1+ *}_zjl( —&FC2, k)

so that

2¢ .
prE =24 Y CRLR(HT) *3F R A8 g (d)]
k=1

and 2 divides p?' + 1, but 4 does not.
Returning to the factored form, we use this in cach of the first
2*~3 terms and conclude that

23 divides (P T+ DT LD PP+ D

but 287 ? does not divide it.
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We have left the two factors
o+ o—D=p* =1 =813 1
=647 + 48t +9 1
=882 + 6+ 1)
and 2* divides it, but 2% does not. Thus we have
PH=3 .93 ok
divides the original

k=2
T a

but no higher power does.
Rearranged, we have
P77 = 1 # O(mod 29
P~ 1 =0(med 29
Theorem B.4.2. If p = 8¢ - 3, then the sequence v, Xy,
generated by the formula is some permutation of
1,59,...,25=3  if x,=Hmod4)
3,0, ., 21 if  xp= 3(modd4)
PROOF  Censider the numbers
g n=0,1,..., 2%~
The difference between consecutive terms
Yoot = X" = %000 ~ 1)
= xq p"(8t — 4)

i

vevy Ngk=2am g

is divisible by 4. We know that the period is 2~ 2; hence we have
2%~ distinct numbers whose differences are afl divisible by 4, and the

theorem follows from this,

il

How shall we pick the value of t? For example, if 1 == 1, then p = 5 and
whenever a small x; occurs then for some time the succeeding x; will increase—

definite structure in the supposedly random sequence. Similarly
10.... Itis customary to pick a so that pis near {/2, say p = 0.10.

for p near

e

If in the sequence x; of random numbers we drop the last two bits, then

we wiil have all possible (2" ?)-bit numbers in some order. Inp

ractice it is

customary to avoid more than the last two bits but to recognize that dropping

many more does not help very much.
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PROBLEMS

&8.4.1 Examine the periodsforp=8r4-landp=8r4 3,

8.4.2 Discuss the cycles that ali the 2° numbers fall into,

8.4.3 In picking a multiplier note that bot/t ends need to be considered. A multiplier
ending in ...01 will reproduce exactly the last two digits, and one in ...11 will
cause the kast digit to alternate.  Extend this analysis to numbers ending in .. .001
and others.

8.5 TESTING A RANDOM-NUMBER GENERATOR

Now that we know what we are going to use as a source of random numbers it is
necessary to consider how well it meets our intuitive notions of what a random
sequence of numbers should be,

In the first place we have implied that the numbers should be equilikely,
that is, we were talking about a uniform distribution in an interval, which is
conventionally taken as 0 < x < | by putting a binary point in front of the first
digit, It is easy to see from Theorem 8.4.2 that until we get close to the granu-
larity of the number system, we have an exactly uniform distribution in the full
period. ‘This bothers us a bit since it is too uniform. We are sampling without
replacing until we exhaust the whole set of numbers we are going to use, and
randont intuitively means that there is a chance, small though it may be, that the
same number can come up twice in succession. Indeed there is a reasonable
probability that in the long sequence there would be one such case. But this
defect is not serious for most applications, and if we drop more digits on the
right, we can gef sequences in which such numbers occur a fixed number of times,
Again this is too uniform and is not compatible with our intuitive feelings.

Taking the numbers two at a time, we can study the pattern of number pairs,
which we again expect to be uniform. It is possible to show theoretically that the
number pairs are not bad, but carried far enough by studying triples, etc., we will
be in trouble. In practice the effect is seldom serious,

There are almost an infinite number of tests one can apply to a random-
number sequence, run tests, poker-hand draws, power spectral tests, etc., and a
large computer could be run full-time testing various generators. Randomness
is essentially a negative property and cannot be proved in a mathematical sense by
any finite amount of testing of a finite length of data. Every finite string of
random numbers will be found to have some peculiar property (even if it is only
that it does not have a peculiar property!). The topic of testing fascinates some
people, and if they wish, they can follow the topic further in the references at the
end of the chapter.
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Experience, which is not an infallible guide, indicates that with care con-
gruential generators give useful results, but carelessness regularly trips up the
unwary. The use of an additional operation of adding a constant to the product
before taking the last k digits has not been proved worth the time and trouble,

In the final analysis, randomness, like beauty, is in the eye of the beholder,
and how the numbers are to be used determines their randomness.

8.6 OTHER DISTRIBUTIONS

We now have a source of random numbers with a flat distribution. In many
applications other distributions are needed. In principle the following device
works. Weequate the cumulative distribution F(y) of the distribution f(y) that
we want to the cumulative distribution x of the flat distribution and solve for the
new one

X ¥
[ rax=x={ foydv=F»
Q L]
Applying the inverse operation F ™', we have

FTHF()} =y =F (x)

For example, suppose we want the exponential distribution ™. Then

f(y)=e"?
¥
F{y):j e ¥dya=] e
0
e?=1-x
y=~In{l - x)

and using the sequence of random numbers x; from a flat distribution, we get

yi=—In{l - x)
or equally good,
Y= —ln X,

‘This has been used many times with excellent success.
If this method of inverting the cumulative function is used on the normal
distribution

e
J2n
then the inverse function has to be approximated somchow-—perhaps with the aid
of auxiliary tables.
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An alternate method for getting a normal distribution is to appeal to the
central-limit theorem and simply add several random numbers from g flat {or any
other) distribution.  Since the numbers in the source are independent and have a
variance,

- : (x - '&)3 . 1
a? f (=g dr =gt =
The sum of 12 of them will have a variance of 1. Thus the common rule
is to **add 12 numbers from our generator and subtract the constant 6 from the
sum to get a normal distribution with mean zero and unit variance.”

How good is this distribution? Clearly it is exactly zero outside of the
interval & 60. The probability of a value being outside is approximately
2 x 10”*% and hardly has a serious effect.

This brings up a philosophical point. Do we really want genuine random
numbers, or dowe want a set of homogenized, guaranteed, and certified numbers
whose effect is random but at the same time we do not run the risk of the
fluctuations of a truly random source? When we look at how we are using the
numbers, we usually find that we want to get the security of a large sample by taking
as small a sample as we can.  'We do not want to run the risk of wild fluctuations.
Thus our too-flat random penerator and the normal distribution which eliminates
the taiis far out are closer to what we often want than the real thing is!

Many cther distributions can be found by various methods described in the
two references at the end of the chapter.

8.7 RANDOM MANTISSAS

One of the many uses of random numbers is in the simulation of random compu-
tations, or as a source of random data to test a routine.  As we showed in Sec.
2.8, the distribution of mantissas is not flat but rather has the reciprocal distribu-
tion

p{x) =

xlnb

This distribution also applies to random physical data or random data for testing
a mathematical library routine for average running time, et¢. Thus we need a
source of random mantissas.

One of the results proved in Sec. 2.8 is that a continued product of numbers
from any reasonable distribution has a mantissa that rapidly approaches the
reciprocal distribution. We gave a short table showing the rapidity of approach
for numbers from our flat distribution.
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A specific algorithm based on this observation uses the x; from the random-
number generator and forms

Y, = ¥,..x,  (shifted)

where shifted means that after the multiplication the possible leading zeros are
shifted off to form a legitimate floating-point mantissa,

How well does this method work? Experimental verification is given by
8,192 trials. Counting the number of mantissas falling in each of N categories,
we get the results shown in Table 8.7.  The last two columns give the number of
sign changes in the residuals between the observed and theoretical distributions.
The expected number of sign changes might be thought to be (¥ — 1)/2, but since
for N =2 it is clear that one sign change must occur (because the mean of the
residuals is zero), we have used N/2 as the expected number. A comparison of
these twe columns shows that there are no systematic errors in some regions. The
chi-square test in the second column shows that the size of the deviations is
approximately right, neither too small nor too large. Thus the generator
appears to be safe to use.

It isinteresting to note that probably this generator has a significantly longer
period than the period of the source x;.

PROBLEMS

8.7.1 Apply this generator to the 6-bit random numbers of Sec. 8.3.

Table 8.7 DISTRIBUTION OF 8,192 RANDOM MANTISSAS

Residuals
N x? lr)rziﬁegfn“ ihma:ges Expected
64 61.392 63 30 32
32 22.804 3 14 16
16 11.150 15 8 8
8 7.724 7 5 4
4 3.261 3 2 2

2 1.467 1 1 1
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3.8 SWINDLES

Problems using random numbers are often both tricky and inclined to be expen-
sive in machine time; therefore it is wise to have a competent practicing statistician
handy to discuss the computation before you begin.

A number of methods have been devised to make Monte Carlo computations
and other computations using random numbers much more efficient, sometimes
by factors of 1,000 or more. These are known by the colorful name of swindles
to go along with the name Monte Carlo.  One of the methods is called " antithetic
variables,” meaning that when one case occurs, then it is negatively correlated in
a known way with another case. For example, in the Buffen needle case a cross
is used, instead of a needle, so that if one arm is likely to cross a line, then the
other is not.

Many other statisticians’ tricks can be used, such as stratified sampling.
Again, perhaps an analytical solution can be found for the bulk of the cases and
the random sampling used only for the small difference. There are no systematic
methods in the field as yet; the low cunning of trickery seems to be necessary for
success, and this art lies outside the scope of a general texthook.

89 NOISE SIMULATION

Probably the greatest use of random n mbers is in the simulation of noise.
Rarely {beyond simple roundoff) does the noise resemble the flat distribution of
our generator. For independent samples the transformation to other distribu-
tions is easy in principle, and since it does not need to be extremely accurate in
most cases, it is fairly easy in practice. But most simulations of noise require that
the samples be dependent from step to step and that they have various internal
correlations. This topic is much too difficult to take up here, and often the
proper choices depend on knowledge of the field of application.  The proposer of
a problemn may not realize that he does not have independent samples of noise at
the step size to be used in the computation, and care is necessary to avoid elegantly
solving the wrong problem.

REFERENCES

The three best references are Jansson [22], Knuth {28), and Shreider {5}], with Knuth
being the more complete and latest one.
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THE DIFFERENCE CALCULUS

9.1 INTRODUCTION

We have examined some algorithms for solving a few of the more common prob-
lems of numerical computations. Before examining the next major group of
problems, we need to develop a few mathematical tools, The main tool needed is
the finite difference caleulus, which corresponds to the usual infinitesimal calculus
except that we do not go the the limit but instead stop at a definite, finite step size.
One reason for the importance of the finite difference calculus is that most of the
time we have data (samples) of our functions at a sequence of equally spaced
points x, (k =0, 1, ..., NV},

fla), fla + my, fla+ 2k, ..., fla + Ni)

An example is the sequence of partial sums of a series

si=Ya n=012_..N
k=0
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Asecond reasonisthat when the difference is divided by the step size k, it provides
an estimate for the derivative {which is a limit process and cannot be carried out by
a finite machine).

If there is difficulty in understanding the finite difference calculus, then it is
probable that the corresponding part of the infinitesimal calculus is not well
understood and should be reviewed.

Because we are dealing with a finite number of steps and a finite number of
operations, we do not get into the area of existence theorems or other difficult
questions in mathematics; it is usually clear that we can carry out the proposed
operations and that a number will result. Its relation to what is wanted may be
obscure, but that is not the point at the moment. Because of the finite nature of
our computations we can operate formally without regard to the usual questions
of rigor.

It is worth recalling that differential equations, for example, are usually
derived from some physical situation by first finding a finite approximation and
then taking the limit. If the reverse step cannot be taken (when small steps are
used), then there is some doubt about the validity of the differential equation.
Thus it is reasonable to assume that the finite difference approximations we make
are likely to be fairly accurate, Later we will examine the errors of such approxi-
mations. Inthis chapter and the next four, we will be dealing with finite, equally
spaced data in a formal manner.

If the data are at the points

x=aa+ha+2h...
we can reduce the situation to a standard form by the substitution

Xy = a

it

Much of the time we will assume that this has been done. It is often convenient
to write

ko k=0,1,2,..

t,‘=

f(o) =fo
Sy =4

S = fi
In using these results we will have to either reduce the problem to the stand-
ard form or transform our formulas to the spacing of the original problem. Often
it is a matter of indifference which we do, though once in a while it does make a
significant difference in the amount of arithmetic that must be done. We can, as
in analytic geometry, regard the transformation as an *‘alias ™ which keeps the
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points fixed and moves the coordinate system, thus giving the points new names;
or we can regard the transformation as an “alibi”’ which keeps the coordinate
system fixed and regard the problem as having been moved., For example, the
transformation

X=x—a
y=y-b
can be regarded as either shifting the coordinates of the circle
(x—af +(y - =r
so that it is now labeled
L P

or else as moving the circle to the origin.  Whichever way we view it, we must
keep that view to avoid unnecessary confusion.

PROBLEMS

9.1.1 ifxtakesthevalues11,9,7,..., — 11, find the transformation that reduces this fo
the standard form 0, 1, ..., 11, Ans. t=(11 — /2

9.1.2 Reduce 3.0, 3.5, 4.0, 4.5, ..., 10 to standard form. Ans. = 2x— 3}
9.1.3 Reduce tostandard form: x=a,a— M a—2h,...,a—(n— 1)h

a X
s, f = —
4 ! P

@.1.4 ‘Transform Simpson’s formula
[ 7 ds= U= + 40 + 7]
to the interval a < x <6,
b=t [f(a} + 4f(f-§~9) + f(b)]

9.1.5 ‘Transform the interval @ <X x < b to the interval ¢ 51 5 d, assuming a, b, ¢, d
finite.

Ans. rf (x) dx ==

Ans, f=Emd)xt ad - be
a—b

9.1.6 Transform theinterval 0 < x < oo to the interval —1 g1 5 1.

x—1 HE
Ans, tw= T or x= g
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9.2 THE DIFFERENCE OPERATOR

The basic operation of the finite difference calculus is the difference operator A
defined by

Af(x) = f(x + 1) = f(x)

‘This operation is familiar from the calculus where it is used in the process of finding
a derivative.

We can imagine the operator A as separated from the function on which it
operates, just as we imagine the derivative operator dfdx operating on a function
J(x) or the integration operator | ... dx acting on a function f(x).

The difference operator is linear, as are differentiation and integration.
By this we mean that if ¢ and b are constants, then

A (af (x) + bg(x)) = a Af(x) + b Aglx)

This property of being linear is very important and makes the operator A very
convenient to use. Finding zeros of a function is not a linear operation.

As an example of the linearity and application of the A operator, consider
applying it to the quadratic

y=axt+bx+c
We get, using the linearity of A and simple algebra,
Ay = Aax? + bx + ¢} = a A(x%) + b Ax + ¢ A(])

= al(x + hY? — X} + Bl(x + i) — x] + [t — 1]
= 2axh + ah* + bh

'The difference operator applied to a product gives

AL (x)g(x)] = f{x + R)glx + h) — f{g(x)
= flx + Mg(x + kY = fx + Rg(x) + f(x + B){gx) — f(x)g(x)
= flx + Ry Ag(x) + g(x) Af(x)

Since f(x) and g(x) are interchangeable, this is equivalent to the alternate form

Alf(x)g(x)] = f(x) Ag(x} + g{x + B} Af(x)

Note that the x + /1 appears in only one argument in either case, Also note how
closely the formula resembles that of the calculus

d d d
T L)) = F(x) p [g(x)] + g(x) p [N
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Similarly for the guotient we get

A[‘ﬁﬂ] mf(x + ) _m
gx)]  gx+h)  gx)
_ S+ Bg(x) — glx + Wi (x)
- g(x)g(x + k)
_ flx + Bg(x) — f(x)g(x) + f(x)glx) — glx + k) f(x)
- g(x)g(x + k)
_g(x) A (x) — f(x) Ag(x)
- g(x)glx + k)
which again has one argument at x + A and closely resembles the corresponding
formula from the calculus

803 3 L0 = 109 12 [o(3)]
g*(x)

Calculus books usually give a long Hst of formulas for derivatives, both for
the direct use and for later inversion to get a table of integrals.  Similarly, in the
difference calculus we need a list both for present use and for the later inversion
infe a summation table. We will, however, give only a short list.

e 1=

A sin{ax + b) = 2 sin %1 cos[a(x + g) + b]

A cos{ax + b) = —2 sin 52«}: sin [a(x + g) + b]

Atan{ax + b) == sin ah sec(ax + B)secla(x + k) + b}
ah

P+ falx + k) + blax + b)

A arctan{ax + b) =
Ad=a g -1

AInx=1n(1 +h)

X
In some respects the role of the number e in the calculus is played by the
number 2 in the finite difference calculus. For example, if ¢" = 2, then
Ad*=d*
In the common case of unit spacing {h == 1} we have & = 2 and

A =2*
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PROBLEMS

9.2.I Verify the above list of results.
9.2.2 Show that

( 1 n - h{2x + k)
bt 7 (04 0+ {x + A7)
8.2.3 Show that
x_ X w{X+h)
Asinh x = (~—~—w---——~——»------—e 1)(82-{. g )
924 Find
Alx sin x}
9.2.5 Find
Afseci(ax o+ 5]
9.2.6 Show that

1 —h
A(‘/;r) \/;\/x+h(\/;+ Vx+h
9.2.7 Show that
(a} Alx®y = A(x? - x?)
@& AX") = Alx™F - x)
9.2.8 Show that

() Asinfax 4 b) = 2sin E;— sin(ax-}- b+ g + g)

{b) A cos(ax + b} = 2 sin a_z_h cos(ax + b4 A + 3)

2°2
9.2.9 Find
ax 4+ b
A
(cx + d)
22,10 Find
A(2% sin x)

9.3 REPEATED DIFFERENCES

Since A f(x) is a function of x, we can apply the A operator again to obtain the
second difference

A [Af(x)] = A%f(x)
This notation corresponds to the notation for the second derivative in the ordinary
caleulus

) -

L&)

Repeated use of the A operation gives

AA(2)] = Af(x)
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In the example of the quadratic (Sec. 9.2)
Wy =ax? +bx+4¢
we got
Ay = 2ahx 1 ah® + bh
The second difference is
A%y = 2ak(x + By — 2ahx = 2ah*
while the third difference is, clearly,
Aly=0

It is not an accident that the third difference is zero; rather it is the conse-

quence of the following important theorem.

The fundamental theorem of the difference calculus The Mth differ-

ence of a polynomial of degree N

Py =ayx" +ay x4 4 ap

is a constant ay N!1I", and the (¥ + 1)st difference is zero. The proof is
very much like that found in the calculus for the corresponding result. We

first prove the lemma.

remMa  Ify(x)is a polynomial of degree N, then Ay(x) is a polynomial

of exactly degree N - 1.

PROOF OF LEMMA  For the special function y{x) = x" we find, using the

binomia! theorem,
N
Ay ={(x + B —xV e 3 C(N, Ix™ T R* 1Y
K=o

N(N-1) B2

5 +o b BT

= Nhx¥"t 4+

Thus, when the A operator is applied, the term xV becomes a poly-
nomial of exactly degree N - 1 with leading coefficient Nh. Using
the linearity property of the operator decreases each term of a poly-
nomial by one degree, and the term in x¥~* cannot cancel out.
Thus the lemma is proved. Hit

PROCE  We simply use the lemma N times and find that only the term
from xV rcmains and that it has the coefficient N1A". The next
difference makes this constant cancel, and the theorem is proved.

i
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This theorem is basic to much of the classical parts of numerical analysis; in

one way or another an appeal is regularly made to it,

PROBLEMS

9.3.1
9.3.2

9.3.3
9.34

2.3.5

9.3.6

Prove the theorem by mathematical induction,

Using A = I, compute the second and fourth differences of y = x* — 4x? + 6x? —
4x+ 1. Ans. Aty == 12(x~— 13}, A%x =24
Using & = 1, find all the differences of x(x — 1)(x — 2}(x — 3).

Find

1

@)

(5 A(In x)

Find
Arsin (¢ + bx)}
A¥fcos(a + bx)}

Hint: Prob.5.2.8

Find AYa").

94 THE DIFFERENCE TABLE

When using higher differences, it is usefu] {o imagine that the numbers are
arranged in the form of a difference table (Table 9.4.1), although the differences
are probably not stored in a machine in this way.

Table 9.4.1 DIFFERENCE TABLE
x* YO A AW AN

(UL (1)}
Ax(D)

1 ¥
2 @

Ay{(2) A1)
3 3 Ay(2

Ay(3) A%p{(2)
4 »®H Ay(3)

Ay(a)

5 x5
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As an example of a difference table consider the values of the sine-integral
function as shown in Table 9.4.2 (we have used the common convention and
have written the differences as if the decimal point were at the right-hand end
of the numbers). Higher differences are usually carried untii the numbers
either tend to oscillate or are mainly zero,

It is easy to check a difference table for accuracy (when computed by hand).
If we sum any column of differences and add the sum to the top number in the
preceding column, we must get the bottom number in the preceding column.  For
example, in Tabie 9.4.2the sum of the A% is —26. Thisadded to the —2 of AYD)
gives —2 — 26 = —28, the bottom value of the A? column, namely A*(©.8).

Most tables are given in fixed-point notation, at least locally, though over
various ranges differing numbers of figures may be printed. This means that it is
often possible to reconstruct the table from the top diagonal line of differences
plus the last column of differences. In a sense the differences contain the same
information that the function does. The only exception to this is when the
function, or some column of differences, changes sign and the difference (which is
now a sum of two numbers) in the next column requires a shift and possible loss of
information due to the carry beyond the extreme left.

Table 9.4.2 DIFFERENCE TABLE OF

RE
s‘:(x):f il
o !

x Si(x) A A2 A A+

G.0 0.0000
999

01 0099 -2
997 -6

02 0.1996 —8 5
989 -1

0.3  0.2985 ~9 w4
980 -5

0.4  0.3935 —14 3
966 -2

0.5 04931 - 16 —1
450 -3

0.6 0.588¢ -9 0
931 -3

0.7  0.6812 —22 0
909 -3

08 07721 —~23 0
834 -3

0.9 0.8605 -~ 28
836

1.0 09461
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Aithough we have used the tables as if they started at zero, it is frequently
useful to imagine that the table extends indefinitely in both directions and we have
only a sample of the entire function. At other times it is useful to shift the origin
to the place in which we are currently interested. Thus we will be quite vague
about the actual origin of a table and occasionally shift without mentioning it
specifically.

PROBLEMS

9.4.1 Make a difference table for the sine function at 10” spacing, using a 5-place table
(0 < x < 90°. Check your arithmetic by the above mentioned method,

9.4.2 Make a difference table for y == x*.

9.4.3 Describe a difference table for the function y = a*.

9.4.4 Describe a difference table for the function y == sin(mx/3).

9.5 TABULATING A POLYNOMIAL
AT A REGULAR SPACING

As observed in Sec. 3.10, we frequently wish to evaluate 2 function at a sequence of
equally spaced points. This is especially true in evaluating polynomials, Feor
example, it is customary in processing data to first remove 2 polynomial trend.
This means that the polynomial must be evaluated at every point so that it can be
subtracted from the data.

The difference table gives a powerful way of constructing the left-hand
column from the top line of differences plus one column of high-order differences.
For a polynomial we know from the fundamental theorem that the Nth differences
are a constant, and so the top line of differences alone will enable us to reconstruct
the whole table. The process is as follows and is based on the obvious relation:
From

Af(k) = flk + 1) — f(k)
we get
Sk + 1) =J(k) + Af(K)
Consider the specific example of
) =3x"—6x+9 0} =9
Ay(x) = 6x —3 Ay(0) = —3
Ay(x) =6 A0y =6
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Table 9.5 shows the method of construction from the differences.

Even when a function is not exactly a polynomial, this still provides a
powerful method of constructing many values, before making a small adjustment
due to the fact that the differences are not exactly a constant.

However, roundoff' is a problem, as always. In the case of a polynomial if
the calculation of the differencesis exact, then the rest of the arithmetic can usually
be kept under reasonable control. But if there is a small roundoff error in the
differences, this error will be greatly magnified in the function. For example,
consider the table with all zeros to be true, but suppose that the kth differences are
in error by a small fixed amount ¢ at each location. What does the function
become?

The preceding column becomes ne, the next [n(n — 1)/20e,...,etc. Roughly
the function looks like

b
-

b
0

which in time becomes very large. Thus it is customary, when using this method
of computing a function, to periodically correct the accumulated errors.

Table 8.5 plx)== IxTor 629
x ¥ Ay Aty

) ;> :.“3>

]

—

2 9 6
9

3 18 6
15

4 33 3
21

5 54 6
27

[ 81 6
33

7 114 6
39

8 153 6
45

9 198 ]
51

i0 249

Check: y(10) = 300 ~ 60 4 9 = 249
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9.6 THE FACTORIAL NOTATION
In the calculus x" plays an important role. For example, in the Taylor series
S =agt+ax+axt+o= Y ax*
k=0

an arbitrary function is expanded in powers of x, The main reason that x" plays
this leading role is that

d

— X =nx""" nx1

e 1]

Thus the coefficients of the Taylor series are determined by differentiating and
evaluating the derivatives at the origin

f(0)=ﬂ'o

f’(x)maj, +2ﬂ2x+3a3x2+...
f@)=a
f'(x)#2a2+6ﬂ3x+'-u
S0} = 2a,

and in general
S0 = kla,

When differences are used instead of derivatives, the functions correspond-
ing to x" are

gixymx{x — 1) {x—-n+1)

where there are n factors.
We have

Ag(xy=(x+Dx(x D {xen+2)=x(x~1)(x~n+1)
={x+ D—(x—n+Dllx-D-(x~-n+2)
e AX(x e 1) oo — o 2)
For convenience we will wrife
Gl =x s ez~ Dx~2) - (x—-n+1) n=1,2...
and we have just shown that
Ax® = pxle-

We need to extend the range of definition to all integers (much as were the powers
of x in algebra). As a basis we use the identity

M =™ — )™ > mz
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If we formally set m = 0, we get
2 e 4201 (0D
which suggests that we define
V=1
much as we made 0! = 1.
For negative exponents we use the same identity and set 7 = Q)
1 == %O o xmy — gy

s34

Set x — m = y and we have the more convenient form

1 1

(—m)m g
Y Grm™  Grmy+m—1 - (y+ 1)

Note that
x(frt)x(*rn) # Pl m#0

Corresponding to the Taylor-series expansion in powers of x, we have a
formal expansion in factorials
o0
f(x) = bo + blx(” + bz x(z) e Z bkx(k)
k=0

The coefficients are determined in exactly the same way, this time by differencing
and evaluating at zero

S0) = by
Oy =b
A*f(0) = 2b,
A (0) = kb,
Hence we have the Newton expansion
@ k
709 = 5, S5 = 5 870 1

where Clx, k) is the usual binomial coefficient.
The conversion of a polynomial expressed in powers of x to a sum of
factorials is straightforward and is based on the same idea used to convert: a
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number of a given base (Sec. 2.7); a polynomial to a sum of powers of x — a
(Sec. 3.7); or a polynomial to powers of a quadratic (Sec. 6,7}, We divide the
polynomial by x, the quotient by x — 1, that quotient by x — 2, etc. The succes-
sive remainders are the coefficients of the factorial representation. For example,
consider the polynomial

Po(x) m 2% o 3% 4 x2 e

0} 2 -3 1 0 -l
0o 0 90 0
ﬂz—slob
2 -1 0
_2_}2—10[_0_
4 6
_3_]23]6
6
2 |9

then
Px) = 2x" 4 9x® + 6x'* 4 Ox) — |

The first factor by zero need not be done, of course, but was included for logical
presentation,

PROBLEMS

9.6.1 Using Newton's formula, find a polynomial which takes on the following values
of P(n).
no b1 21 3| 415
Pey | 41 | 43 | 47 | 53 | 61 | 71
Ans.  P{n) = n* + n + 41 [for # < 41 note that P(#} = prime number]
9.6.2 Show that

L - __.__l___
(m- 1!

9.6.3 Show that
n' ==l
(3%
9.6.4 Compute x'"™x"™ where x = m, Ans. ETm))'
9.6.5 Simplify 1/xt-™.
9.6.6 Describe the difference table of x™,
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*9.7 STIRLING NUMBERS OF THE FIRST KIND

Although we have already shown how to go from a polynomial in powers of x to its
factorial representation, the central role of powers of x in the continuous case and
of factorials in the discrete case requires that we look more closely at the topic.

To express x™ in powers of x we write

™= Vs P (OLD)

k=l

and set out to find the numbers s(n, k). These numbers are called Stirling® mm-
bers of the first kind. Forn = | we have

2 = x = (1, 0) 4 5(1, Dx
whence
(L} =0  s(1,1)==1
Forn = 2 we have

xx = 1) =x* - x = 5(2,0) + 52, Dx + 52, 2Dx?
whence
s2,0=0 sh=~1 s22=1

It is easy to see that foralln = 1, 5(n, 0) = 0, but 5(0, 0} = 1.
Rather than continuing one power at a time we write

oD = (x — m)x™

and use Eq. (9.7.1} on both sides to get

n+

le(n + 1, = (x - 1) i s{n, k)x*
K=

k=1

=

s(n, k)x - n Y s(n, K)x*
P

k=1

#

k

[s(n, k = 1) — nstn, K)Ix* + s(n, m)x"+!
'

]

Table 9.7
k
n 1 2 3 4 5
1 i
2 —f I
3 2 -3 1
4 - i1 —8& i
5 24 w50 35 —10 1

! Yames Stigling (1692-1770).
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Equating the highest power of x, we get

stntrLnt De=sinn)e==g(1,)=1=350,0)
For x* we get

sin+ 1,k =8(n, k — 1) — ns(n, k) k=12,...,n

There is no simple formula for the Stirling numbers of the first kind. Table 9.7
gives a few of the numbers,

PROBLEMS

9.7.1 Extend Table 9.7 onelineton==6.
9.7.2 Using Table 9.7, show that x> + 2™ + xM — 1 = (x* -+ I}x ~ 1)
9.7.3 Using Table 9.7, write x'** 4 10x¢* as a polynomial.

*9.8 STIRLING NUMBERS OF THE SECOND KIND
The Stirling numbers of the second kind express x* in terms of factorials:
X' Y S(n, K)xt
eyl

AsinSec. 9.7, we first compute a few cases and then find the general relation.  For
nel
x = 5(1, 00+ 81, Dx

so that
S(1,0)=0 S1,1)=1
Forn=2
x* = 8(2,0) + S(2, Dx + S, 2)x(x ~ 1)
so that

5(2,0y =0 S, =1 52,2)=1

Tabte 9.8
k

n 1 2 3 4 5
1 1

2 1 1

3 i 3 H

4 1 7 6 1

5 1 15 25 10 1
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Again it is clear that
Sn,0) =0 n>0

and
50,00=1
The recurrence relation follows from
X =xex

n=1 7t n "
Y S+ 1L, kxM=xY S(n, kx™ = ¥ S(n, k}x — kx4 T kS(n, B)x®
k=0 k=0 k=0 k=0

= 3 S(n Dx*T0 4 3 kS(n, K)x®
k=0 k=0

E]

&

[S(n, k — 1) + kS(n, K)]x® -+ S(n, K)x@*
[}

Equate like factorials
Sln 4 1,k =Sk~ 1+ k850K k=12,...,n
S+ Lns D=8Snmn==8L1)=1=500)

Some of the numbers are given in Table 9.8,

PROBLEMS

9.8.] Extend Table9.8ton=6.
9.8.2 Write x® in factorial form using Table 9.8. Check by synthetic division,
9.8.3 Write x* 4 Tx?* — 9x + 3 in factorial form.

9.9 ALTERNATE NOTATIONS

The choice of the notation for the first difference
Af(x) = flx + I - f(x)

was arbitrary and unfortunately not symmetric. We might just as well have
chosen the backward differences

Vi(x)=fx) = f(x = 1)

What would have happened if we had? We would have found that the ascending
factorials

My e x(x + IYx 4+ 28) ++ [x 4 (n - D]
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would give the relation we need for handling things, and we would have found a
backward Newton formula. Similarly we would have found different Stirling
numbers E{n, k)and o(n, k). These are related to the old ones by

Tkn, k) = (=1 s(n, k) = |s{n, k)
o(n, k) = (~ 1S, k)

Thus, there is a completely analogous theory for the backward differences. The
resulting formulas are occasionally useful, but in a first course they are a luxury.

Similarly central differences and mean differences are sometimes used,
Again they are merely a change in notation and & convenience in some situations
but not worth the trouble in an introductory course.

Many books make use of elaborate symbolic methods, for which the alter-
nate notations are quite useful. 'We have used only the operator A in a few
simple, finite cases and have so far avoided the more dubious symbolic operators.
For example, the Taylor series can be written

Sa+h)=fla) + hf'(@) + Bf'(a) + -

@ Bk DF
= kZO—IET [FAa]

= ¢"f(a)
Therefore

Af(a) = (" — I} f{a)

or symbolically

A = gh? o i
P =14+A
AT A A%
D =In(l+ A) = A~ ot e = b
i A% A®
D=£( “z‘*‘s‘"")

We will, however, occasionally do some formal manipulation with what
amounts to symbolic methods, because the methods lead easily and rapidly to
useful resuits. The history of mathematics is full of processes that were once
condemned and are now considered legitimate—but also of ones that lead to false
results. It is ap art to be safe but not rigid.
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9.10 AN EXAMPLE OF AN INTEGRAL EQUATION

With even this little bit of theory it is time to give an example of how it can be used
to solve useful problems. The illustration is one that occurred in solid-state
physics. The problem is to calculate

_dp e
g(y)—dyf()\/————yﬂ_xdx 0<yst

when the data for f{x) is givenat x = 0,0.1,0.2, ..., 1.0,

Examining the problem, we immediately see that at the upper limit, when
x == y, the integrand becomes infinite, Furthermore, the result of the integration
is going to be differentiated with respect to y, and when we differentiate under the
integral sign with respect to y, we will get an integral that diverges. Thus the
problem requires some care.

To start our thinking, for what functions f{x) could we solve the problem?
It is natural to try x"

a0) = d j-’ x* dx
dy o Jy—x
This suggests the usual substitution
x = ysin® 8

dx == 2y sin @ cos 0 g

and
A+ 1

d 2 2 2+ 1)y
g(y)mﬁ}(y' )L Smhﬂg‘w:(——l%nﬂ

VY Ng

where ¥,,., is the Wallis® integral

L 24 (2n)
Wiyt = 7410 4p =
it fo s {35 @i+ 1
_ 2n W, =1
T ny v

Thus we can handle all the cases of x™. Since the operator

_g{_J" () dx
dy Yo y—x

is linear, if we can write
16

S =as+ax+ - +ayx®= 2 a5
«5%

! John Waliis (16161703},
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we will have as the solution

1 19
g(.‘)) = '\7; Zo(zn + !)W2n+§auyn

To find the representation of f(x) we use Newton’s formula (with a spacing
of %5
Hx(10x - 1)
e AY(0)

+ 00+ (10x)19 A07(0)

The Stirling numbers of the first kind will get us from the factorial expansion to the
polynomial we want, and we are done.

As we will later see, it is often dangerous to use a polynomial of degree as
high as 10, but in the case that inspired the example, where the data were crude and
the answer was not expected to be much better, the results were satisfactory as
judged by these facts:

J(x) = f(0) -+ 10x AF(0) +

I The graph of the approximating polynomial we found from Newton's
formula looked reasonable.

2 The results were compatible with other parts of the physical theory.

3 The results stimulated further laboratory measurements of the same
effect.

As a final step in the problem, why did we succeed? What other kinds of
problems can we handle the same way? Evidently if we can analytically integrate
for some family of functions and can represent our function as a linear combina-
tion of the family, then we have a solution,
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ROUNDOFF ESTIMATION

10.1 WHY ROUNDOFF AGAIN:?

By now the reader has begun to suspect that numerical methods are much too
concerned with roundoff.  After all it is a small effect and should not bother the
practical man who needs three or four figures at most.  If single precision is not
enough, then double precision surely will do the trick, and modern machines often
have double precision built in so that it is hardly slower than single precision.

But consider the following situation. You are using the zeros of a poly-
nomial, and the output from the library routine (unlike the one proposed in
Chap. 6) produces, due to roundoff, a pair of close zeros instead of a double zero,
As we discussed in Sec. 6.1, this will probably lead to severe cancellation in the
subsequent computing. When the problem is repeated with double precision,
the zeros reported by the polynomial routine are, of course, just that much closer,
and the subsequent computation again loses almost all the accuracy there is.
Double precision did not get you out of the trouble as it should have; it merely
moved it around a bit and made it look a bit different.

It is often true, as many people say, that double precision is the answer to
roundoff troubles. At least most of the time this is true provided you know that
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roundoff has caused the trouble. But among other questions that naturally arise
is, how are you to know after a computation is done that roundoff has caused
inaccuracies? Bylooking at the printed answers? Just how are you going to do
this and make any reasonable estimate of the roundoff present? One of the
goalsof thischapter is to answer this question when the results are in the formof a
table of numbers at equal spacing of some variable or parameter.

Itis also reasonable to ask for an estimate of the roundoff before a computa-
tion is begun,  Of course this estimate will be less accurate than one made after
the computation is done, but it also may be more valuable in saving machine and
human time. We have maintained that it is better to avoid serious roundoff by
using forethought than to bound it after it happens. It is further reasonable to
ask how the machine can help us with the problem of roundoff during the compu-
tation,

Locking at the problem ancther way, there are (1) estimates of bounds, (2)
guaranteed bounds, (3) statistical estimates of roundoff and its variance, and (4)
even backward analysis {mentioned in Secs. 3.8 and 7.10), which gives answers o
roundoff in the form “ The answer you obtained is the exact answer to a problem
that is within so much of the original problem.”

This whole chapter is devoted to a few aspects of roundoff. We will treat
roundoff again from an entirely different point of view in Part 1H{—a viewpoint
which in many respects is more fundamental than this first careful look at
a difficult, important topic. Unfortunately for the user, ail too little is
known about roundoff, When he faces his first large decision based on extensive
numerical computation, the user will begin to see why he wishes he knew more
about it.

10.2 RANGE ARITHMETIC {INTERVAL ARITHMETIC!Y)

The basic idea of range, or interval, arithmetic is very simple. In place of each
number we carry two numbers, the largest (maximum)and theleast (minimum) that
it could be. At the start of a computation these ranges are assigned, perhaps of
zero length, Each arithmetic operation is replaced by a pair of operations, one
that finds the largest and rounds this up and the other that finds the smallest and
rounds this down, Thus, the result of each arithmetic operation is a pair of
numbers marking the range in which it is cerrain that the result lies.

Range arithmetic is usually simulated by an interpretive system on a
machine, though in principle it could be wired into a machine. The details of the
simulation are messy but not fundamentally difficuit.

¥ See Moore {43].
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In a short computation the resulting range is usually reasonable in size, but
in a long computation the range may be so great that it is useless. 1t may be
thought that the true answer lies near the middle of the range, but this is clearly
false since if the range of x were in the interval 0 < x < | and the same were true
for y, then the assumption that both lie near the middle leads to the product lying
near the 1/4 mark in the range, which is not the middie of its range.

Range arithmetic has another fault. It is the essence of good, iterative
computation that the iterations improve the result, but that the improvement
takes place at no one stepinthe loop. Forexample, in the trivial case of applying
Newton’s method for finding the square root of a number N, we are led to

y=x*-N
¥y =2
.= X~ N
n+p ™ Xy zxn
!
T\ Tk,

In words, the new guess is the average of the current estimate x, and the quotient
N/x,. Ifone number is too large, then the other is automatically too small, and
the average is a very good estimate. How is range arithmetic to sense that this
simple loop has init this internal correlation between the two numbers? Yet this
is the essence of good computing.

All that range arithmetic can do is provide some bounds, probably very
much too wide, within which the result must He. Sometimes this is good enough
and the above objections are irrelevant, but sometimes they are very appropriate.
Thus range arithmetic is a valuable (at times expensive) tool, but it is not the
complete answer to roundoff.

PROBLEMS

10.2.1 Draw a flow diagram for the operation of multiplication in simulating range
arithmetic, (Note a range may cover 0.)

10.2.2 Do the same as in Prob. 10.2.1 but for division.

10.2.3 Discuss the characteristics of a loop in which the range will correctly contract
as the iterations progress.
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10.3 ERROR PROPAGATION IN A DIFFERENCE TABLE

The difference table, Table 9.4.1, is one of the basic tools of roundoffestimation.
Suppose we have a table of equally spaced values of a function and there is one
error and thisisat the ithentry, y,{1 + &,). What happensin the difference table?
The difference operator is linear, and so the resulting difference table can be
regarded as the sum of the correct values plus the difference table of the single
error y;&;. This latter table is of the form shown in Table 10.3 (where we have
suppressed the multiplicative factor y,¢, from all the numbers).

The numbers in the table are the binomial coefficients. To prove this we
merely write the operator equation, where E is the displacement operator,
Ef{x) = f{x + ). Since

AfR)] =f(x + I~ f(x)

A=E-1

we have

and
At = (E — 1)*

= Y (—1y"Clk, m)E*""

Table 16.3
x oy Ay Ayt A% A% A%y ASy

.

-3 0 - =T
0 T
-2 0 o .- -
o .71
-1 0 __-""1 —4
Pl -3 10
01 -2 6 ~20
RS 3 —~10
1 o “._ 1 ~4 15
1 I et | 5
2 0 0 R —6
0 0 T~ ~-1
3 0 0 6 T~el_
0 0 L g
4 0 0 0 T
0 0
5 0 0
]
6 0
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Suppose next that there is a small error y, ¢, in each entry of the table of
function values. The result wiil be the correct difference table plus a sum of
difference tables like the one with a single error.  Thus the error will be the sum
of the errors in the individual tables. To find this expression we apply the above
formula to get

k
Ef’l’ol’ in {Akyﬂ} = Z (..,. E)mc(k: m)yk-rrt Ek-m

m=0

If the |y, 8k..| are bounded by ¢, then the error is bounded by
k
| ¥ Clk, myle= {1+ De=2%
m=0
This bound can be attained if all the errors are the same size but with alternating
sign, that is, if

Fi-m aft-—m('— l)m =g

Most of the time the bound will not be attained and is very pessimistic.

10.4 THE STATISTICS OF ROUNDOFF

Since absolute bounds on the roundoff are apt to be very pessimistic, it is often
nevessary to resort to more realistic, but admittedly more dangerous, statistical
est.mates.

The roundoff of a single number y; is distributed equilikely in the interval
~ {2 < x < 1/2 of the last digit kept. In a continuing product we will have

il + e a(i + eyl + 60
and neglecting the product of two or more g;, we find that this is
yivz oyl #(8 +ep o+ 8]

By the central-limit theorem a sum of n independent random numbers approaches
the normal distribution as i approaches infinity,

| S
R 4
\/ 2n
A similar effect applies for divisions except that we use
{
e I-&

and the corresponding ¢; appear with minus signs.



10.4 THE STATISTICS OF ROUNDOFF 171

For addition and subtraction there is a shift before the mantissas are com-
bined. It is more difficult to say exactly what happens, but the general effect is
much the same. While the individual roundoffs are from a fiat distribution, the
roundoff effect of many arithmetic operations tends toward a normal distribution.
This is readily verified experimentally,

In a difference table the bound we obtained was again very pessimistic,
What is reasonable to expect?

Teo apply statistics in this case we need first to form a model of the situation
we are estimating. The roundoff in a single table is perfectly definite, but we
imagine that it is one table drawn from an ensemble of similar tables but with
varying roundoffs. It is natural to suppose that negative and positive roundoffs
are equilikely and that the roundoffs at different places in the table are indepen-
dent. In mathematical notation these assumptions mean that

Avig} =0
AV{E;Ej}ﬁO l?ﬁj
The assumption of independence of the roundoff at successive positions is
sometimes dangerous, especially in recursive calculations where the computation
for one value depends upon that of the previous value or values,

When we apply our statistical averages, we average the £; over the ensemble
of tables, not over the index i, in the following formulas. We have

Av{yied= yAvig} =0
Variance{y,¢;} = Var{y;¢;}
= Av(y%e,’} = o?

where ¢2 is some number which we will later examine more closely and which is
assumed to be independent of i.
For the kth differences in a table we have correspondingly

k
Av{8yi) = AY| 3 (=D CK, M)t
k
= 3 (= 1€l M- AVGa-n} =0

k 2
Var{&tyie) = Av] 3 (~1"Clk m)k-mn-n)

kX
= z Z (" 1)r+sc(k, V)C(k, S)yk‘—ryk-sAv{ekmrek-s}

Fe s=0
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Only when r = s is the average not zero, hence

K
Var{A*y; g} = ZDCZ(A', ) AV r Bl

=Y C¥k, r)o?
which defines ¢ as the original *“ noise.”” Using the identity of Prob, 10.4.1,
{ k)
2 _
Var{AYy, e} = C(2k, k)o =& f)z

The result we have is that the variance in the kth difference column is C(2k, k)
times the variance in the original table values—differencing amplifies the noise in
a table by a factor (2k)1/(kD?.  (See Table 10.4.)

Therefore, in order to estimate the variance {(noise) in a table, we estimate
the noise by finding the noise in the kth difference column and dividing this by
CQ2k, k).

Sections 10.5 and 10.6 wilt show which value of k to use.

Table 10.4 ROUNDOFF AMPLIFICATION FACTORS

Order of Variance Reot-mean—square Maximum noise

difference  C(2k, k) noise V C(2k, k) 2*
1 2 [.414 2
2 6 2449 4
3 20 4472 8
4 70 8.367 16
5 252 15.875 32
6 924 30.397 64

PROBLEMS

I0.4.1 Expand both sides of {1 4 1)°*® = (1 4 1)*(1 + +)* and equate like powers of ¢
to get
Cla+tb,ry= ieC(a, HCB, F— 9
10.4.2 1nProb. 104.1 set o= b= rto get
Crn) = ¥,C9)
10.4.3 InProb 104.1,seta=b=nand r=a+ 11toget
CCmyon+ =3 Cl, Cl, s— 1)
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10.5 CORRELATION IN THE kTH DIFFERENCES

The consecutive values in a column of kth differences of a difference table use
many of the same numbers, but an examination of how they enter shows that they
have opposite signs in the consecutive differences—they are negatively correlated,
We need to compute this correlation

[ (—1YCky Pk ey *EE(=1 10K, # — 1y, By
Av - .
r=o JCQRk k) = €k, k)

C(ZI\,I) EC(A ACk, F — 1)o*

c2k, &k + 1)02_“ -k .
C2k, k) T k1

where we have used the result from Prob. 10.4.3,

As we expected, the coefficient of correlation of the noise from successive
entries in the kth column of a difference table is large and negative, —kf(k -+ 1).
Thisis well known inthe folklore of computing, but it is rarely estimated by theo-
retical considerations.

I the roundoff values are drawn from a normal Guassian distribution, then
these correlation coefficients imply a probability of a sign change indicated in
Table 10.5.

This alternation of sign will give us a way of estimating when the difference
table column is noise rather than signal.

This is a theoretical result in the sense that we have averaged over the imag-
ined ensemble of similar tables, and in practice ali we haveisthesingletable. The

‘Table 10.5*
Probability,
k —kik 41 percentage
4] 0 = 0 500
1 —1/2 = --0.500 668
2 w23 = —0.667 733
3 -3/4 = —-0.750 T8
4 —4/5 = --0.800 196
5 - 5/6 = «0.834 814
6 —6f7 = —0.857 828
7 ~7/8 = —0.875 839
8 — B9 == (.890 850
9 9710 = —0.900 857
10 —EOf I == ~0.910 864
20 e 20{2] = 0,952 962

* From Roger Pinkham.
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solution to this dilemma is the standard one in such situations; we appeal to the
ergodic hypothesis which states that (for suitable situations) ** the average over the
ensemble is the same as the average over the function.” A simple iltustration of
this is the very common habit of looking at, say, a table of 100,000 deaths and
applying this to a single life.  Or again, looking at the distribution of salaries paid
(as of the current year) as a function of age and seeing the individual progress
along the chart as he ages.

The ergodic hypothesis can be applied when the statistics are stationary (not
changing in time or from place to place). In practice we rarely have perfectly
stationary situations, and we must make judgments as to how much the results
could be altered by the changes. In the two examples above, we sense that the
health of the general population is not changing so rapidly that the table of
100,000 deaths is totally irrelevant, and the effect of the slow changes can be
mentally added on. In the salary curve example, however, inflation and the
changing status of jobs and job titles all make the curves dangerous to use as a
basis for applying the ergodic hypothesis. Similarly, in tables and other com-
putations we do not expect to find that all the results have the same level of
roundoff noise. We can apply the hypothesis only to runs where the statistics do
not seem o be changing too rapidly. In particular, the interval we use of the
difference column should have numbers about the same size and about the same
density as the sign changes.

10.6 ESTIMATION OF ROUNDOFF IN A TABLE

We have now examined all the parts needed in a theory of the estimation of round-
off in a table of results computed for equally spaced values of a variable or a
parameter. The importance of being able 1o make an estimate of the random
error in a table of results from the results alone should be recognized; it is nota
perfect answer, but it is better than nothing.

First we have shown that the (N + 1)st differences of a polynomial are
zero, and from experience we know that many functions are locally very like a
polynomial. Thusweexpect that the differences of many functions will approach
zero as more and more differences are taken.

If the differences do not become small fairly rapidly as k becomes large, then
it is likely that the spacing of the values is too large. It is easy to see that if the
spacing is halved, then the first differences are about halif as large as they were, the
second differences one-quarter as large, the third, one-eighth, and in general the
kth differences will be about 1/2* times as large as they were. Thus it is generally
true that, except near a singularity, for a smooth function the differences approach
zero as k gets large.
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On the other hand, we have just seen that random noise in a table rapidly
approaches infinity and that the successive values in a particular column tend
strongly to alternate in sign. Given a table of computed resulis, we expect a
mixture of the two effects, the true differences approaching zero and the noise
rapidly growing and alternating in sign.

In most reasonably planned computations the fourth or £ifth differences
begin to show the oscillation we identify with the noise. Very smooth compu-
tations, such as orbits of the planets in space, may have reasonably smooth dif-
ferences up to at least the tenth order, and very rough computations may have the
second or third difference showing alternating signs; but typically, as we said,
it is at about the fourth or fifth difference that oscillation occurs, We will,
for the sake of simplicity, suppose that we are interested in the fourth or fifth
difference,

We need a specific test for a machine to make.  Just what we use depends on
how certain we wish to be, but as a general rule if we find two out of three or, safer,
three out of four sign changes in consecutive values of a difference column, then
we will call that the noise.

To estimate the noise we compute the average of squares (the variance) of
this difference column, using all the values appearing to have somewhat the same
oscillation rate and size. Using the ergodic hypothesis, we equate this number
to the average over the imagined ensemble of tables.  T'o get from the noise in the
kth differences back to the noise in the table we divide by C(2k, k) = (26)}/(k )2,
This gives the square of the average noise in the original table.

Table 10.6.3

x 1'(x) A A2 A3 As

EG LOOO
49

1,1 0.951 +16
-33 —4

1.2 0918 +12 3
2] B!

1.3 0.897 + 1 -1
—10 -2

1.4 0.887 +9 +2
e | 0

£.5 0.836 +9 -2
+8 -2

.6 0894 +7 42
+15 0

1.7 0.509 +17 +2
4-22 +2

1.8 0931 +9
+31

1.9 0.962
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As an example consider Table 10.6.1 of the gamma function. The average
of the squares of the fourth differences is

941+44444+4 26 13

6 6 3
We divide this by C(8, 4) = 70 to get 0.062 = ¢’ which is an estimate of the noise
in the table,

The table supposedly has only random roundoff in the last digit, and the
corresponrding model for the flat distribution is

VarfA®] =

1/2
ot e[ xPdx = oy = 00833,
-1/2
Thus we have the three values

6, =025
6, =029
O3 = (.32
Table 10.6.2
x = AL A A3 AL A%
2 1.64493
—{.44287
3 120206 0.32313
—{,11974 ~(3.24878
4  EOB232 7435 0.20023
—0.04539 ~ 4855 —0.16688
5 1.03893 2580 3335
- (01959 - 1520 2443
6 1.01734 1060 932
-0,00809 - 588 — 396
7 1.00835 472 336
{00427 -252 —199
8 1.00408 220 137
~0.00207 —115 —15
9  1.0020§ 105 62
—0.00102 —53 —-135
10 1.0009% 52 27
—0.00050 ~26 ~16
11 1.00049 26 133
—£.00024 ~15 -0
12 1.00025 £l i}
—0.00013 ey -1
13 1.00012 7 1]
—0.00006 —4 +3
14 1.00006 3 3
- 0.00003 -1 —4
15 1.00003 2 -1
—0.00004 -2
16 1.00002 [
—0.00001

17 1.0000f
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where o, is from a careful, exact computation of the roundoeffs (knowing the
correct values from a much more accurate table). In view of the smaliness of our
sample the estimate is fairly good.

We observed that the theory need not apply near a singularity. The zeta

function
=3 -
=1 k*

clearly is infinite at ¥ = 1 and has a singularity there. Table 10.6.2 shows how
the differences go.
We see signs of roundoff noise at the bottom of the fifth difference column, but at
the top we see the effect of the singularity.

On the other hand, a table of a function like the error integral shows that the

effects we have claimed usually happen (see Table 10.6.3)

Table 10.6.3
t §i0)] A Al Al A AS
0.00  0.0000
987
0.25  0.0087 59
928 —~30
0.50 0.1915 —169 +19
819 -3 +4
0.75 0.2734 ~140 +23
679 ~8 —~10
100 0.3413 —148 +13
23t +35 +4
1.25 0.3944 —143 +17
388 +22 —H
1.56 0.4332 —i2} +6
267 +28 —10
1.7 04599 —93 —4
174 +24 +4
2,00 0.4773 -G 0
105 +24 -7
2,25 0.4878 —45 -7
60 +17 +3
250 04918 28 —4
3z +13 —4
2,75 04970 —15 —8
17 +5 410
3.00 0.4987 —1i0 +2
7 +7 -9
3.25 04994 -3 -7
4 0 +9
3.50 0.4998 -3 +2
i “+2
375 0.4999 -1

4,00 0.3000
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PROBILEMS

10.6.1 Estimate the noise in Table 10.6.3.

10.6.2 Carry out the differences in Table 10.6.2 to order 7 and use the last few values
to make a * desperate’” estimate of the noise.

10.6.3 Discuss asing the ergodic kypothesis to estimate the total high school population
from the fraction of one’s life that is spent in high school.  Discuss the effects of
nonstationarity in the population.

10.6.4 Discuss the roundoff in Table 10.5 of correlation coefficient probabilities.

10.7 ISOLATED ERRORS

It was very common in hand calculation to have an isolated error in a table; it is
less common but by no means impossible in modern machine computation. The
isolated error may well be due to the fact that for that particular value an indeter-
minate form arose and led to large roundoff errors.

It is very easy to locate the error by looking at the difference table. We
know from Table 10.3 that this leads to a series of terms of the error times the
binomial coefficients with alternating signs. For example, in reviewing Table
10.7, the author found an error by this simple device of looking at the difference
table.

The pattern suggested placing the fourth differences opposite the value of 35,
Using the middie three values

4= ~4e+C
-5 = 6+C
37 =4+ C
we solve the equations approximately. Theysuggeste = —~[0. Ifwechangethe
value at 35° to 6,421, we will have the corrections to the difference table
—q
8
- 50 i
—468 9
6,421 —41 1
— 509 10
-31 -3
7
¢

and this looks much better (and the error represents a {ypical typographical error).
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Occasionally it is necessary to supply a missing value in a table of equally
spaced values. For this we go back to the differences written out in terms of the

original function values, Sec. 10,3,

1f we pick an even-order difference, say 6, and

suppose that this order of differences is zero, then we have, assuming for con-
venience that the error is at zero,

Yuzg =6y -+ 18y.; — 2000 + 15y — Gy + y3 =0

or

Yo =5l(ya + poa) = 6(y2 + y-2) + 150y, + y-y)]

Table 10,7
Theoretical
fourth
difference
Degree C,(2) A Az A A*  due to error &
0 8,346
w44
5 8,302 —87
~131 4
10 8,171 --83 3
214 7
15 7,957 —76 —1
— 280 6
20 1,667 w70 6
360 12
25 7,307 —58 -4 +e
—418 -2
30 6,889 50} 4F —de
478 39
is 6,411 ~21 —~59 46
-~ 499 ~20
40 5,912 —41 3 ~de
—540 17
45 5,372 —24 —-16  +e¢
- 564 7
50 4,808 —17 -2
- 581 5
55 4,221 —12 0
—3593 5
60 3,634 -7 -2
—600 3
65 3,034 —4 -2
—604 1
70 2,430 -3 2
—607 3
75 1,823 —0 v
—607 —1
80 1,216 -1 2
—608 H
&5 608 ]
-~ 608

50

0
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PROBLEMS

10.7.1 Estimate the noise in the corrected table in this section.

16.7.2 Correct Table 10.7 by regarding the values of 35° as missing.

10.7.3 Discuss the dangers of trying to correct a bad value because the formula at that
point was indeterminate.

10.8 SYSTEMATIC ERRORS

We have provided a method of estimating the random errors in a table, The
method does nothing about systematic errors.  One way to check an important
table is to compute, by some independent method, several key values scattered
acrosstherange of values, 'This is easy to say (and hard to do in many cases) but
without some redundant, independent calculations there can be no realistic
checking of the results. The fact that the theoretician accepts the results is no
measure of their correctness because, in a very real sense, a good theoretician can
account for any new phenomenon he meets—it is his business to create new
theories to fit new data !

‘Thesituation is the same as in experimental work. Itis possibie to estimate,
from the measurements alone, the random component of the error, but the cal-
culation of the systematic errors is another thing entirely and reguires other
methods.! The fact that it is hard is no reason for ignoring the problem. Any
numerica! analyst must, if he is a responsible scientist and not a hack technician,
assume responsibility for the accuracy of his results and some of the burden for
the correctness of the original formulation, as well as for the interpretation of the
results. The job of a numerical analyst neither begins with the given equations
nor ends with the output sheet. Realistic estimates of the total error in the
answer are partly his responsibility, not exclusively that of the problem’s proposer,

I W. J. Youden, Enduring Values, Technometrics, vol. 14, no. 1, February 1972,
pp. i-11,
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*THE SUMMATION CALCULUS

11.1 INTRODUCTION

The difference and integral calculi are related to each other by two formulas
d x
f@ == [ 10 dx
x df
f@ = f@) = o dx
Similarly, the difference and summation calculi are related by
[ nt+1 A
fa+ D =AY f(ky= T flk)— ¥ f(k)
k=0 K=Q ¥<0

fa+ D) ~f(0)= RZOAf(k) = kzoif(k + 1) — f(k)}
where we have used the common summation notation

FIW=f@+f@t D+ i) Ti@=1@ 3 j@=0
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Because of the arguments n + 1 in the two formulas, Boole [4], Jordan {25}, and
others have used the notation for the sum

SHO=f@+f@+ D+ +fa=1) T HR=0

However, this differs from the common usage in mathematics, and we shall there-
fore avoid laying that trap for the unwary and instead accept the annoyance of the
n 4 1 that occurs in some of the arguments, J. W. Tukey' has suggested the
clegant notation

<b
k;ﬂk)=f(a)-§-f(a+1)+"'+f(b——1)

as the solution to this dilemma, but we will not use it here.
In the integral calculus a table of derivatives of various functions is inverted
to get the basic table of integrals. For example, from
d -1
;;; X" = nx"
we get
xn+1

+C
a1

J'x"dxm

In a similar way, from the table of first differences of various functions we get
{using unit spacing in the differences)

(m . 1)!u+i)
my M -—
x=0x = n4 1 " Eé 1
m m+t
Se=Tp an
j::z In x = In{m!)
moo . cos[a(m + 3) 4 b] — cos(—a/2 + b)
x;o sin(ax + b) = = 2 sinfa/2)
__sin[a{m + 1){2]sin{am/2 + b)
- sin(a/2)
m _sinfa(m + 1) + b] ~ sin(—a/2 + b)
Z, costax +b)= 3 sin(al)
_ sinfa(m + 1){2)cos{am/2 + b)
- sin(a/2)

Many others are easily found, but we do not need them now.

L1, W. Tukey (1915——),
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PROBLEMS

11.0.1 Computethesum @ 4«2 4 4 «+ 4 285,
11.1.2 Show that

N1 X Wt oy
}.:‘n cos - = ] g‘o sin = =0
11.1.3 Using Prob. 11.1.2, show that
mor akx X )
xgocos N cas v = N&(m, k} O<m+ k<2N
AN-1
Y cos E}’—:If sin mTV_x =0
Awd
WMo whkx |, wmx
xgo sin - smwﬁ“—NS(m, Ky O0<m+k<2N
1114 Do the same as in Prob. 11.1.3 except use N — 1 as the upper limit and 2
in place of =.

11.2 SUMMATION BY PARTS

Anexamination of the general processes used in the calculus of analyticintegration
reveals that there are two principal tools:

I Change of variables
2 Integration by parts

Of these two methods, the first is not available in the summation calcutus, which
depends on equally spaced arguments, where usually k= 1. This makes com-
puting a sum in an analytic, closed form much more difficult than computing an
integral.

On the other hand the analog of integration by parts is summation by parts,
and it plays the correspondingroleinits field. Integration by partsinthe calculus
is based on the derivative of a product

dlueY = udv + v du

From the above equation the formaula for integration by parts
fude=ue —~frdu

is found by integration. Similarly, from the formula for the difference of a
product

Au(xie(x) = u{x) Ar(x) + v{x + 1) Au{x)
we obtain by summation

-

Zlu Av = u{mo(m) — u(0)0(0} ~ ¥ v(x + 1} Au(x)

=g =0
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We can choose t(x} so that £{0) equals zero {or any other value we please); just as
in the calculus the constant of integration in finding the ¢ can be any number we
please (conventionally it is picked to be zero).

As an example of the use of summation by parts, consider

m-1 . xq* Im m-1 ax+!
xgoxa _a~lg—zo:a-1
xax ax-?-l I a -
w11 Rl rpeey [m—Da"—md™ ' +1] a#l
- - —a)

In general, the use of summation by parts closely resembles that of integration by
parts. For example, summations such as

I
b3 5% sin 0x
are accomplished by using summation by parts twice and then combining like

terms. [t can also be done by writing it as
{(eiﬂ)x (e—ia)x} 1
2 2 pit
and summing directly.

PROBLEMS

11.2.1 Show that

2sin 8 — 2-"[2 sin 8(n + 1) — sin 8}
1 + 8 sin*{(6/2)

LA B
Zlﬁsmﬂx-—

X=

11,22 Sum iix‘ COoS X.

1123 Sum 3 xinx.
=1

11.24 Sum iﬂx"z“.

1125 Sum ¥ x%-x,

x=0

11.3 SUMMATION OF POWERS OF x

The special case of summing the powers of the consecutive integers is of enough
importance to justify a special examination. We could, of course, sum them by
converting the power of x via the Stirling numbers of the second kind (Sec. 9.8)
and summing the result by the obvious formula.
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Instead, we shall approach the problem much as Jacob Bernoulli [3] did, and
inthe process we willintroduce two valuable by-products: {1} theidea of a generat-
ing function, and (2) the Bernouli numbers. Both will have further use.

The summation of the first few cases of the powers of x is easily remembered
if written in the form

n n (ﬂ + 1)?’!
= T () o
X

(n+PDn2n+ 1)
6

x? =

1

i 23 Z (1 £ 3 4 5 e [(h + 3):1];
A=

’;'slv]a.

(=P 4 x0) =

“Pa

2
l (n+ 12+ D3 +3n -1
4 o
27 3 5
" (n+ i)u]z P+ 2n—1
5
P [ 2 3
i 6 (m+ Du(2n+1)3n* +60° ~3n+ 1
xﬁ!x - 6 7
2": [(n + 1):1] 230t 460 —n —dn+2
s 2 6

The summation formula for x™ is also valid for negative exponents
(n# —1). Forexample,

Ld i (—1)_0(-—1)
5 - 1 {._2):_ H
ng x(x +1 xg( ) -1

I = m
1 Tl

[

Similarly,

1
x{x + I){x + 2)

¥ SDICEIE
1 ]

ﬂ.l[,}mﬂ.mmi_._._]
T2{1-2 (mA+Dm+2D)
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PROBLEMS

11.3.1 Verify the formulas for x* and x%, using the synthetic-division method.
11.3.2 Using AC(n, k) = Cln+ 1, k) — Cin, k) = C(n, k — 1), show that

3, k)= Com + Lk +1)
11.3.3 Show that

1(2.7:~--- 1)=n*

(2%~ B)* —

x

n(dn* — 1)
3

1(2..1r — 1P = (2n* — 1)

L)
f 3
P

11.3.4 Compute
L] 1
A x(x - Dlx + 2D(x + 3)

{1.3.5 Compute

X:sin" 8 00, 4m,...
Ans, (I —sin® 8)/(1 — sin §)

114 GENERATING FUNCTIONS

The idea of a generating function is simple once it is well understood, but initially
it seems to be baffling. We will therefore begin by a few simple examples.
The binomial coefficients of a given order n

Cmk) k=0,1,2,....7)

can be multiplied by the corresponding t* and written as a sum. The binomial
theorem shows that this sum is easily written as

{1+ 0" =Cln, 00+ Cln, D+ Cln, 202+ + Cln, "

The expression {1 + 1)" is said to be a generating function for the binomial co-
efficients.

The power of generating functions lies in the ease of manipulating them in
certain processes. For example, again using the binomial coefficients, if we
multiply a generating function of order m by a second of order n, we get the generat-
ing function of order m + n; that is,

I+ + 0" =+ "
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Thus we have
m A mtn
3 Clm, Y, Cln, ! = ¥ Clm + n, Y
K=o i=o (=0
Bquating like powers of t, we get, as in Prob. 10.4.1, m + n -+ 1 identities.
Y Cm kCn, i —k)=C(m+ni) i=01...,m+n
K=o
Consider next the Stirling numbers of the first kind

x(m o i s{n, k)x*

k=0

as another example of a generating function for a set of numbers
s(n, k) k=0,1,...,n

with x as the ** dummy variable.”

Instead of using only powers of t as the place holders we may use */k1if we
please, or any other multiple of t*. That is why we used the words a generating
Sunction for, though usually the generating function means just £*. The use of
t*/k1 s often called *‘the exponential generating function.”

PROBLEMS
11.4.4 Show that
T (~rcm =0
LE]
11.4.2 Show that
tg Cin, by =27

11.4.3 In the generating function for the Stirling numbers of the first kind set the
variable equal to 1 to obtain

;_:Bs(n, k) =0 nzti

11.5 SUMS OF POWERS OF n AGAIN

We propose to find the sumns [where S(n, p) is not a Stirling number}

S(n,p)m}P+2P+3p+”_+npm zk?

k=1
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using the method of generating functions. In this method we multiply S{n, p) by
t°/p! and sum over ail p to get

S(n, p)f" o &k

el
p§=:°

p=04h=1 P!

_ a (kI)P i
B pe P' Py
e(n+ e et

ST -1

Thus we have the exponential generating function for the sums.
To find the coefficient of 1P/p!, we write
e(n+ N —p! ety e
-1 1 é—1

The first factor can be written in the form

-]
e —1 - j‘;o(nt)&/k! -1 - w kP ik
t t TSk + D1

The second factor requires more attention. We begin with the expansion
(see Sec. 11.6 for details)

t _izm*
¢—1 &0 k!
Solving for the first few coefficients, we find By, = 1 and B; = —1/2, so that
® B,
e = ] = 12 X
1 2+ 2 %

Transpesing the #/2 term, we have
(e 2
If we replace ¢ by —¢ on the left-hand side, we get
...;[,_...1..,.“.., 1] 114e”? t_e’_-sul
et -1 Z2e7t—1 2¢-1
4 4
T~ +5

which is the original expression. Thus, except for B; which equals ~1/2, ali the
other By, =0(k=1,2,..).

51 = =3 =5
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From this we see that the second factor

te ; t
é—1 e—1

t i BZuzrzm
=4+l — = —_—
*+ 2 + ,,.Zl (2m)!

t i BZm!Z'"

= 1 - bttt

+ 2 + m=1 (2m)!

To find the expansion of the product of the {wo factors, we multiply the two
series together and pick out the coefficient of 17/p!

}[ n.P+1 + n? + nF-IB2 + Hp_3B¢ +.“}
Pl T2 T oDl T (=4l

n?*t g’ p o, P = Dp~2)

sri T BT AT B

+P{P~1)(P—2)(P—3)(P—4)
2-3-4-56

which is what Bernoulli obtained 3, p. 97).

nP-3

Bon?™% 4 oee

PROBLEMS

11.5.1 We can write the generating function as

e, gt elrtin ]

a1 e — 1 -1

elnttyr _ 1 ¢

1 et e |

—1

and get an expansion for ${n, p} in powers of n -+ 1. Carry out the details.
11.5.2 Showthatthe formulasinSec. 11.3 follow from
Bo=1} By =12 B, =1/6 B, = —1/30 B = 1/42.

11,6 THE BERNOULLI NUMBERS

The generating function for the Bernoulli numbers is

= Bt
=L T
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We have already found that
By =1 B = —~1/2  Byjy; =0 k=12,...

To investigate these numbers further we write the first equation as

= Bt
f=(—-1Y 2=
(¢ )kgjo 0
© fm © By
=LmL T
o0 ot B
pt_\_: £ sHp )1

For p = 1 we have, equating like powers of 1,

Forp>1

Multiply by p!
R oy Z C(p, )B,
s=o s!(p —5)!
This formula is easily remembered by the mnemonic of writing it as
(B+1-B=0 p>1
and then writing each B* as B,.

This type of symbolic manipulation is often called the * umbral calculus " and is
widely used in formal manipulations in combinatorial problems.
To find more of the Bernoulli numbers wesetp=2,3,...:
p=12 0==CQ2,00B, + C(2, 1)B; = B; = ~1/2
p=4 O0=0DB,+4B,+6By+4B;+B,; =0
p=5 O0=B,+ 5B, + 108, + 10B; + 5B, -» By, = ~1/30
Further calculations give
By =1/42 Bg= —1/30  B,, =566

A table of B,, up to Bgg can be found in Jordan [25].
We will see in the next chapter that the Bernoulli numbers occur in many
places in analysis.
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PROBLEMS

11.6.1 Compute Bs.
11.6.2 From the generating function for the reciprocal factorials

derive a relation for the binomial coefficients using
P L eix
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*INFINITE SERIES

121 INTRODUCTION

Most books on infinite series discuss convergence, divergence, and * summability "
of series at great length, but almost completely reglect the actual computation
(summation) of series. Onereasonforthisis the paucity of methods for summing
a series in closed form. Of course, if the indefinite summation can be done in
closed form and if the series converges, then the infinite series can also be summed
by letting the upper limit go to infinity.  As an example, we had in Sec. 1.1

= 1 1
xg;x{x-%l)mlwn-i-l

Hence
o 1

x; x(x+1)=1

In general,
i 1 R 1
S xx+D o (x+k=1) k—1(k-1!

k=2 (1211
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Frequently a problem in analysis can be reduced to that of evaluating an
infinite series. Many times it is more work to evaluate the series than to do the
original problem, but sometimes the series representation is an advantage. One
of the reasons that the series is preferable is that the error committed, when only a
finite number of terms are used, is more easily controlled than the errors made in
the direct approach. Thus in the problem of evaluating

fxe"' dt

5]

for values of x, say less than I, we can expand the exponential in an infinite series
and integrate term by term to obtain

X x o (L. ]Ygk ® (e [ P2
're—ﬂdt:j Z ( ) - ( )X
o o k=0 k! K=o (2k + 1)kt

If we are interested in values of x less than 1 and want eight figures correct, then
taking 11 terms will suffice.  This follows from these facts: the series is alternating
in sign, the terms are monotone, the series is convergent, and the first neglected
term refative to x has a denominator about 9.2 x 10%.  Were we to try to estimate
the value of the integral by some approximate method of integration taken up later
in the book, then the problem of estimating the error would be more difficult.
Occasionally infinite products occur.  For example, consider the following
problem: around a circle of radius | draw an equilateral triangle, around the tri-
angle draw a circle, around the circle draw a square, around the square draw a
circle, around the circle draw a regular pentagon, etc. See Fig. 12.1.1. What
will happen to the radius of the circle as the process goes to infinity? For the

FIGURE 12.1.1
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stage of drawing a circle around the N-sided polygon, let thatradius be Ry.  From
the picture of one stage we easily see that

Ru-, 3 180°
RN = 0§ N
RN N RN—! — R2
E-3 B N
cos(180°/N) T1 cos(180°/m)
A=)
1
e
T1 cos(180°/n)
a=3
r
/ 180
N
Ry

FIGURE 12.1.2

From Table 12.1 we easily see that the sequence of partial products convergestoa
value not far from 8.7.... In a sense we have experimentally determined the
convergence and limiting value of the radius of the circle as the number of sides
approaches infinity.

Table 12,1
N R N R N R N R
£,000 8.6572
16 5.2467 100 8.2831 16,000 8.6959

20 68367 200 8.4883 20,000 8.6981
20000 30 7.3997 300 83583 30,000 8.6993
2.8284 40 77017 400 8.5935 50,000 8.6996
3.496% 30 7.8960 500 8.6146 100,000 8.6596
40370 60 B8.0184 600 8.6288 200,000 8.69%6
4.4807 T 81118 700 8.6389
4.8499 80 8.1826 800  8.6465
5.2467 90 8.2383 200 8.6524

NGO w1 O A B
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PROBLEMS

i2.1.I Prove Eq. (12.1.1).
12.1.2 Write the series for
Si(x) = J‘ Ef%f dt

1)

How many terms do youneed in order to compute Si(2x) to eight decimal places ?

122 KUMMER’S! COMPARISON METHOD

A method we shall repeatedly use is the following., Given a problem which we
cannot solve easily, we look for a “ nearby ” problem which we can solve, and then
we compute or estimate the difference between the two problems,  The closer the
nearby problem is to the given one, the smaller the difference we compute; hence
with correspondingly less effort we can find an accurate answer to the given
problem.

H a given series converges rapidly, then there is no serious problem in plan.
ning the computation of its sum.  1f the series converges slowly, then we look for
a series with a known sum which converges at *“ about the same rate ™ as the given
series. The difference between them will therefore converge more rapidly than
the original series. Thus we mean by the words about the same rate that the
difference approaches zero rapidly; and the more rapidly it reaches zero, the more
it is at about the same rate. This is known as Kummer's method.

To fix notation, let the given series be

S§5=%Ya,

x®r

and suppose we know the sum

where C,— Casx — co. Then

The term in the parenthesis approaches 0 as x — o0, and so the series to be com-
puted will converge more rapidly than the original series,

f Ernst Eduard Kummer (1810-1893),
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For example, consider the series
i x
N xgl (xz “+ I)z
which converges like 1/x3. This suggests using
., & 1 1

N ,2, (x=Dx(x+1) 4
asacomparison series, Note that we had to start at x = 2 and omit the first term.
We write

§=584(5~8)

. x i
=¥+ i x;z [(x + 17 (x - Oxl(x + 1)]
1 & x* e x? e (x4 20T 41

Z + 2:z x(x? —(1)(x + 1) }
i 3k +1

A2 x(xt — D+ 1)
The new series converges like 1/x% (and we could use a similar series for the 3x?
part of the numerator if we wished).

O T -hlr-‘

= 0.39711677 -+~

PROBLEMS

12.2.1 Use Z to approximate i 1/x2.

(+i)

12.2.2  Approximate result of Prob. 12.2.1 by}: oy

H .
m. Continue & steps.

1

12.2.3 Approximate i Hx by i m

12.2.4 Approximate Z

;+x2 yzx{x-{-l}

12.3 SOME STANDARD SERIES

Evidently Kummer’s comparison method requires an arsenal of known serigs,
There are numerous tables of series such as the classic table of Jolley {24] and the
modern Russian translation of Gradshteyn and Ryshik [18].

Another source is the series one learns in the normal course of mathematics,
such as the trigonometric and the hyperbolic series.  Many of these involve the
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Bernoulli numbers introduced in Sec. 11.6. There we defined Bernoulli numbers

by the generating function
x = B x*

e —1 k=0 k!

and noted that all B, of odd order were 0 except B, = —1/2. Thus

x x & Byx™
F—1 2 & (k)
But
X L X (e"+l)_x(e“"2--e“”“
f—1"2 2\ -1 —Ee""z+e"‘”)

i

M MR

or writing 2x in place of x,

2t 1 x X 2x®

Cothx=2§‘ZoBZk——(2—E}—!— :-; 5 _.-4-5

If we put x = iz in this, we get

cot 1z 2 225+”_
2= 273735 T 985
3 2z)**"'B,,
E ol
2.~ k)

Now using the trigonometric identity

2cot2t =cot{-tant
in the form

tant = cott — 2cot 2¢
we get

l)k- Ezzk(22k — i)sz et
(2k)

0 (__,_
tant= Y
£D
Integrating this, we get

1)k22k(22k - E)Bz;‘ %
2K(2Kk)!

] (___
Incost= 3
¥=o
Again reverting to a trigonometric identity

i t
— = 0t - tan ~
sin t 2
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we get
i © .1 -1 22&_23
—:-—-—=ICSCI=Z( )k ( )zktn
S k=0 (2’()1
27 31
=1 o b i 16 4

6 360 15,120

Evidently only ingenuity limits how far we can go in this matter. A similar
set of numbers, the Euler numbers, gives rise to a number of similar series, where

w0 r'l
sect= }; kT
12.4 THE RIEMANN ZETA FUNCTION
The Riemann® zeta function is defined by
2 1
©=2 %

and a short table of values (Table 10.6.2) was given in Sec. 10.6. It is a very

convenient series for comparison purposes. The values of the zeta function for
z an even integer arec known in closed form

it
@=—
ﬂ‘
[(4) = 0
7:6
()] 0%
1!5
(8 5450
t2n) = (= 1)""1B,,(2m)"

2(2m)!
where B, are the Bernoulli numbers.
Note that from definition, {{#) = | as n—» ¢0, and this indicates how B,,
ZIOWS as 1t —» 0.
From the zeta function it is easy to derive the sums of other series, Using
the observation that
1 1 1

Ftptat =%
T T e eT T &k

! Bernhard Riemann (1826-1866),
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we have
11 ki i
=14+
(-gho=tigegi=E oy
and
1.1 1 2 (—1)!
( 7= ;)s(n) ,,+?—3;+---=k; o
Again, for n an even number the sums can be expressed in terms of Bernoulli
numbers.
PROBLEMS

124.1 Forthe series}? /(K&

show that the series forn=1, 2, 3 are

24 1,440 64+ 9435
(=1

kza
show that the series forn==1, 2, 3 are

12.4.2 For the series Z
]

13 Tt 3=t

12 70 30,240

125 ANOTHER INTEGRAL EQUATION

This problem, resembling the one in Sec. 9.10, arose in practice. Given g(T)

defined by
P TN
9D = | gy
find f{x).
Again we begin by trying f{x) = x" and set x = Ty
y yze’
I s yn+2e ¥
= T fo (I __ e-y)Z

_Tn'ilf yn+lzke kydy

k=1
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Setting ky = 2,
g(T) = Tﬁl(k;l le-fz') ,[0 e~ gz
=T+ 21 +2)
Thus if
g(T)=T*1
then
e

S = G TS

Now, if we can represent
N
g(T)= ¥ a, T
R=0

then the solution of the integral equation is

) = i”: a,x"
S = L TG

Evidently the *convergence” of this finite series is rapid in comparison to the
original series for g(T). We postpone until Chaps. 14, 25, and 28 discussion of
various ways we might find the a4, in the representation of g{(7).

Consider, now, how this resembles Kummer’s method. We did not try to
represent closely the given function g(T) by a single function T"*! whose solution
we knew. Ratherwe tried a linear combination of functions 7"*!, each of whose
solutions we knew, and then took the same linear combination of the known solu-
tions. We forced all the approximation into the closeness of representation
of the original function, and then we operated on the approximate function an-
alytically to get the exact answer to the approximate problem.

In Kummer’s method, and throughout much of numerical methods, we try
to replace the given function which we cannot handle analytically by ones which
we can, and as in the above case, we operate on these functions with the infinite
operators of the problem. In Kummer’s method we are concerned with the
representation of the terms far out in the series by suitable approximate terms, and
we then compute approximately the difference in our approximation, using mainly
terms near the beginning of the series. However, it should be clear that instead
of using a single comparison series we could use several simultancously,

This method of simultancous approximation in terms of several series
differs somewhat from the earlier process of successive approximatioens, and pro-
vides an alternate approach, or if you prefer, an extension of the simple Kummer
method.



126 EULER's METHOD 204

For example, consider again the series

2 x
5= 3;1 (x2 + 1)
We can use
@ 1
§ =
z;: (x =~ Dx(x + 1)
1] 2 1
S=3y=

We therefore write
S=a8 + b8 + 8"
where a, b, and S” are to be determined. Ignoring for the moment the first term
x = 1, we have for the general term
x _a b F(x)
1P P ex x4 D - %)
x7 = x% = a(x” = 2x% 4 X3 4+ b(x7 4 x* o x® — x) o+ F(x)

Equating like powers of x

Thus we will have to compute
f 5x%+3
T+ 1P 1) x

el
Lo

126 EULER’S METHOD

Another method of summing series numerically is Evler’s method, which can be
viewed in many ways. The author prefers the following approach.
Consider the finite series

Sat (1260
k=0

We apply summation by parts and recall that
b1 b~

Y (k) Aol = (k)P ~ ¥ ol + 1) Aul)

k=a k=
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We pick u(k) = a, and Av(k) = f*. Since we may use any additive constant, we
can choose

e
v(k}:xgor =
Then
n=4 L2 L T T I AL
kgoa,‘:" - {a" 11 m—!:]e_,;::n i i —it Aay
ca il L N g Yk Aq, (1262)
1t 11450 1—1é=0
but

H—1
kZ‘OAak = (ay ~ o} + (a3 = @) + *+ + (@, — a._y)
=, — dg

and so Eq. (12.6.2) becomes

{—=1" a,- t o2t
Za,‘l—a _I——al_joﬁ- — ZI"Aak
a a, "
ml-ft_lmt lthr"Aa,, (12.6.3)

We apply summation by parts tothe third term, noting that itis of the same formas
the original series, with a, replaced by Ag, in Eq. (12.6.3).
t Aol t ( Aay  1"Aa,
1t

P — zt"Aakm

1—1:5%

z tk Azak)

1'"'“‘—1—" 1"“'1&0

Thus, as a result of two applications of summation by parts, we have obtained

ot a tAa 12 ool
a2y 2 + t A%g

k;,* 1—t (1-1? (1-:)2,‘;, k

a,t 1 Ag, !

1=t 1—t 1—t

After r applications, the expression (12.6.1) has the form
" 1 r—i t ra=~1
Za,‘t=——-—-—- . Aa9+ ZIA'

=0 1—t50
LA ok B A
_1-n‘§o(1- ) Aa,
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Since the original series converges, given an ¢ > 0, there exists an n, such that, for
n>ny, la,] <&/2. Hence, by Sec. 10.3 [A'g,| <& The last term in the
above expression therefore goes to zero as n — oo, and we have

) 1 Fef
& i & Ar
k):ﬁ " = (l x) ANag + (1 ) Z: Aa,  (12.6.4)

It can be shown that if the given series (12.6.1) converges, then the second
term on the right also approaches zero as r — 0. We are then left with the series
- .
¥ a,t A'ao (12.6.5)
K=o T1-ts 1t

As an example of the above process, given a series E;{;o the, if tyyqfin
approaches ¢, we can write

o o
Yug= 3 aptt
k=0 k=0
where a; ., /a, approaches I, and apply Euler’s method.

The most frequent case of application is when t = — 1. Euler’s method
gives, from Eq. (12.6.5),

;0 2 s, (12.6.6)

Sometimes Euler’s transformation makes the series converge faster, and some-
times it does not. Consider the following examples.

Ni*‘

3 (~1fa, =
k=0

EXAMPLE 12.1

2 (-1
k§=:0 2k
We have
@ = i
{3 pL
1 1 -1
Ady = i — 5 = el
(—1)
Algy = 3
and so by Hq. (12.6.6)
2 (=1 & (-1(-1) 121
& F Tik T T CILF

which converges more guickly. i
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EXAMPLE 12.2

o« (_1)!:
e 3
It is easy to see that
_m
Algy = g——:;l
and so
2 (- _ta (-2 _lal
k§=:o 3k "Z;Z'o 203 —2;2‘0 !
which converges somewhat more slowly. Jilf
EXAMPLE 12.3 Similarly,
2 (»--I)"__I = (3)‘
;;—.;o PO 2:29 8
which converges more slowly. 1

The * break point ” for the application of Euler’s method to such alternating
series is seen to be at ratios of |a;] between 1/2and 1/3.

In practice, what is usually done is to sum the first few (say 10) terms directly
and then apply Euler’s transformation to the rest.!

PROBLEMS

12.6.1 Apply Euler's method to show that log 2 = i - ¥
LR}
12.6.2 Show that

e D e k!
arcan =2 ST =3 &% 3 5 OEFD
12.6.3  Add the first eight terms of log 2 and apply Euler's method to the rest,
Ans. 1— 124 /3 — -~ — 1/8 =0.63452381; Euler part gives ={ 1/2)(0.11724674)

—

! See ¥, 8. Rosser, Transformations to Speed and Convergence of Series, J. Res. Natl.
Bur. Std., vol. 46, 1951, and Bromwich {5},



12,7 IMPROVING THE CONVERGENCE OF SEQUENCES 205

12.7¢ IMPROVING THE CONVERGENCE OF SEQUENCES

Acceleration of the convergence of a series is only one example of a general
technique of numerical analysis, the extrapolation of a slowly convergent or even
divergent sequence 1o its “limit.”" Such sequences may be obtained as partial
sums of series, as successive approximations to the zeros of a function by an itera-
tive process, as estimates of an integral or derivative by finite difference methods
using different values of the interval, and in a variety of other ways. In all these
sequences, we may regard the terms of the sequence S, as estimates of the limit §
with an error R,:

S,=S+R, (127D

if the form of dependence of R, upon n is known, it is frequently possible to esti-
mate the value of S quite accurately from a few values of S,,.

If, as frequently happens, R, may be approximated by an expression of the
form

R,= Y afg)" (12.7.2)
i=1
afamily of nonlinear transformations discovered by Shanks? is particularly useful.
The basic transformation applied to the partial sums S, of a series

Sn418n-1 = S,?

7(S,) = =1 "0
R T

(12.1.3)

is often very useful. If T'were lineai, we would have
T(CS,) = CT(S,}
and
TS, +U)y=TE)+ Ty (1274
Equation (12.7.4} is not true in general. However, we do have the weaker rule

TE,+ O =TEY+C

If we write

1 This section was suggesied by H. C. Thacher, Jr.
2 D. Shanks, Nonlinear Transformations of Divergent and Slowly Convergent
Sequences, J. Math. Phys,, vol. M4, pp. 142,
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then T(S,) can be written

(Sn + ﬂ,,;.;)(s,, - au) - Snz
S, + 8y — 28, + 5, —a,

T(S,) =

Ay Byt y

= 5, 4 {12.7.5

Oy == fpsy

The repeated application of this transformation is most practically carried
out by an algorithm due to Wynn.! Let 8,(5,) = S,, ..,(5,} = 0, and for r = 1,
2,3 ..t

1
&S = e (S + ——
R P P
Then the £,,(S,) are equivalent to the results of applying the kth Shanks transfor-
mation to the sequence S,.
As an example of the power of a single application, consider the Leibnitz
series

R=4 =43+ 45— 4T+

The convergence is so slow that it is practically valueless, but a single application
gives the results shown in Table 12.7.

1 P, Wynn, On a Device for Computing the e,(S5,) Transformation, Math. Tables Aids
Comp., vol. 10, pp. 91-96, 1936,

Table 12.7

n S (5

1] 4.00000

1 2.66667 3.16667
2 3.46667 3.13333
3 2.89524 314524
4 3.33968 3.13968
5 2.97605 314271
& 3.28374 3.14088
7 3.01707 314207
8 325237 3.14125
9 3.04184
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The e, transformations are members of a large family of lozenge, or thombus,
transformations. If the calculations are laid out in the form of a conventional
difference table:

80(31)\
&, (5,)
/ \
£o(S2) £(5))
£{5,) £3(S;)
£o(S3) 5(83) £4(S,)
Susy usy
/1 3 ~— - 3122
30(54)\ £2(53)
/eg(s4)/
eo(Ss)

the values at the verticles of each rhombus are refated by the algorithm.  Hence,
these transformations are collectively referred to as lozenge algorithms, An-
other important Iozenge algorithm is the QD algorithm, which may be used for
converting power series to equivalent continued fractions. A survey of these
algorithms with extensive references was presented by Wynn.!

12.8 INTEGRALS AS APPROXIMATIONS TO SUMS

The definite integral is defined to be the limit of a sum. It should be evident,
therefore, that integrals can be used as approximations tosums.  One such actual
formula for doing this appears in Sec. 18.9 and may be written as

fokfik ot fy= [ f dx £ 10200 +1)
1
- A= AL+ 5 (B + 8%, )
19 3 3 3 4 4
“W(Afb—ﬂ.ﬁws)”!“fé“ﬁmfo A A a)

720

' P, Wynn, Acceleration Technigues in Numerical Analysis, with Particular Reference
to Problems in One Independent Variable, Proc, IFIPS, Munich, 1962, pp. 149156,
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A closely related formula is the Enler-Maclaurin formula [63]

Jotfi ---+f,mj"fmdx«r%(fwf,)mfi(fawf;)

b U i

30, 240 D+

Blm
" am)
where, again, the B,,, are the Bernoulli numbers.

In both formulas when dealing with infinite series, the upper limits are in-
finite and half the terms drop out,

(f(?m*'i) (2m«-1))+

129 THE DIGAMMA FUNCTION

For the final topic of this chapter, recall the formula

fxz"'db——

which does not apply whenm = — 1. Indeed, whenm = —1, the integral can be
said to define a new function, log x.

Similarly, the summation formula

x=1 Km+1)
1) = ;+C

t=1

does not apply when m = —1 and correspondingly can be said to define a new
function, called the digamma function and denoted by F(x):

X 1

Axy= Y =

;--1?'

where y = Euler’s constant = 0.5772156649 ... and hence (0} = —y. This for-
mula applies when x is an integer. Another form,

A )“,Zl rr + x)

provides a means of extending the definition of F(x) to noninteger values. We
need toshow that this new definitionis consistent with the old one. This amounts
to showing that F(x) satisfies the equation

-7 FO=-—y

1
AF(X) = m
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(This is analogous to the process of showing that 2 function satisfies an integration
formula by showing that the derivative of the function is the integrand.) We have

w x+1 b
AP = ,Z: [r(r +x+l) o+ x)]
@ 1
= (L0 m

= 1 1
—rz-t:i [H»xmr%»x-}-l]
1

i

x+1

The following relation exists between the digamma function and the natural
legarithm:

i 1 i
F =lim {loofy & 1 b 1Y e e s e b
)= .}E’g [log(x trtl) x+1 x+2 x+ n]

Another refationship between known functions is
d log[I'(1 + 0} =F(x)
dx OB h

If we differentiate again, we get the so-called trigamma function

L totrr 91 =5 ol = P
the tetragamma function
:aiog{F(I+A)]mm2$ i)
the pentagamma function
a4 1
pRC logll{t + x)} = 62 IR = F"(x)

ete,

These functions have been tabulated [47])and can be used to sum series whose
general coefficient is a rational function. It should be recognized that much of
systematic integration is based on the integration of rational functions and that
this introduces the new functions In x and arctan x. Similarly the summation of
rational terms leads to the corresponding functions.
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For example, supposing we have
& Pn—Z('x)
N i
*gl Pf!(‘x)

where P (x)is a polynomial of degree mand P, _ 5(x)is at least two degrees less than
P{x). Using partial fractions, we can write {where the g, are the zeros of 2,(x)]

2 A A, Ay B, B,
8 = 1
xgl[xwa1+x~—a2+ +x-—a,‘+(x--a1)2+(x-~az)2
+...+___§!‘_._.._+...+ Mi 4 Mz 4 Mk }
(x - a,)’ (x —a)"  (x—a)" (x — a)"

We cannot rearrange the first group of terms since individually the series diverge.
However, it is easy to see that ¥ ., 4, = 0; hence we can write

A A A A A4 A
240 () -4
X—4y, X X—ay; X X—d X
without changing the value of theterm. We now have the seriesin a form that we

can rearrange easily. As an example, consider {47)

{
@ T~ T Didr 7 37

° £ 01 0t 3 1t 1
=;[“4x+2+2’4x+1+Z'4x+3+§'(4x+3)2]
— 14F(1[2) — 1/16F(1)4) — 3[16F(3}4) + 1/32F/(3/4)

S =

s
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DIFFERENCE EQUATIONS

13.1 INTRODUCTION

In the finite difference calculus the analogs of differential equations are difference
equations. It might be supposed that corresponding to the differential equation

YV +2y=x
there would be the difference equation
Ay + 2y =x
It is a curious fact that this is nof the analogous form; instead we use
yx 41+ y(x)=x
which follows from writing
Ay(x) = p(x + 1) — y(x)

1t is easy to pass from one form to the other, and they are equivalent in this sense.
How we would go about solving the two forms, however, would be different.
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One advantage of the form using different arguments, rather than the A
operator, is that it more clearly reveals the nature of the problem. The equation

A%y + 24y + y = f(x)
looks as if it were of second order, but writing it in the function-value form
Y+ 2) = 2p(x + 1) + y(x) + 2[y(x + 1) = p(0)] + (%) = f(x)
leads to
y{x +2) =f(x)

which is trivial, It is the maximum of the difference in the arguments of the un-
known function that determines the order of the equation,

The close analogy between the difference and differential equations will be
exploited to shorten the treatment. We will also look at only the simpler prob-
lems in the field.

Among the various ways of approaching a field, one can give the general
theory or instead give only a few well-chosen examples from which the reader can
easily understand how the general theory goes. There are many occasions when
the second approach is more effective, and in this chapter we shalladoptit. Thus
the chapter is mainly a sequence of carefully chosen examples which illustrate how
to solve typical difference equations of the forms we need.

13.2 FIRST-ORDER DIFFERENCE EQUATIONS
WITH CONSTANT COEFFICIENTS

To solve the first-order differential equation

YV4ye=x
we first consider the homogeneous equation
V+y=0
To solve this, we guess at a solution of the form
y=ev
and get
e m+ 13 =0
m= -1
y=e*

and the general solution of the homogeneous equation is

yx) = Ce™™
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For the complete equation we again guess, this time at one particular solu-
tion. In this case it is reasonable to suspect that the right-hand side could only
arise from a function like

y=ax+b
Trying this, we get
a+ax+b=x
whichdeterminese = landb = —1. Addingthissolutiontothe general solution

of the homogencous equation, we have the general solution of the original equa-
tion
y==Ce* 4+ (x—1)

Al this should be familiar from the calcuius course, and follows from the
linearity of the operation of differentiation and the linecarity of the equation. We
expect, therefore, that the solution of the corresponding difference equation will
be similar.

Given the difference equation

Y+ D +yix) =x
we first solve the homogeneous equation
yx+ 1) +yx)=0
We guess at
yx) =a*
where we have used the conventional notation of writing @ = ¢™.  The result of
substituting this into the homogeneous ¢quation is

aa+1)=0
a= -l
Y6 = C(~1)"

For the particular solution of the complete equation with the right-hand side x,we
again guess at the form

yx)=ax+b
from which we get
ax+D+b+ax+b=x
a=1/2 b= —1/4
and the complete solution is

y=C(=1) +

2x ~ 1
4
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PROBLEMS

13.2.1 Bolve the equation Yoy — Yy - 1 ¥0) =0,
_n{n+1)

Ans. ¥ 3

13.2.2 Solveyen - ¥ys=m O =0.
13.2.3 Explain what you must do to solve yuyy — ays = a"
Ans. y={n+Cla?

13.3 THE GENERAL FIRST-ORDER
LINEAR DIFFERENCE EQUATION

We next consider
y(x + 1) + A(Gy(x) = B(x)
where A(x) and B(x) are known functions. The homogeneous equation is
yex + 1+ AG)pix) =0
thus

~ AQa)y(x) = A)A(x ~ p(x ~ D=
= (1" A(x)A(x — 1) -+ AQ0}(0)

where y(0) is an arbitrary constant, say C. Thus a solution is

Y+ = [ [~ 4]

yx+1

Let this solution be labeled u(x).
As in the case of differential equations, we set

(%) = u(x)v(x)
where u(x) is the above solution.  Putting this into the cornplete equation, we get
u(x + De(x + 1) + A)u(x)o(x) = B(x)
Substituting v{x + 1) = v(x) + Av(x), we get
() elx + 1) + Au(x)] + u(x + DAr(x) = B(x)
The term within the square bracket is zero, since u(x) is a solution of the homo-
geneous equation. Thus
B(x)
u(x + 1)

Av(x) =
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Summing this over the variable x from x = 0 to x = x, we get

o(x + 1) = ‘Z Bk

onk+ DT C

where C is an arbitrary constant.
This is exactly analogous to the case of differential equations and is known as
*the variation of parameters method.”

PROBLEMS

Solve the following problems,
1331 min+1)— (4 Dp(m =1

13.3.2 yn+ I)any(n}ﬁo’J’(l)z"l Ans. yin+ ]}—_—_—-("l)z
L
1333 (4 D3(n+ 1) — np(m) = n? Ans. ylnt 1) == i T 2n 63" aa

13.3.4 y(n+ 1) 3ny(n) = 3
1335 yind-D-ny(y=n (>0
13.3.6 ¥+ 1)~ (n+ Dyn) =20 — 1)

134 THE FIBONACCI EQUATION

Leonardo of Pisa (1180~1250) was interested in the famous second-order difference
equation with constant coefficients
Vor1 =VutVu-y  Yo=0 =1
where we have now adopted the subscript notation.
We again try
Yo
and get
a Yo' ~a—1)=0
@t g Jm 0

1+./5
2

a=

Henge the general solution is

¢, (1 +2\/ 5)" i, (1 —2\/ E)"

Ya=
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To satisly the twe initial conditions, we have available the two constants C; and
C,. We get the two following equations for them:

Yo €y + Cp=0
5 1—-./5
y1=ci(*_i_\/__)+cz( f)m.l
2 2
This gives
Cim = =G,

NG

and the solution is

gL (1+J§)" 1 (1 —./5”}"

N2 ) T BV
Note that the square root cancels out (as it must since from the original equation
all the Fibonacci numbers are integers).

Mathematically speaking this is the solution, but practically it is generally
easier to compute the numbers from the equation than from the solution. Thus
we easily get

Yr=y +yo=l+0=1
V3=y;+ty=i+1=2
Va=Yys+y:=2+1=3
Ys=Yystpy =342
Ve =ys+ys=5+3=8

.................................

An alternate approach to the Fibonacci numbers uses generating functions.
If we multiply the defining equation by t"and sumn =1, 2, ..., we get

1 = n+ 1 = " = A~
7 Yy ity —y;="§;1ty..+t):f Yaw1

L n=t

Setting

21!5’" = Y{t)
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we have the following equation for the generating function ¥{t)

Y0 =y = Y0 +Y0)

Y(t)(-:-ul-!)mylmi
1
ft—1—1 1—t—¢

If this rational function is broken up into two linear factors and these are
suitably divided out, then the earlier expression for y, is obtained.

Y(i) = i

PROBLEMS

13.4.1 Divide out the generating function to find the first five Fibonacci numbers,
13.4.2 Find a {formula for the sum of the first N Fibonacci numbers.

N
Ans. E‘:}'.m)’ma”l“)’s“f

13.4.3 Carry out the steps in the last paragraph in this section.

13.5 ANOTHER EXAMPLE OF A
SECOND-ORDER LINEAR EQUATION

As a second example, consider the equation
Xgpy — 2%, 008 +x,_, =0

where ¢ is some constant. Wetry

It

X, =4
at —2acosp+1=0
=c0s ¢ \/ cos?p—1
=cos ¢ +isin¢
=g e
Hence the solution is
x, = C;e'® 4 C,e~
or, if you prefer,
%, = Oy cosng + C, sinng

This can, of course, be checked by direct substitution into the difference equation.
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PROBLEMS

Solve

1351 yauy— 29scosh ¢ + ¥ouy =0

13.5.2 Yoer 4 2ap, =~ b,y =0

13.5.3 ¥ows = @;¥n - 02 Vo1 yowo Y= da

13.6 AN EXAMPLE OF A SYSTEM OF EQUATIONS

A system of two first-order difference equations is equivalent to a single second-
order equation. Often all that is needed is the behavior of the solution, and we
now give an example of how to find the behavior without actually solving the
problem. Consider the system of equations

Doty = Pn+ Ky

To+1 = Pn +Qn

{13.6.1)

We know that the solutions will be of the form
= Aa," + Ba,"
Pr= 200 T8 1362
g, = Cay” + Day’

with some constraints on the four coefficients 4, B, C, and D. We assume
lay| > laz]. We can write

M __Pn+KQn _an'Qn-!_K

Int1 pn+qn B pn]qn+ i

(13.6.3)

But
P, Aa,"+ Bay' A+ B(az,fa,)"qA

4, Ca;”+Day” C+ Dlasfa)y C
asn— o, Let 4/C=r. Thenin the limit equation, Eq. (13.6.3) gives

r+ XK
r ==
rl
This is the same as
rP+r=r+Kk
r=\/I-(=Eim}—;-'-'

Thus we have a way of computing square roots regardless of the initial choices p,
and g, (not both zero).
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PROBLEMS

13.6.1 1In the above example, discuss the cases where
a, = Qa;
Gy = il
i3.6.2 Discuss the case
Pov1 = aps + bgn
Gas1 =+ dgn
13.6.3 Discuss the possibilities of the starting values for p, and g, eliminating a,, that
is, A = C =0, with due regard to roundofl.

13.7 A SYSTEM OF EQUATIONS WITH
VARIABLE COEFFICIENTS

Consider finding the values of the two integrals

o0
Jn} = f x'e " ®sin v dx
o
nz=0
K(n) = f x"e”*cos x dx
i}

We shall be particularly interested in showing that J(4k + 3) = 0, because using
the transformation x = {14, we get the integral

o
4J(4k+3)=f e " sin Y dr =0 k=0,1,...
L+l

This shows that the kernel in the parentheses has al/its moments equal to zero, but
is not identically zero. Thus the moments of a function do not uniquely deter-
mine the function.

The second purpose of this example is to show how a system of equations
with variable coeflicients can sometimes be reduced to a system with constant
coefficients by a suitable choice of notation,

Using integration by parts on both integrals, we get the pair of simultaneous
linear difference equations

I(n) = g W= 1) + K2 — 1)}

Kn) =5 [~J(n = 1) + K(n = 1]

Standard integration tables give J(0) = K(0) = 1/2.
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The variable coefficient n/2 suggests that J(n) has a factor n/2, J(n — 1) has a
factor (n — 1)/2, etc., which suggests that J{n} behaves like n1/2",
Thus we are led to the transformation

Ty =00
K =5, ke

which leads to the system
iy =jn— D +k-1) J@ =172
y= —jn— D +kin—1) k0}=172
We reduce this to a single second-order equation by writing the top equation as
Jn + 1) = j(n) + kin)
and using the second equation of the pair, we eliminate k(n)
Jor 4 D) e jln) + ~jin —- 1)+ k(n— 1)
Now using the first equation, we eliminate k(n — 1)
Jr+ D=2+ 2in- D=0 JjOy=12 j()=1
The general solution is {where | = \/:T)
J = G+ + Cy(l — i)
The initial conditions give
C,+ C; = 1/2
(d+0C + (0 ~DCy=1

which leads to

1 1+4i
Cl =T CZ;T
and finally
1
Jlny =5 {1+ R S (R
or

J(n) = i,,ﬂ.;']‘ (14 taed- i)n—il

(which is actually a real number).
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To find J(4k + 3}, we observe that
(I+iY=14+4i+62+4%4i*= ~4=(1 i)

hence
(4k + 33! . .

J{k + 3) = "27*7‘7% {(~DMA+ P+ =D =0
PROBLEMS
13.7.1 Showthat K(4k-+1) =0
1372 1t

" cos k8 - cos k¢
g} = .L cos f — cos ¢ 4

show that for k& = an integer, () satisfies
Doy —2c0sd Ly () + L{d) =0 hi) ==
and hence
sin ke
I} = m‘

13.7.3 Solve the system of equations in this section as a system.

13.8 SECOND-ORDER RECURRENCE RELATIONS
Many of the special functions that arise in practice satisfy second-order linear-
recurrence relations. For example,
sinnf: sinfn + D@ — 2cos Osinmf +sin(n — DO =0
cos ni): cos(n+ 1F — 2cosGcosnfl +cos(n — D=0
Tx): Toax) = 2xT(x) + T4{x) =0
where T,{x) is the Chebyshev polynomial of order n (see Chaps. 28 and 29). Not

all special functions satisfy such equations with constant coefficients. Most of
the special functions have equations with variable coefficients; for example,

2
Jori@) = THl&) + fums(2) = O

is the equation for the Bessel functions J(z) and Y, (z) of the first and second kinds.
The variable is, of course, #, and not z.
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It is reasonable to expect that locally the solutions of an equation with vari-
able coefficients will behave much like the solutions of an equation with constant
coeflicients, provided the constants are some reasonable local averages of the
variable coeflicients. Assuming that this is so, we recall that the solution was
typically the sum of two solutions and of the form

Y= Cra" + Cyay”

Supposing that |a,| > la,]|, then even if we started with C; = 0, roundoff
would bring in some of the first solution, and in time this would dominate so that
the second solution would not be visible

L
Thus because of roundoff noise the calculation of the second solution is not
practical this way.

This is what usually happens in practice—we want the solution that is
growing less rapidly than the other. For example, the Bessel function J,(x) de-
creases as a function of nin the long run, while Y, (x) grows toward infinity. Itis
obvious that the way to counteract this effect is to compute from high values of n
to Tow values so that the desired solution will grow and the unwanted one will
decay. Thus starting out with a sufficiently high index n, we set the (n 4+ st
solution to zero and the nth one to some value,say 1. Recurring down, we see the
numbers grow {there may be local oscillation, but the amplitude will grow) until
we get down to the first value. We will not have Jy(x) but rather some constant
multiple of it, and our problem is to find this constant. In the case of the Bessel
function it is customary to use the known identity

Jo2) +2 S:i-fzm(z) =1

to determine this constant. Thus the recurrence has given us not only J,(x) but
also many of the values J,{x) (not all the way up to the starting value but quite a
way up provided we started high enough in n).

Thisisanimportant fact to realize; it means that when we are presented with
an expansion of a function in terms of a special function, we may many times find
all the function values (for a given x) with a comparatively small amount of com-
putation. Thus much of classical mathematics becomes practical when this de-
vice is used.

We have not discussed the way to pick the starting index #, as thisis a com-
plicated topic of some specialization, nor have we made the treatment rigorous.
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When it is necessary to do some such recurrence, the reader can consult the litera-
ture.?

In the case of the trigonometric difference equations it has been observed
that it is better to use the pair of first-order equations than the second-order
equation. Furthermore, experience shows that the use of cos = 1 — ¢(8) is
preferable, Thus the equations to be used are

sin{x + Ax) == gin x — ¢(Ax)sin x -+ cos x sin Ax
cos{x + Ax) = cos x — ¢(Ax)cos x — sin x sin Ax

These are very useful in practice, especially when converting point by point from
polar to rectangular coordinates. Experience shows that the accuracy is better
than + 3 in the sixth significant figure in an eight-digit computation provided the
equations are reinitialized every 100 steps. If + 3 in the fifth is acceptable, then
reinitialize every 500 steps.

1 See the classic papers by F. W. §. Olver, Numerical Sohtion of Second-Qrder Linear
Difference Equations, J. Res., Natl. Bur. S1d., vol. 71, nos. 2 and 3, pp. 111-129, Apr.~
Sept. 1967; and Bounds for the Solutions of Second-Order Lingar Difference Equations,
J. Res., Natl, Bur. $td., vol. 71, no. 4, Oct.-Dec. 1967,
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14

POLYNOMIAL INTERPOLATION

14.1 ORIENTATION

Speakingintheatricalterms, wehave just finished Act I in which various ideas and
techniques are introduced and used to meet 2 number of short-range goals. In
the second act, Part Il of this book, the individual ideas and techniques will
reappear in various ways, and a number of new ideas will also make their appear-
ance. It will also include the further development of the basic themes with more
of the classic “unity, emphasis, and coherence.” Act I, in its turn, will give
some new views of what happens in Act I, as well as introduce a few new themes.
Regretfully for the analogy {and for the book}, Parts]V and V are not the dramat-
ic conclusion in which all the loose ends are gathered together, but rather they
drift into a collection of miscellaneous topics needed to round out the whole.
Thus they lack much of the central unity of Parts Il and I, and only a few of the
carlier themes are picked up and developed further.

In Part I we were almost exclusively concerned with finite, discrete problems
and faced the infinite only in the very mild form of an infinite series.  Thus the
finite nature of the machine occurred mainly in the form of roundoff. {nParti}
we begin with interpolation, the simplest of the problems in which truncation
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error occurs, and we proceed to more difficult problems such as integration. We
will also introduce (Chaps. 2510 30) a pair of new ideas as to what is regarded as a
solution to the problem of approximating an infinite operation with a finite
amount of arithmetic on a finite computing machine.

We are more concerned with methods than with results, and therefore the
results are often scattered in various chapters. For example, “' Interpolation” is
the title of this chapter, but it is also treated in Chaps. 15 and 17 through 20; the
Index provides the cross references to subject material, while the chapters tend to
be organized around the methods and ideas used.

14.2 INTERPOLATION

The first problem in inierpolation that a person usually meets is that of “reading
between the lines” of a published table, say a trigonometric or logarithmic table,
In this process it is customary to use a straight line that passes through two adja-
cent fable points—exactly the same as we did in the false-position method (Sec.
4.4). If we use the straight line to compute the values of the function in the
interval 2 < x < b, then it is called **interpolation,” while if the value to be com-
puted from the line lies outside the interval, then it is called “extrapolation.”
The formulas in both cases are the same

S =fla) + 5 L&) ~f(a)]
Ab—x)f(a) + (x — a)f1})
- b-a

it is only the value of x that differs.

In the case of Newton's method for finding the real zeros of a function
(Sec. 4.6), we used both the value of the function and the value of the first derivative
at the point to determine the approximating line and its zero. The formula was

Jx)
Fxa)

Ko +p = Xy —

fixy
ftx)

f Extrapolation
x
/

FIGURE 14.2.1 Interpolation
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To generalize, we can use as our samples bot/i function values and values of
various orders of derivatives to determine a suitable-degree polynomial that will
be used as the basis for interpolation. We have called this process ““analytic
substitution™ (Sec. 4.6)—for the function we cannot handle we substitute an
analytic approximation that we can.

The samples we use can arise directly from measurement, or they can come
rom computing values of a function that we cannot handie and are forced to
sample.  In the first case we generally have little or no control over the samples
e are given (the information), and the samples are generally equally spaced in the
ndependent variable. In the second case we can select what we will use, and this
resdom is applied in later chapters, especially in Chap. 19 where we will use
ampling places that in practice would be awkward to measure but are easy to
:ompute from a function {on a computer, but not by hand).

Because of the wide variety of possible combinations of sampling places, and
if values of functions and derivatives that are possible {and actually do occur in
rractice}, it is hopeless to try to give a formula for each specific situation.  Instead
/e give a general approach which finds the particular formula that takes advantage
f whatever information is available, We also need a broad approach within
*hich we cancompare various formulas, so that we can both pick out the right one
» use and compare alternate approaches to a situation,

The plan is, therefore, to examine the use of information in these forms:

Function values only—Chaps. 14 and 15
Values of the derivatives—Chap. 17
Differences of function values—Chap. 18
Arbitrarily placed samples—Chap. 19

1ext is chipped in Dover raprint

Once we have decided on the information we are going to use {position as
:Il as function and derivative values), then we face the problem of picking the
155 of approximation functions to be used. In Part IT we will use polynomials
clusively, and this is the classical approach. In Part 1H we will use sines and
sines, which is the more modern approach. Exponential approximation
curs in Part 1V.

Next we need to consider the eriteria we will use to pick out the particular
xmber of the class to use. We have so far used polynomials that exactly
itched (agreed) with the information in the samples (within roundoff). In
aps. 25 to 30, we will use two other criteria, least squares and the Chebyshev, or
nimagx, criteria.

Lastly, where shall we apply the test for matching? This question we will
stpone for some time, though we faced it in finding zeros when we asked
ether it was the closeness of the function to zero or the closeness of the com-
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puted root to the correct one that we wanted to achieve. 'We will for now simply
assume that it is the two functions, the given and approximating ones, that are to
be close to each other. However, in Part I1I we will see that there are very differ-
ent answers to the question of where we should apply the criteria of matching.

To summarize, we have four questions which, it will turn cut, determine the
formula uniquely:

I What samples (function and derivative values, etc.) shall we use?

2 What class of functions shall we use (polynomials here in Part H)?

3 What criterion shall we use (exact matching, least squares, Chebyshev,
etc.}?

4 Where shall we apply the criterion?

14,3 INTERPOLATION USING
ONLY FUNCTION VALUES

Cur basic tool for finding formulas is the method of undetermined coefficients.
The method assumes the form of the answer, and the conditions on the formula
determine the arbitrary coefficients of the form. For example, given ¥ + |
sample points (x;, y} (i = 1, 2, ..., N + 1), we can fit a polynomial of degree N

N
Py(x) mag + ayx + a3 x° + o+ ayx® = ¥ g x*
=0
to the data (since the polynomial form has exactly ¥ + 1 coefficients to be deter-
mined by the N + 1 conditions). The condition that the polynomial Py(x) pass
through the sample point (x,, ¥,) is
N
vi=Pyx)=Y ax! i=12... N+l
k=0
These NV + 1 equations determine the coefficients a, .

The determinant of the coefficients of the unknows, a, , is the Vandermonde?
determinant

1 ox Xy Xy
X X * X3 %
Ver =1, 2 = |x}]
N P i
1 x% x
KN4 N+t N+1

! Alexandre Theophile Vandermonde (1735-1796).



14.3 INTERPOLATION USING ONLY FUNCTION VALUES 231

In the next section we will show that if x; # x; for i # j, then the determinant
cannot be zero; hence we can always solve for the g, , and we have a solution to the
interpolation problem for polynomials.

If we solve for the g, by the use of determinants, substitute the results into
the polynomial, and finally rearrange it suitably, we would have

¥ P ox x? e xM
2 N

34| I ox Xy Xy

V2 I ox, xt e V=0
2 v N

Yuer 1 Xyt Xies AN+

We can see directly that this is the solution, Expanding by the elements
of the top row, it is clearly a polynomial of degree N. If x and y take onthe values
x; and y;, then two rows would be the same, and hence the determinant would be
zero. This observation shows that the polynomial passes through the given
points.

From this form it is immediately evident that if all the y, were zero, then the
polynomial would also be identically zero, y{x} = 0. This result is important
because it means that the interpolating polynomial is unigue (within roundoff’}. The
interpolating polynomial can be written in many different forms and in many
different notations, but if the same information is used in two different methods,
then necessarily the two resulting polynomials are the same (within roundofl). It
is also easy to see what the condition is for the coefficient of xy to be zero. We
will speak of the interpolating polynomial being of degree N even if, as sometimes
happens, the actual polynomial is of lower degree.

As an example of finding an interpolating polynomial consider the problem
where we are given the four points (0, 2), (1, 2), (2, 0), (3, 0} and wish to determine
the cubic through them (see Fig. 14.3.1). We¢ have the four equations

POy=2=a,

P =2=ay+a,+a,+a,
P(2)=0=ay + 2a, + 4a, + 8a,
P(3) =0=ay + 3a, +9a, + 27a,

It is easy to eliminate a, = 2. We next subtract twice the second equation from
the third, and three times the second from the fourth to get

"2 = 202 + 65‘3
~2 = 6a, + 24a,
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FIGURE 14.3.1

It follows that

a; =23

. ﬂ2=“"3

4 = Gaty a, =3
ag =2

and
P =2+ 3x~3x% + 4x*
As a second example, we find the interpolating polynomial for
y=logx x=12,34
We have for the equations that determine the coefficients of the cubic
Py oay +agx + ay 2%+ ay x°
log I =0.0000 =ay +a, +a, +a;
log 2 = 0.3010 = a5 + 2a, + 4a, + 8a,
log3 =0.4771 = a; + 3a, +9a, + 274,
log 4 = 0.6021 = ay + 4a, + 16a; + 64a,
Eliminating a, pairwise to preserve some symmetry, we get
0.3010 = a, + 3a, + 7a,
01761 = a; + 5a, + 194,
01250 = g, + Ta; + 37a,
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Again eliminating pairwise, this time g,, we get
—0.1249 == 202 + 12(13
~0.0511 = 2a, + 18a,

Eliminating a,, we have

a; = 0.01230
ay = —0,13625
0.0738 = 6a; az = 0.62365
g = —0.49970

and

Py(x) = 0.0123x% — 0.13625x% -+ 0.62365x — 0.4997
This, then, is the cubic approximating y = log x.

PROBLEMS

14.3.1 Find a quadratic through €0, 1}, {1, 2), and (2, 3).
14.3.2 Find a quadratic through (~ 1, a), {0, B}, and {1, ¢).

Ans. y(x)=b+c_2-ax~i~c-—22b+ax

3

14.3.3 Find a cubic through (0, B, (1, 03, (2, 1}, and (3, 0).

- 2x? 10x

Ans. ¥x) = 3 -+ 3x® — 3 +1

14.3.4 ¥Find a quartic through (—2, 4}, (— 1, 5, (0,2), (1, &), and (2, a). (Note that
the symmetry removes the powers x and x*.)

144 THE VANDERMONDE DETERMINANT

In Sec. 14.3 we met the important Vandermonde determinant, which plays a
central role, along with its variants, in the theory of polynomial approximation.
The determinant is defined by

Vsl X200e0s Xyag) = fx k=0,1,...,N
i=1,2,...,N+1

Consider it as a function of the variables x,. It is clearly a polynomial in
the x;, and a count of the exponents shows that the degree is

NN+ 1)

Okl +2+3+ 4+ N=—ry
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Now if xy 44 = x,, then V., = 0, and the determinant has the factor xy.; - x,.
Similarly, if xy,; = x5, X5, ..., Xy, then we have the corresponding factors.
Thus we have, in total, the N factors

N
H (xyay — xj}
=1

Again, if xy == x, X3, ..., Xy, we have the N - 1 factors

N1
Q!(XN ""x_;)

Repeating this argument, we see that we have all the factors

This product is a polynomial of degree

NN+

N+N—D++1 5

and so we have found a/l the factors, and it remains to find the multiplicative
constant by which the two representations might differ. To find this constant
we compare the same term in both representations. The diagonal term in the
determinant is

1xy e x% o xfly

The term from the lefi-hand sides of the product is

N N1,
et " XN X2
These are the same, hence
X N+l
Ve Xz0 000y Xyagd = || 2 H {x ~ x3)
k> j=t
The Vandermonde determinant shows that the powersof x {1, x, ..., ¥")are

linearly independent over any set of N + 1 distinct points. Thus sampling a
polynomial of degree N at N + 1 distinct points enables us to reconstruct (within
roundoff) the polynomial from the samples alone.  Inthis form it compares with
the famous sampling theorem which we will examine in Chap. 34. The funda-
mental theorem of algebra shows that the powers of x are linearly independent in
any interval; the Vandermonde shows that the first N + I powers are lincarly
independent over any N + 1 distinct points, and we know that there cannot be
N + 2 functions linearly independent over N + 1 points.
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PROBLEMS

I14.4.] Bydirect expansionof the determinant show that ¥s(x,, x1, x3) factors properly.
I44.2 Show directly that

N
Vier=Fu "}__II(XNH — x)

and hence evaluate the Vandermonde determinant by recursion.

145 LAGRANGE! INTERPOLATION

In this section we give an alternate approach to the problem of finding the inter-
polating polynomial through N + 1 sample points. The method, ideas, and
notation are more important than the result.

Suppose we first find a polynomial of degree N through the N + 1 points
whose y values are all zero except the ith which we will take as being 1. We
introduce a notation that we shall repeatedly use, namely,

) = (x = x)x = x2) 0 (X = X X~ X g) (X = Xy gy)

which is the product of all the factors except the ith one. Using this notation,
we easily see that the solution to the problem is

since for { # f
n{x) =0 mx)#0 and

This sampling polynomial is of degree N and has the required values of being zero
at all samples except the ith at which itis 1.

Now, just as we did in the first matrix inversion {Sec. 7.11), where we con-
structed the general solution out of the special unit solutions, so, too, we have by
immediate inspection that the general solution is

P =5 2]

This technique of using the sampling polynomials is very useful and should be
clearly understood.

Floscph-louis Lagrange {1736-1813).
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The Lagrange interpolating pclynomial is, of course, the same polynomial
as before in Sec. 14,3, within roundoff, It is written in a different form which is
more of theoretical than practical interest (since it has a great deal of roundoff in
many cases).

14.6 ERROR OF POLYNOMIAL APPROXIMATIONS

Givena function f(x}, we took N + 1 sample points (x;, ¥, = 1,2,..., N+ 1),
and found a polynomial Py(x) through these points. We intend to use this poly-
nomial in place of the original function, and it is therefore important to examine
the question of how much the function and the polynomial differ at points other
than the sample points (where they agree within roundoff error).

As an example, consider the function y(x) = log x (see Table 14.6). In
Sec. 14.3 we found the polynomial approximating the function. As a measure
of the difference log x ~ P(x), let us examine the values at the sample points and
the midpoints between them where we would expect the error to be fairly large.

A theoretical expression for the difference between the original function
Jx) and the approximating polynomial P(x) can be found if we observe that the
difference is zero at all the sample points, and write

Yx) — P(x) = (x = x)(x — x5} (x = xy 4 JK(x)
where K(x) is suitably chosen.  We now choose an arbitrary x*.  We have
Hx*) = P(x*) = (x* = x )(x* = xp) o (x* — x4 )K(x*) = 0
Now consider the function
®(x) = p(x) — P(x} — {x = x)(x — x2) -+ (X — Xy 4+ JK(x*)

If y(x) has an (N + 1)st derivative, we can differentiate N + 1 times, and since
P(x}is a polynomial of degree N and K{x™*) is a constant, we get

OF(x) = YU — (N + DIR(xY)

Table 14.6
x fog x P(x} log x — P(x}
1.0 0.0000 0.0000 0.0000
1.5 0176F Q4707 400054
20 03010 0.30i0 0.0000
2.5 03979 04000 —0.0021
30 04771 047 0.0000
3.5 05441 05414 +0.0027
4.0 06021 06021 0.0000
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But ®(x) vanishes N + 2 times {at x* and x,, x5, ..., Xy4+,)- Hence, by the
mean value theorem, ®'(x) vanishes at least N + 1 times in the interval containing
all the x values {including x*). Continuing to apply this theorem, we find that
DW(x) vanishes at least N + 2 — k times and that @+ ')(x) vanishes at least once,
Thus there is an X in the interval of the x values such that

YEHOE) = (N + 1)IK(*)

We now have a value for the constant K(x*} and can put this back in the original
expression to get

o X xg) e (XY iy YT O(R)
N+

%) = Py + &

But, since x* was arbitrary, we may write x* as x, and we have finall
y \J y

(=, Hx = x5} e {x = xpy JWEEI(R)

¥x) = P + Y

If we use this error term to estimate the error made in interpolating in the log
table, we pet

(x — Dix — 2‘)*(|x = 3)(x — 4) SN

To estimate the error at x = 3/2, we obtain

(= 1D(=32(=5[2) {6\ _15 |

41 (5&‘*) T 64 %,
Allthat we know is that | £ x < 4. At worst the error is 15/64 ~ 0.23, while at
best it is 0.001-—from Table 14.6it is about 0.0054, which shows how little accuracy
such an error term actually gives in this case.

It should be noted that the value X = ¥{x) depends on x, and there may be
several ¥'s for some values of x.  Also, ¥ is not necessarily a continuous function
of x. ‘This latter eflect is illustrated by applying the mean value theorem to the
function y(x) = x(1 — x)* (Fig. 14.6.1) and choosing a =0 in the usual form for
the mean value theorem:

y’(f) :y(x) :y(a) - :?_Sf} - (i — x)Z
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Vi x(k-x?)

1
FIGURE 14.6.1 3

Thus y'(X) = 0, and as
x goes to O to 1, X goes from 0 to 1/3
x goes from 1 to 2, X goes from {/3t0 0
x goes beyond 2, X jumps over the interval where ' <0,to x> 1

Hence X = ¥(x) is not a continuous function of x.

147 DIFFICULTY OF POLYNOMIAL APPROXIMATION

1t is customary, as in the previous section, to express the error of a polynomial
approximation in terms of a suitable derivative of the function being approxi-
mated. It is usuaily thought that for “ most’ reasonable functions such expres-
sions for the error become small for sufficiently large n, but this is not so,

Suppose that we restrict our discussion to amalytic functions, that is,
functions having a convergent Taylor serieg

o {(x = xo)
yxy=3 — ¥Ax0)
=0 n:

at all points x; in our range of interest, If, further, the function is an integral
{entire)} function, that is, converges everywhere in the finite part of the complex
plane, as do sin x, €%, polynomials in x, etc., then it is indeed possible that all the
higher derivatives are small. But if the function has a singularity in the finite
part of the complex plane, as do tan x, log x, rational functions in x, etc., then the
Taylor series must have a finite radius of convergence R, and this in turn means
that for an infinite number of values of »

(R+5)

o {¥"(x0)| 2 1 £>0

() n!
§y (xo)iz(R+£)n
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1n words, the upper bound on the sth derivative grows as nl.  As an example,
consider

y=inx
;1
T x
. =1
y =
w 2
e

(=1 (n = 1)!
my N L N
o= I

Thus, even though the curve y = In x looks smooth near some value x, neverthe-
less as n gets large, the derivatives at this point become very large in size and tend
to behave as nl or worse.

This is the general case; for * most” functions some of the higher-order
derivatives tend to grow asnl.  }tis only for certain integral functions that all the
derivatives can remain bounded.! Even for polynomials there is a tendency for
the derivatives to grow in size unti} the Nth one which is @, N1, after which they
suddenly all become zero. Of course, many of the higher derivatives of 2 function
may be small while some of the others are large. For example, an even function,
F(x), has all its odd-order derivatives equal to zero at the origin, but if the func-
tion is not an integral function, then there are also an infinite number of the even-
order derivatives which tend to behave as n!, or worse.

It would be helpful if we had to deal only with integral functions which can
have nicely bounded derivatives, but the facts seem to be that if the function is an
integral function, quite likely the whole problem can be solved analytically,
whereas if it is necessary to use numerical methods, the function is likely to be
rather poorly behaved.

The Weierstrass theorem which states, loosely speaking, that a continuous
function in a closed interval can be uniformly approximated by a polynomial is
often cited as justification for using a polynomial approximation [49, pp. 28-31].

* The converse is not true; the derivatives of an integral function do not need to be
bounded. For example, if y = xe¥, then y(0) == u.
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However, the method that we have been using of exact matching at the sample
points is not the way in which the Weierstrass polynomial is defined; hence the
theorem, while possibly suggestive, does not apply. Indeed, the simple function
{36}

———— 5 5
y{x) xg £x<

is well known as a bad example, since as a selected set of equally spaced points is
increased in number, the approximating polynomial (in the sense of exact match-
ing) diverges from the function between some of the sample points, Thus, even
for equally spaced saraple points, we cannot rely on a polynomial to be a good
approximation if exact matching at the sample points is the criterion used to
select the polyromial. The explanation of this phenomenon is, of course, that
the derivatives grow too rapidly.

As an example of this effect, consider the Riemann zeta function given in
Table 10.6.2 in Sec. 10.6. 'The top line of differences does not tend to become
small very rapidly, which is caused by the obvious singularity at x = 1.

It should be noted, however, that if a table is given at one-half the spacing of
a second table of the same function, then the first differences are one-half as large,
the second one-fourth as large, etc., as those of the second table.  Thissuggestsan
empiricalrule: I the differences of a table approach zero rapidly, then probably
too small a spacing was used and the table was overcomputed, whereas if the
differences do not become small, then a finer spacing should be considered.

A final, and perhaps much more basic, objection to polynomial approxima-
tion is that it rarely has any physical implications that will lead to useful insights,
Remember: The purpose of computing is insight, not numbers.

On the other hand, the theory is simple and well developed, requires a
minimum of computation, and is useful. Experience shows that polynomials
often do a good job, although the error term may be either unobtainable or
pessimistic. The values of the difference table can be highly suggestive of the
values of the derivative, and they indicate the smallness of the contribution due
to taking more terms in the Newton interpolation polynomial. However, the use
of the differences as a guide to the values of the derivatives cant be dangerous; thus,
for integer x the values of sin nx are all zero, so that the difference table is also all
2eros, suggesting zero error in the approximation

sin tx =0

which is hardly true. The fallacy is obvious here, but in some situations it might
be overlooked.
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PROBLEMS

14.2.] Compute the nth derivative of

111 1 —
=l( L _ L} ovC
Tt xt 2f(x--:' x+i) ' !

and evaluate at x =0,

14.8 ON SELECTING SAMPLE POINTS

The problem of which sample points to select occurs when we try to interpolate.
1f we had complete freedom in choosing, we would select the value x for which we
were going o interpolate, thus making the problem trivial, But it often happens
that we have an extensive set of values (x;, ;) which we might use, none of which
coincides with the desired value x.  In the absence of knowledge of the size of the
derivative occurring in the error term we can only pick our samples to minimize
the factor

(= X )(x = x3) o (X = Xypg)
in front of the derivative term.

Common sense and the minimization of this factor coincide, that is, use
information close to the place at which we want to interpolate.

149 SUBTABULATION

Subtabulation means interpolating values into a table at equally spaced points,
This is often far cheaper than computing the values at the points. Of course it
requires the use of some standard subtabulating routine, which is additional
programming, but it can often save machine time. For example, Table 14.9 for
cubic interpolation gives the values to use to multiply the original table values to
get the subtabulated values at one-tenth the spacing. Other formulas are easily
found.

Since the results of a computation are often to be used by humans, it is
necessary to have the final resulis at a fine enough spacing to support linear inter-
polation (most humans will not go into guadratic or cubic interpolation them-
selves). When the computation of the individual values is very expensive, that is
the time to consider subtabulation, a highly developed field due to past hand-cal-
culation efforts of table makers. Before making any table, consult Fox [12].
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Table 14.9
FOxy = Ay (M 1) 4 Aplf(0) 4 A (0)f(3) + A20f(2)

X A-g Ag A Az

0.0 0 1.0 0.0 0.0 1.0
0.5 ~—0.0285 09405 01045 —0.0165 09
0.2  —0.0480 0.8640 02160 00320 08
03  —00595 07735 03315 00455 0.7
04 —0.0640 0.6720 04480 --0.0560 0.6
05 00625 05625 05625 —0.0625 0.5

Aa As Ao Ay x

PROBLEMS

14.9.1 Using these Lagrange interpolating coefficients, compute the error integral at
1.40 from Table 10.6.3.

14.9.2 Using Table 10.6.3 of the error integral (Sec, 10.6), compute the entries in the
table for the midpoints.
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FORMULAS USING FUNCTION VALUES

15.1 INTRODUCTION

The purpose of this chapter is to present a uniform method for finding a wide class
of formulas based on sample values of the function. Chapters 17, 18, and 19
wiil elaborate the basic method for formulas that use other kinds of information
besides the function values. Chapter 16 is devoted to a uniform method for
finding the corresponding error terms of the formulas.

The emphasis is on a uniform approach to the problem of finding a formula
to meet a given situation.  We are not interested in giving an exhaustive list of
formulas because, among other reasons, it is hopeless. The situation is some-
thing like the problem of trigonometric identities. There are so many possible
identities that after giving a short list of basic ones and assuming a modest amount
of experience in deriving others, we drop the subject. One does not sericusly
propose to make a large table of trigonometric identities—it is generally casier to
derive the one you need from a few basic ones than to look it up in some large
table. Similarly, after giving a few standard formulas, we shall be content witha
description of fiow to find any reasonable formula you might want from the given
class of possible formulas.
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The problem may be viewed as one of information retrieval; we wish to find
a particular piece of information, not knowing for sure that it has ¢ver been
recorded, and instead of trying to provide a catalog of known results (which
would necessarily be finite and to a great extent represent past interests), we prefer
a method of creating it as needed. Instead of information retricval we prefer
information regeneration. Of course this attitude will not work in all areas of
knowledge, but in a mature science the principles should show how to recreate the
information on demand. We will end these few chapters with a flow diagram
indicating how to derive formulas. Currently on computers we recreate the
elementary, special function values when needed rather than use a table, and so
the approach is not novel.

Our basic approach is through these four guestions (given in the preceding
chapter):

! What samples?

2 What class of functions?

3 What criterion of goodness of fit?
4 Where is the test to be applied?

Here in Part {1 we use polynomials as our approximating functions, This, as we
said before, is the classical approach. In Parts IH and 1V we will use other
classes.

In the next few chapters we will use the criterion of the formula being true for
the successive powers of x, as high as wecan go. Later we will try other criteria.
We will also apply the test of accuracy to the functions themselves, and only much
later will we consider other ways of applying the criteria of accuracy.

Returning to the first question, What samples ?, we will confine ourselves in
this chapter to function values, in Chap. 17 to function values plus various orders
of derivatives of the functions, in Chap. 18 to function values and their differences,
and in Chap. 19 we shall take the location of the samples as parameters which
gives further freedom in the choice of a formula to fit a given situation.

Thus, the four questions provide the structure of the chapters and the basis
for our uniform method which is used throughout much of the book.

15.2 FORMULAS USING INTERPOLATION

The classical approach to finding a formula for some operation, typically integra-
tion, is to first find the interpolating polynomial and then apply the operation,
typically integration, to the polynomial. This is the method of analytic substi-
tution.
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As an example, consider finding the formula for integrating a function
between the two given endpoints g and 5. We have the two points (g, y(a)} and
(b, ¥(B)), and the interpolating line through them is

_ b — xpa) + (x — apy(b)

y(x) Py

Integrating this curve, we get

b -] — —
ECEE) G- DG,
_ = (b= x)y{a) + (x ~ a)’y(b)
- 2(b—a)
(b= a)'¥(b) + (b — 0*¥(a)
h 2(b ~ a)

- [y_{g’.}mgﬂ.@](b ~ a)

b

which is the well-known trapezoid rule.

As a second exampie, consider finding a quadratic through three equally
spaced points and integrating to find the area, We take the points (~1, (- 1)),
0, p(0)), and (1, ¥(1)). Using undetermined coeflicients, we assume the form

y=dAs+ A;x + A3 x*
H=1)=A;— A + 4,
Y0} = 4,
)= Ay + A4 + 4,
It follows easily that
Ay = y(0)
Ay =3¥(1) - (-1}
Ay = 3y(1) = 29(0) + (- 1}

The integral of this quadratic is

' 24
I=f (Ao + Ayx + A7) de = 24 + 32
-1

== 2y -+ ${3(1) — 29(0) + y(~1)]
= 4y( 1} + 4p(0) + y(1}]

which is the well-known Simpson’s formula.
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Suppose we apply this formula to
1
f e dx
9

We need to shift either the formula or the integral so that the ranges match; we
move the formula

13
[ ydxe =400 + 4@ + )

e® = 1.0000 I-e = 1.0000
e'i? = 1,6487 4 - elf? = 6.5948
el =2.7183 1-e'=27183
10.313

L = 1(10.3131) = 1.7188

1
B = f e*dx=e'—1=17183  error =0.0005
[+3

PROBLEMS

1
15.2.1 Compute L e~ dx using Simpson’s formula.

15.2.2 Compute Jm sirs x dx using Simpson’s formula.
o

15.2.3 Find the midpoint formula J: Fx) dx = f(1/2)

15.3 THE TAYLOR-SERIES METHOD
OF FINDING FORMULAS

There is a second method of finding formulas that is occasionally used. In this
method the function, typically an integrand, is expanded into a Taylor series
about the midpoint {usually), and then the unknown coefficients are determined
so that as many terms of the series exactly cancel as possible; the rest is regarded as
theerror, the truncation errer.  'Thus the truncation error is the rest of the infinite
series that did not exactly cancel out.

As an example of the Taylor-series approach, consider again finding
Simpson’s formula.

[ fodx=af(=1) + 870 + )
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We write f(x) as a Taylor series about x =0
x? x3 x*
Sx)=1(0) + xf(0) + 5/ O+ 5O+ 7O+
We get on the two sides of the formula
2 . 2 ..
AO+ 51O+ 5 @+

10 70 £
57 T3 T _]

=a [f(O) — O+

+ b £(0)]
+c[f({))+f’(0)+fz(:))+f3(!0)+f4(f)+---]

Since we want this formula to be true for a wide class of functions, we must
regard the derivative values at x =0 as being independent variables, and we
therefore set their coefficients equal to zero. This gives the equations [using

kif )

2=a+b+c
O0=—-a +e¢
i=g +c
O=~a +¢
$=a + ¢ + error

The solution of these equations is ¢ = 1/3 = c and b = 4/3, as before. We
see that Simpson’s formula is exactly true for cubics even though it was originally

!

FIGURE 15.31 -1
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derived only for quadratics. This is true because due to symmetry the cubic part
of the function exactly cancels out. Thus the cubic

¥(x) = x(1 — x%)

which vanishes at the sample points has its area equal to zero, and any multiple of
this can be subtracted from a function without changing the answer (see Fig.
15.3.0).

The value of the error E, is, from the last equation,

E4“‘§""i‘=_”i*!

154 THE DIRECT METHOD OF FINDING FORMULAS

Instead of finding formulas from the interpolating polynomial, which is the classic
method, we shall adopt another method, the direct approach to the formula.
This method is not only, as its name implies, more direct, it is also more power-
ful in that it can find formulas that the interpolation method cannot—by going
directly to the formula, we can avoid those cases in which thereis no interpolating
polynomial but for which there is a formula of the required form. But far more
important is the fact that the direct method provides a natural basis for generali-
zation to other classes of functions, It will he our basic approach to finding
formulas. For polynomials, the direct method resembles the Taylor-series
method, but has a different approach to the error.

To illustrate the direct method, suppose we again find Simpson’s formula.
We want a formula for the integral that uses the function values f{~ 1), f0), and

S
1
[ f@dx=af (=) + 50 + 5O)

where a, b, and ¢, are the undetermined coefficients. We make the formula
exactly correct for f(x) equals to 1, x, and x%.

fixy=1: 2= a+b+ec (1541

Sx) &= x: 0= —a +e¢ (1542}

S =x* = a +e¢ (1543

These equations are exactly those of the Taylor-series approach, and so the answer
is the same.
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We will, for the moment, rate formulas by the error found from the first
higher power of x that does not exactly cancel; in Chap. 16 we will in part justify

this approach. Putting x° in the formula, we get
O0=—q+¢

which is true from Eq. (15.4.2).
Using x*, we get
$=a+c+ E,
E,=%-1-t=-1%
as we should.
As a second example, consider finding a formula of the form

! .
[ FOsin g x dx = w1 o o £O) + S
With three parameters w_,, w,, and w, we can make the formula exact for f(x)

equalto I, x, and x%. We get
O=w_y+wy +w

8 = —W + w
a5 -1 5
O=w_, + w,
where we have used
LI 4 t . 8 L
f”“ismixdx—-o f__lxsmaxdx—;—i f_!x smzxdx—-ﬂ
The solution of the three equations is
Wy = 4 = - we =0
i -1 s =

and the formula is

t . n 4
f f(x)smﬁxa‘x= = [f(1) ~ f(~ 1]
-1 4
If we try f(x) = x3, we get (on setting x = %y)

1 . P4 2
3gin T I 3
j_lx smzxdx (n) f“my sin y dy

2 4 n/2
N (;;) [(3y* = 6)sin y — (y* — 63)c0s 1|
—njd

B - -o-ne

Hence E; measures the error,



250 15 FORMULAS USING FUNCTION VALUES

As a final example of the direct method, consider a formula of the form

2 T = w3 S=28) + w0 SO+ i SC)

We try successive powers of x

fx)=1: 2w g + Wy + Wy

J(x) = x: 0= —3w_s, + (Bwyys

S =x" 3= (-Dwogp + 3wy

J(x) = 0 (“5‘)3”’"2/3 + @)3“’2;3
f=x* =@ w.y, + ()W + Ey

From Eq. (154.5)

Was =Woas
Then from Egs. (15.4.4) and (15.4.6)

2 = 2w2” '§‘ Wo

1=2/3-2w;,;
we get
Was = 3[4 =w_y5
wo = 2/4
Equation (15.4.7) follows from Eq. (15.4.5), and Eq. {15.4.8) gives
i4
E,= %

(15.4.4)
(15.4.5)
(154.6)

(154.7)
(15.4.8)

These three examples should make clear the direct method; there may, as in
the second case, be some difficult integrations to get some numbers, but the

method is simple.

PROBLEMS
15.4.1 Find the formula for using
[0 reosin x ax
using f(—), f(—/2), f(0), f(=/2), and f(m).

ans. [ fesgsinx dx = (1 - f—) ) = £=m + 35 /2 = f (i)
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154.2 Find a formula for
1
- fo F(Oln x dx

using f(0}, £(1/2), and (1)
Ans. - j : FONn x dx = 3—15 O+ 20/ (/D) — f(D)]  E;==1/48

1543 Find j: £ dx = wo FOD) + wa fQID
1544 Find J’: e Xf(x) dix = wo £(0) -+ W F(2)

15.4.5 Find —j:f(x)in X dx = wo f(0) + wi f(1/3) + w2 F(2{3) + wa f(1)

15,5 THE INVERSE VANDERMONDE
The method illustrated in the last section consists of the following steps:

I Write down the proposed formula with undetermined coefficients.

2 For f(x) substitute 1, x, x% x%, ... until there are as many equations
as there are coefficients—later we may find that we need more equations.

3 Solve the resulting linear equations,

The equations can always be solved since the determinant of the unknowns is the
Vandermonde determinant, which we proved (Sec. 14.4) cannot be zero if the
sample points are distinct.

‘The equations define the formula and will be called the defining equations.
if we write the matrix of unknowns as

H i 1 cee
Xy Xz X3 Xy
- 2 2 2 2
X=1}x Xy X3 Xy
x;v 1 xg—-i xg—x xﬁ"‘

and write the weighits, which we have generally been labeling w; , as a column vec-
tor w, then the left-hand sides are the moments of the operator for which we are
finding a formula and are the column vector m in the equation

m e Xw

From this we see that there is a separation of the sample points used and the
operator. The sampie points occur only in the matrix, while the moments of the
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operator, which are all that we ever use of the operator in the method, are the
resultant vector. If we could find in some direct fashion the inverse matrix X ™!,
which depends only on the sample points, then questions of the loss of accuracy in
the solution process would be easy {0 examine. We therefore set about to invert
the matrix corresponding to the Yandermonde determinant.

The basis for the inversion process is the sample polynomials introduced in
the Lagrange interpolation process (Sec. 14.5), namely,

mL{X)
m(x;)

Notice that

m{x;) {0 is#j
zlx) I I=]
We will work with the n;(x) which have the property

=10

P F\nix) A0 i=J
Expanding out the m,(x), we have the polynomials

() =c X Gy X R by g =1

where the ¢, ; are the elementary symmetric functions of the sample points x;
exceptfor theithsample point. The matrix of coefficients times the Vandermonde
matrix gives

€10 €1,1 €1,z 7 Cn-1\fl 1 1 e
€z, €2, €22 "7 Cra-ifl %u X2 X3 Tt Xy
.......................... e %2 x? x? o xy?
N-1 N-1 N-1 .. _N-t

5,0 CN1 ON,2 Ca N-1f \ ¥ X3 X3 X
={755(-’Cj))

which for our initial purposes is close enough to the inverse.  To get the inverse,
evidently we only need to divide the ¢; ; by n{x}}, or else we can divide the answer
in the ith position by n,{x,) to get w,. Let C be the inverse matrix

C=Xx"1
then
w e O

is the solution of the system of defining equations.
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Itisimportant to notice that the inverse is found by forming the elementary
symmetric functions of the sample points, excluding one sample point each time,
and using these as the coefficients of the inverse, provided they are normalized by
the constant m,(x). There are no awkward questions of the solution of the
system of equations and ill-conditioning of the matrix; the method is fairly
straightforward and should be clearly understood since it will be developed
further in later chapters.

156 UNIVERSAL MATRICES

The special case of equally spaced samples arises frequently in practice, and it is
worth tabulating these wniversal matrices. We have labeled them S, with the
sample points used in the following parentheses; thus S,(—3/2, —1/2, 1/2, 3/2)
means that four sample points at —3/2, ~1/2, 1/2, and 3/2 are used. When this
universal matrix is muitiplied by the vector of moments of the operator we are
approximating, we get the weights of the formula,

Universal Matrices

si=s-wp={ TP=1(; 73

0 —% 4 0 -1 1
s,msg(—1,0,1)=(; 0 —1)=§(2 1] ~2)
¢ & % 0 i 1

- 2 i2 -8

1 7 - -

Se=Su—t ~h b D=| 3 o0 12 u
-3 -2 12 8

0 2~ -2 1
0 —16 16 4 —4
Sge= Sy(—2, 1,0, L, D=9 24 0 -3 0 &
0 16 16 —4 -4
0 -2 =t 2z i

Sg = Sel—f, 1., §)

45 —18 200 80 8 -3

~375 250 1,560 —1,040 —240 160

1 [ 2250 —4500 —1,360 2720 160 —320
~3840 1 2250 4,500 ~1,360 —2720 160 320
~375 250 1,560 1,040 —240 - 160

45 18 —200 -3 8 32

0 12 4 15 -5 =3 i
0 08 —54 —120 60 12 -6
0 —540 540 195 195 —I5 IS5
S =via} 120 0 —980 o 280 0 -20
0 540 540 —195 —195 15 1%
0 —108 -—354 126 60 —~12 6
0 12 4 —-15 -5 3 1
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To make sure we understand how these universal matrices work and their
power, let us apply them to a number of specific formulas. Again Iet us derive
Simpson’s formula #s a check on the method. We evidently want to use
S§3(—1,0,1). The moments of the operator are

1

momj ll-d'x-ﬁ——l.’.
1

my = xdx=90

-1

1
my = j 1x2dx=2/3

L s 00
Sym={1 0 ~1} [0}={%)=w
0 1 ¥ W A

which is, of course, the correct answer.
Next consider finding the Simpson’s * half-formula™

[ 7 ds mw_of(=1) + wo SO +5)

-1

Therefore we have

The moments are
° 1-4d 1
Mg = rdx =
A fwl

O
m, =Lxdx= —1/2

m =f° x2dx =13
? -1

0 ~-3 3 I 5
() -
0 3 4 i -1

Again, suppose we had tried to find a formula of the form

af

dx

Hence

= w_1f(=1) + wo f(0) + w, (1)

i

‘The moment vector is
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G 60

and we have

In the case of

! n
j f(x)sin = x dx
- 2
the moments were 0, 8/z*, and 0 so that
—4
0 -1 g 3
10 ~1] {5)=f o
0 i % T 4
0 b3
n

Last, suppose we wanted to interpolate at a point x using the same three
sample points. This time the moment vector depends on x. We have, after a
little thought,

X" X
0 -+ B /1 2
(1 ] ml) x)m - x?
0 3 i £ x4 x
2
or more usually
2 2
0 =52 10+ 0 - A0+ 5 1)

as the interpolating quadratic, which is clearly the correct answer.

PROBLEMS

Using the universal matrices, do

15.6.1 Prob. 15.4.2.

15.6.2 Prob. 15.4.5. Use S, and first move the formula to proper sample points,
15.6.3 Prob. 15.4.4.
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15.6.4 Prob. 15.4.3,
15.6.5 Prob.15.4.1.
15.6.6 Find a quartic interpolation formula through (-2, — 1,0, 1, 2).

15.7 SUMMARY OF THE DIRECT METHOD

The direct method consists of first deciding what information (samples) to use
and then writing a linear combination of this information with undetermined
coefficients. 'We have chosen in this chapter to confine the discussion to function
values at the chosen sample points.

We now impose the conditions that the formula be true for f(x) equalto 1,
x,x%, ... asfaraswe can go. This produces the defining equations. On one side
are the moments of the operator; typically this operator Is integration, but we did
one problem estimating the derivatives at the origin and another problem esti-
mating an interpolated value at the point x. On the other side of the equation is
the Vandermonde matrix of sample points. The inverse of the Vandermonde
matrix can be found, if desired, as a combination of sums and products of the
sample points in the form of the elementary symmetric functions, each time
excluding one sample.

In the special case of equally spaced values the inverse universal matrices
were tabulated.  They show clearly how the method separates the information
used (the samples) from the particular formula sought.

The fact that the Vandermonde determinant cannot be zero shows that any
formula we want can be found provided we can find the moments of the operator
we are approximating.

Conventionally we impose the conditions that the formula be true for
1, x, x2, x%, ..., but a little thought will show that we could take any sequence of
polynomials for which the kth polynomial was exactly of degree k (and no lower).
The reason is that if the formula is true for all powers Iower than &, then putting in
either x* or a polynomial of degree & is the same since automatically all the lower
powers of the polynomial will cancel out. Thus there are times when for the
convenience of the algebra we will use a sequence of polynomials of degree k.
Note that in the case of finding the error we must use a polynomial whose leading
coefficient is 1 so that we get the right scale factor,

Further thought shows that any set of N linearly independent polynomials
could beused in place of 1, x, x%,. .., x¥ !, and occasionally this freedom is worth-
while.

We have not given long lists of integrals to evaluate; rather we have con-
centrated on finding formulas. The formulas are meant to be used, but the
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process of substituting functionr values into a formula is so straightforward that it
should notrequire further drill at thisstage. Butitis important to realize that the
formulas are to be used and not merely admired.

15.8 APPENDIX

A number of integrals arise in the course of finding formulas of the form

a
fh KOOf(x) dx
Among them are:
f e *x" dx = n! n an integer
-0
w0 1-3:5-{2n—1
f e" ¥y dx = 2,,( e )\/;z nzl
f eFdx=/n n=0

1 1
- fo (1!1 x)x dx == m
1 n nf2 #f2
J‘ A dx=f cos"xdx:f sin” x dx
o 0 [}

\/I-»xz

135 n~-On »
_ng n=24...
—'\’2.4...(,1..,1)

‘__1_?_’1__ n=1,335,...

w2 T[(n + 1/2][(m + 1)/2]

fo sin" x cos™ x dx = S 4 7 1 1

where T{x) =@ DIx~D
I(1/2) = /n
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ERROR TERMS

16,1 THE NEED OF AN ERROR ESTIMATE

We have adopted an algorithmic approach to finding formulas; we intend to give
a rather detailed description of how any of a wide variety of formulas can be
found. With this approach we also need a unifornt method for finding the error
term of the formula, because without an estimate of the error it is difficult to rely
on an answer produced by a machine. Theerror term is also called the truncation
error or remainder term, from the Taylor-series form of derivation (Sec. 15.3).
The error is expressed in terms of & high-order derivative, just as in the case of
interpolation formulas, and all the faults of higher derivatives (Sec 14.7) apply;
in practice they are both hard to find and likely to be large. The derivatives
occur because a polynomial approximation is used in the classical approach.

In this chapter we are concerned with {inding the error term, not only for the
kinds of formulas we have already examined, but also for those we will take upin
the next few chapters. Therefore, we treat the general case, and, as so often
happens, the general case is more difficult to carry out than are many trick
methods which work in special cases. It is worth accepting this cost in these
days of almost infinite knowledge. We also ignore, for the moment, the
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question of roundoff in the use of the formulas; in the derivations themselves
we will watch out for roundoff effects.

Our approach is to first find a formula in terms of an influence function which
gives the exact expression for the error.  But let us be clear about this: if we had
the exact error in a useful form, then we would know the exact right answer!
When there is an exact expression for an error, it is generally useless, and the
more we give up in precision of stating the error, the more useful we can hope it
will be. From the influence-function representation of the error we will pass in
many cases to a form resembling the mean value theorem with its unknown place
of evaluation, 0—the form of the error will be some known constant times a high-
order derivative evaluated at some 0 in a known interval. From this it is easy to
pass to bounds in terms of bounds on the derivative.

When we want to compare formulas, one with another, and both have
same-order derivatives in their error terms, it is natural to suppose that the one
with the smaller coefficient has the smaller error; but it does notfollow. Indeed,
we realize that a relatively poor formula will for certain functions give more
accurate answer than that of a better formula. Evidently we mean that one
formula is better than another formula whenr measured over some class of func-
tions, Because of the unknown point § in the error terms we are in fact unable
to find the variance over any reasonable ensemble of functions [if f(x) and
—f{(x) are both in the ensemble of functions with equal weight or probability,
then the average would be zero].  Thus we are forced to compare formulas having
same-order derivatives by comparing the coefficients of the derivatives, and we will
at times make the wrong choice~~we hope to be right most of the time.

16.2 THREE BACKGROUND IDEAS

The method of finding the error term for a formula rests on three important results,
all of which we have seen in the past, but it is worth reexamining them to be sure
we understand what is going on. This is especially necessary because the
method, while simple once it is understood, seems to baflle the beginner.

The fiest result was used in Sec. 4.7, The general expansion of a functionin
a Taylor series with an integral remainder has the form

2
S =@ + G — S @) + %ﬁ)—f"ca) .

$EZ I gy L

Y 1), f F"s)ox ~ sy"~ ds

(m
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If the last term is integrated by parts, we get

u={x -5  du=—(m—-Dx~-5""2ds

dv mf(m)(é') ds p mf(m‘l)(_s.)
(m%_i_)! [(x — S)m—lf(m—s)(s) l: +(m 1) f:f(m—l)(s}(x - S)m_zds]

Pveey] S CTEE) Ll AL C)) *

(m 1)' jf(m ”(s)(x s)mv-z ds

2)1
The integrated term cancels the preceding term of the expansion, while the integral
is the same as before except that the index m is reduced by 1. Thus, a Taylor
series with an integral remainder is simply the repeated application of integration
by parts (applied in the reverse way, of course).

The second result we need is the weighted mean value theorem for integrals
(proved in Sec. 4.7), which states that if f{x) and g{x) are continuousand if /(x) = 0
inagx<bthenforsomefina<f<b

b B
[ 7090 dx = 9(0) [ jt) dx

The third item is the index m for which x™ first fails to satisfy the formula.
We began our derivations by making the formula exact for f{x) equal to 1, x, x%,
.., etc., and continued unti] we had enough equations to determine the coeffi-
cients in the formula. 1t sometimes happens that an additional (in principle any
number but in practice generally only one) power of x will fit the formula. For
example, in Simpson’s formula we used 1, x, and x? to determine the three coeffi-
cients, and we later found that x* would also fit the formula exactly. In the
Simpson example, m =4,
We need a test t0 see if by chance the next power of x exactly fits. Inthe
cases we have examined we are given function values at the sample points x;
(which are assumed kanown), and then all the arithmetic is rational in terms of the
moments 71, (Sec. 15.5) and the sample points x;.  Inthe case of the next chapter,
where we are also given derivatives of the function as well as function values, the
situation is the same. In Chap. 19 where the x; are not given in advance, we wil
have to examine this point further. Thus we assume we can find the value of m
which is the lowest power of x that does pot fit the formula.  1f we let £, be the
error in the formula when x* is substituted into it, we have

Eg=F=r=E, =0 E,#0
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PROBLEMS

Find m for:

16.2.1 Prob. 15.4.1
16.2.2 Prob. 15.4.3
16.2.3 Prob. 15.4.4

16,3 THE BASIC METHOD APPROACH
The class of formulas we are going to examine has two properties:

1 The LHS (left-hand side) is a linear operator.

2 Theestimation of this operator is made by a linear combination of fune-
tion values and derivatives of order < m - 2 where the formula is made
exact for f(x) equalto 1, x, x%, ..., X""%,

It is easiest to think of the operator as integration, but we are not confined to it.
We have the operator equation

LHS = RHS + remainder = RHS + R
or
R = LHS - RHS
Supplying the function f(x), we get
R[f(x)} = (LHS — RHS)[f(x)]

‘We next represent f(x) in the Taylor series with an integral remainder

’, (x - )2 "
fxy=fla)+(x — a) f'(a) + f@) + -
(x—a) m= m .
ST (m 1)1 f( ”( )N}. 1)[ J‘f< )(S)(x S) ! ds

Now let A be the smallest of all the values of x that occur any place in the
formula, and let B be the largest. Inthe Taylor expansion we see that (on setting
a = A}

1) = Pues) + sy j Fs)x — 5t ds

I)?
where P, ., (x)is a polynomial, in x, of degrce m— 1.
We made the formula {determined the coefficients and later in Chap. 19
possibly the sample points x;) so that
E,=E = =E, =0 E,#0
hence
{LHS — RHS){ P, _(x}] = 0
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‘We have, therefore, only to work with the remainder term of the Taylor series

R[f(x)] = (LHS — RHS) [{m i o J:f(m)(s)(x " s)"'"1 ds]

164 THE INFLUENCE FUNCTION

We now introduce the notation

0 ifs>x
— $Y e ]
x s)+—{(xms)j fs<x jz1

Forj = 0 (see Fig. 16.4.1a):

a0 ifszx
x ”*“{1 ifs<x

x-sp)
/(x -9 (x ~s)t
i 5 * | ¥ g x ¢
{a} b} ()
FIGURE 16.4.1

Note that (see Fig. 16.4.10 and ¢):
d o ] 2
Ei(x =% = (m -~ Dx - 9%
d2
o (=~ Y30 = (m ~ 1)m — 2)x ~ 5)373

etc., up to derivatives less than! than m — 1. Note also (see Fig. 16.4.2) that

(b — s)F ~(a —~s)}
m

b
f(x—-s)'::“*dx= m>0

1 Wecan use derivativesoforder m ~ 1if we are not (rightened of differentiating (x — )%
to get (x— 85 .
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it
(x-—s)i {x - 5}t

P * E :

FIGURE 16.4.2

Using this new notation, we may increase the upper limit of the integral to B
(B was defined in Sec. 16.3); that is, we have

R(f)=(LHS—RHS)[ j MY x - 5T ‘ds]

- I
since we have added nothing in the integrand.

Because everything is linear and the operations in LHS and RHS are on
the variable x, not s, we have

})! f S ()EHS — RHS)(x — )77 '] ds

We set
(x —sy7"

(LHS -~ RHS) [w

] = G(s)

G{x) is called the influence function.
Hence

B
RIf(x)) = L FM()G(s) dis

Notice that in this expression we have separated the dependence on the
formula G(s) from the dependence on the function f(x) we are using.
For the particular function

S ="

we get
RIf(x)} = meIG(s) ds=FE
4

where E,, is, of course, the result of substituting x™ inthe formula. Thus we know
that

B Em
Lc(s)dsm% %0
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An examination of the structure of G{(s) shows that RHS | f(x}] is plecewise
a polynomial inside (4, B) and that it is continuous. For many operators the LHS
{/(:)} is also piecewise continuous.

16,5 WHEN G{s) HAS A CONSTANT SIGN

In most of the important cases it turns out that the influence function G(s) has a
constant sign. When this is 50, we can use the mean value theorem for integrals
and write the remainder, or error term, in the form

B 8 £
R=R(f)= Lf(m)(s)(;(s) ds = f0(6) LG(S) ds = __"_3 f(m}(e)

where m is the first power of x that does not satisfy the formula.
As a trivial example of this, consider the Taylor series itself. We have

_ (X — S)m 1
G(s) Fr—
We then apply the weighted mean value theorem and get
, (x~a)}
J@ =@ == @ = f @ - ..
(x —a"~ -
Wf i [T = o ds
f(m)(g) x -
=(m sy L(x — 5"t ds
G (x—a (x - a)"E)
Tm-n m n!

"This form of the Taylor series is widely used in applications.

The central problem is, therefore, how we can determine when G(s) has a
constant sign in the interval (4,B). As a first approach, we examine 2 number of
special cases, Consider first the trapezoid rule

R = [ e dx - L0210
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which is exact for f{(x) equalto l and x. Thusm = 2,and

LHS —
6= 2R (e 91

1!6(5)=J-1(x“5)+ dx-(i —5)s ;(0-—s)+
°

(=i -0 (-8 +(0=s)h

2 2
For s = | (see Fig. 16.5.1)
11G5)=0
since all the terms vanish. Forl zs =0
1 e 5(1 —
ilG(s)=§[(l -5 -1 —-.s-)]=—-s-(—12—-—i)$0

FIGURE 16.5.1

For0z»s
H
1!G(s)=§(l 2545t st 1 b5 +5)=0

Therefore

R =2 7o) = - L3

As a second example, consider Simpson’s formula, where m = 4,

31G(s) = (LHS — RHS}(x — 5)3}

(=8t = (=1 —8)
N 4

U1 =9 440 - 93 + (1 - ]
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We have four regions to consider (see Fig. 16.52):5> 1,1 2520;0 =252 -1
and -1 =&

szl 31G(s) =0

12520 3'G(s)-(—%—45—)‘—1—(—1—:—-s—}i——(1_)3( _é}

=(1— s)3("'3;2w 1) <0
(=5 (=P 4=
4 3 3
-1 + 65* + 85% + 35*
12

-1
3
=(1+ )( 2 )<0
~1=>s: 1G5y =0 by tedious algebra

O0zs2—1:  3G(s)=

G(5)

n \/‘s

1

12
FIGURE 16.5.2
Thus using £, = — % (from Sec. 15.3), we have
4. “"(9) AN
RD=-w~3 =%
as the error of Simpson’s formula.
As a third example, consider the formula
T/ +f (2

e ax
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To find m, we try

L S O
fx) =1: J'oe dx=1=——=1
® g4 042
J(x) = x: fexe dx--l—-——z—-—l
® 0+ 27
N 2,~x —" oo
f(x) = x*: Lxe dx =2 = 3 w2
) 3
Flx) = x%: fx3e“‘dx=3!;é0w*“2 =4
o 2
Hencem =3,and E, = 3! —4 =2, Fors = 0 (see Fig. 16.5.3)
21G(s) = (LHS — RHSY{x — 4]
© Lz Y
o [Cem 92 dx - RO
o 2
© )2
=J- e"‘(x-——s)fdxmg—?i)m
[x=se™ Ax-—s),e7" 2&“‘]‘” 2 -5k
'[ - + -1 ST " 2
=ze—s___(2“3)7:r—
Fors>2
26(5)=2¢"">0
For2zs=20
e 2= 8
2G(S)-~28 "'—""'E""mm'é"-—"g"’*“
requires some examination.
21G(s)
2e78
1 p :

FIGURE 16.5.3
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From the series expansion we see that at x =0 the curve is tangent to the 5
axis and that the second derivative is positive so that the curve is concave upward.
A little more effort convinces one that G(s) = 0 foralls. Wehad £, = 2,sothat

R =5 1@ =12

16,6 THE PRACTICAL EVALUATION OF G(s)

The three previous examples show that the method is straightforward, but can be
tedious. We need, therefore, to examine the process to see how it can be
simplified.

In the first place, it should be clearly recognized that G(s) is piecewise con-
tinuous and needs to be evaluated onfy onceforaformula. Thus the simple, crude
method of using a computer to plot the points with small spacing and looking at
the resulting picture can be used.  As we did in the third example, a little bit of the
calculus can also be used to aid in plotting G(s).

There are further items to be noted.  First, outside the range of ali the func-
tion values G(s) == 0, This follows easily from noting that if s is greater than
everysample point and value used in the operator, then alf the values will be zero.
At the other end of the range of 5, all the terms will be there, and since the formula
is true for a polynomial in x of degree m — 1 and in that range we have (x — s)™*
which is a2 polynomial of degree m — 1, we know that G(s) will vanish identically.

We notice that as we progress from right to left, taking more and more terms,
the algebra becomes more difficult. This can be easily remedied by using a
second notation

0 S X
— sV = :
(=)= {(x——S)j s>x 120

whose meaning is obvious. Note that

(x s + (x -, =(x -5

Now, since
(LHS - RHS){(x ~ 5)1=0 j<m
(x — syt {x —s)m-?
{LHS - RHS}[W] = —(LHS - RHS)[W]

we can start from the other end of the interval and use fewer terms for a while.
When the formula is symmetric, as Simpson’s formula was, then G(s) is also
symmetric [notice how replacing s by —s transforms one expression for G(s) into
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the other} so that only half the range need be examined. The formula may be
symmetric about a point x # 0, and G(s) will also be symmetric about that point.
We need, in the method, the value of E,,. We can find this directly from
Chap. 15 from knowing the sample points, without finding the weights, All we
need to do is compute, using m{x) = (x — x)(x — x,) - {x — x,), (or xn{x}),

Rir(x)} = (LS — RHS}n(x)] = LHS[z(x)] = E,,

since n{x} is zero at each sample point on the right-hand side. Thus before we get
involved in the details of the formula and in finding G(s), we can find the error {if
G(s) turns out to be of constant sign].

PROBLEMS

16.6.] Show that the three-eighths rule is valid.

3
[ 1 ax =300 + ¥ + Y@ + 701 - 55 1@

16.6.2 Show that the midpoint and trapezoid rules have errors which are in the ratio
of —1/2 to each other.
16.6.3 Show that

[l a5 (-3} +r0+ 3 ()] + g o

16.6.4 Find the error term of Prob. 15.4.3,

16.6.5 Find the error term of Prob. 15.4.4.
16.6.6 Find the error term of Prob. 15.4.5.

16.7 WHEN G(s) IS NOT OF CONSTANT SIGN

When G(s) is not of constant sign, we cannot express the error as we did in the
previous section, Indeed, for some functions the error cannot be so expressed.
To show this, suppose that G(x) is positive except for some small inferval and that
the integral of G(s) is positive (see Fig. 16.7.1). Consider now a function f{x)
whose mth derivative is positive and continuous but which is small outside and
large inside the interval in which G(s) is negative. Thus the integral

j * FMSYG(s) ds
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FIGURE 16.7.1

will be negative, but the product
B
£ [ Gsyds
A

will be positive. Hence there can be no ¢ in such a case, and we have proved
Theorem 16.7.1 If G{s5) is not of constant sign, then there are func-
tions which cannot have their error terms written in the form

E’“ m m #
=2 S0) =0 [ G(s)ds

The second point to observe is that when G(s) changes sign, we can still get
a bound on the error.  The bound follows readily by taking the absolute value of
Gis):

[ 161601 ds =10 [ 1601 d

Hence

| 700606 ds| < maxtt 7oy [ 1661 ds
A A

where the max isoverallx (4 < x < B). The computation of the integral
B
[ 161 ds
A

can be done analytically or estimated numerically since, again, it need be done
only once for any particular formula.
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The third observation is that when the sign of G{s) changes, then we can
stilt find an error term.  As anillustration, consider the function G(s)as shown in
Fig. 16.7.2. The point x = C has been chosen so that the two shaded areas are
equal in size; that is,

B
j G(s)ds =0
C
We have

B
R=R(f) = Lf‘""(S)G(S) ds

-[+f

N

C ““p

FIGURE 16.7.2 I

We integrate the second term by parts and set

j “G(s)ds = H(s)  Note: H(B)=H(C)=0.
C

Then
< B B
R e f FUDG(s) ds + f "”’(s)H(s)f - Jl JSEHISH(s) ds
A C <
< B
= [ F™(6) ds = [ £ AHH(s) ds
A4 [
We can now apply the mean value theorem to each piece,
¢ B
R=1™ )] Gsyds~f"*0,) [ H(s)ds
4 c
If G(s) is as shown in Fig. 16.7.3, we could simply set

H(s) = L Gs) ds
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G5}
4 SN’ B
FIGURE 16,03 Another partioular G{s)

and integrate this by parts
R(f) = f"()H()|® _ J‘” et D (s)H(s) ds

B A A

= f(BYH(B) — f"* (@) f HH(S)d’s
A

If we put f{x) = x™* ! in this formula, we get
B
R(f)= Epypy = (m + 1) BH(B) ~ (m + z)sj H(s) ds
A

so that
E,

jH(s)dsm( ":;), 5-n

Therefore we have in general

(@)L, [ 0)
mt (m+ !

R(f) [Em+1 - (TH + I)BEM}

We shall not analyze the general case, since the results are not used in the text, but
shall merely observe that such forms can be useful at times.

16,8 THE FLAW IN THE TAYLOR-SERIES APPROACH

Since there exists an error term from the Taylor-series of the form®

fla+ 0 =f@+ & -ar@+ S22 ar

(x i
m=-11

¥ See Sec, 16,5 for this Lagrange form.

Sfr@+-

- {x — a"F " a + 8x)
f( Ya) + pr
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it is naturai to ask why we cannot use the Taylor-series approach (second method,
Sec. 15.3) to obtain the error of the formula.  Let us suppose that we do use the
Taylor-series approach. The coeficients of the formula have been determined
to make the powers of x cancel on both sides up to the mth power, which is as-
sumed not to cancel. Let us fix the x, values in our mind. We therefore geta
series of terms in f™{a + &, x,) for various 8,

o f™a + 0% + ap f N a + 0,x) + 0+ 2 ™ a + 8,.x,)

where, of course, the §, depend on x,, 8, = 0,(x;}. We now want to replace this
expression by

(g + oz + - + o) f™(a + Ox)

for some J (and we expect some o, 1o be positive and some to be negative and hence
some cancellation). Under what circumstances does there exist sucha §?

We know from the influence-function approach that if G(s) is of constant
sign, then there is such a # and that if G(s) is not of constant sign, then there are
some functions f(x) for which thereis nosuch &, In this indirect manner we can
answer the question. There seems to be no direct way of finding the answer, but
if one were found, then it might provide an alternative, and perhaps betier,
approach to the theory of the error term.

16.9 A CASE STUDY

The idea that G(s) does not change sign except in very special circumstances is apt
to emerge from the study of classical formulas where it is always of constant sign.
The following example is therefore illuminating.

Consider the family of integration formulas

1
[ S@ dx = w_if(=0) + wof(0) + w S0

where tisa parameter (see Fig. 16.9.1).  This family includes a number of inferest-
ing cases. We are sampling the integrand at the points —¢, 0, and ¢ and are
weighting the samples by w5, wo, and w,.  We will only consider 0 <1 < 1 and
ignore t > 1.

By symmeftry it is easy to see that w_, == w,. The defining equations are,
therefore,

S=1 2 = 2wy ++ W,
2 2f3 = 2wt
b 25 = 2wt + Ey
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fixy

1
1]
-
- b

FIGURE 16.9.1

From the second equation we have

and hence from the first

and from the third we get

We need to examine the influence function G{s) (see Fig, 16.9.2). Again by
symmetry we need only examing the two intervals | 25> tandt1 2520, We
have, since m = 4,

(-5 —(-1-5% 1
31G(s) = t 7 *«;gi(t%)i*(m!mﬂii
1 3
=21 - ga)-9
Forlzszt
. 4
3!G(s)m(1 sy =0
4
Fortz>sz0

Y} a3
3EG(£)=§~E--§)——-—(I—3§?-
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G(s)

FIGURE 16.5.2 ' t

Can this change sign? To find out, we evaluate itat s = 0
t
INGe)=1/4— 3

Hence for t = 3/4, G(0) = 0; for t > 3/4, G{0) < 0, and the influence function G(s)
changes sign{see Fig, 16.9.3), Thus
for3/4 <t <1 G(s) changes sign
for0gt<g3/4andt =1 G{s) has constant sign
The case t = | requires special investigation and is Simpson’s formula

0.3

G'{s) changes sign

\

0.9 LG
-0l
~0.2
03 - ¢ Simpson

FIGURE 16.9.3
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If G(s) does not change sign, then the error is

The case E, = 0, which is
t =, /3[5 = 0.7745%67 ...

immediately attracts attention. It falls in the region 3/4 < 1 <1 of sign change.
And this is typical; in the region of sign change there is apt to be a place where the
total area under G(s) is exactly zero, meaning that E, = 0, and the formula will
haveextraaccuracy [and a different G(s) will have to be investigated using the ap-
propriate m, in this particular case, two higher than before].

Table 16.9 shows a number of special cases of interest in the family of
formulas. A study of this table shows how the error changes as we change where
we sample the integrand. The beginner shouid study families of formulas to get
a feel for the effects of where samples are taken and how the weights Change.
From this can come a feeling of what can be e¢xpected from some new formula
before it is Investigated.

Table 16.9

t wo w1 Eq Remarks

12 =23 413 7/30 = 0233  Bad roundoff properties
V3 ¢ 1 8/45 == 01778 2 point Gauss (Chap. 19)
213 24 3/4 14/135 = 0.1037  Better than twice as accurate

as Simpson’s formula
0.0667  Chebyshev (Chap. 19}
0.0250  Better than 10 times as
. accurate as Simpson’s formula
Vi[5 89 519 0 = 00000 3 point Gauss{Chap. 19
i 4/3 i3 —4{15 = —0.2667 Simpson’s forumia

1/v2 273 2f3 115
3/4 227 1627 1/40

i
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FORMULAS USING DERIVATIVES

17.1 INTRODUCTION

In the past three chapters we have studied, respectively, interpolation, finding
formulas, and finding their error terms, using only function values. In this
chapter we will repeat the work, this time using values of the function and of one
or more derivatives.

Why should we care about using derivatives? Experimentally they are hard
to come by, but when the function is given in a mathematical form, then they are
easytoget. Thisremarkcontradicts one’s initial impression from having taken a
caleutus course where differentiation tends to spread out the formula over more
and more paper as the derivatives get higher and higher. This spreading out is
indeed true, but it is not really relevant to modern computing. When anexamina-
tion is made of how machine time is spent, it turns out that the evaluations of
square roots, exponentials, logarithms, arctangents, and sines and cosines are
done by subroutines which usually take more time than 50 arithmetic operations.
But differcntiation does not introduce any new radicals, exponentials, logarithms,
or arctangents, and at worst a sine goes into a cosine and a cosine goes into a sine
of the same angle. Thus, while the formula for the derivative may appear much



278 17 FORMULAS USING DERIVATIVES

jonger when written out on paper, it will usually take much less time to evaluate
provided the costly parts of the function evaluation have been saved to be used
again. Asweshall see, the value of a derivative at a point is worth almost as much
as another function value at some new point.

We can expect, therefore, that when pressed for machine time, it will be
worth considering formulas which use one or more derivatives as an alternative to
using more function values. In this chapter, we show how to derive such for-
mulas.

17.2 HERMITE! INTERPOLATION

Hermite interpolation uses both the function value and the valtue of the first deriva-
tive at each point. Thus the interpolating polynomial is tangent to the function
at the sample points, and Hermite interpolation is sometimes known as “ osculat-
ing interpolation.” The first approach to Hermite interpolation will be similarto
our approach to Lagrange interpolation {Sec, 14.5). In place of the sampling
polynomials 7, (x} of the Lagrange formula we need to find two such families of
functions, the 5,{x), which are zero at all the data except the ith function value, and
the t,(x}, which are zero at all the data except the ith first-derivative value, In
mathematical symbols

o(x;) = ?ég z?__éj 1{x)=0 forallj
oi(xy=0  forallf Ti(x;) {: g '! zj

We begin by constructing the 7{x). Evidently, for ali the sample points,
except for x;, we have double zeros, and at x; we have a single zero.  Therefore,
our sampling polynomial is

(%) = n@)(x — x)
where as before

XY we (X mm X)X e 2} (o X D0 X ) (X = Ky gy)
The degree of t(x} in x is 2N + 1, as it should be,

The o {x) are less obvious, so we assume the reasonable form

aLx) = m(x)x + )
where x; + b #0. Differentiating, we get

6i(x) = 2n (x)ri(x)x + B) + n, ()

! Charles Hermite (1822-1901),
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But
oi(x) =0
so we have
oix) _ 2m{x)mi(x )x: + b) + n(xs) =0
a(x;) 7 (% Xx; 4 b)
oMy, 1
T mx) * xi+ b
i 1

=2y

+ =0
Fixg—-x; x+ b

which determines b.
Again, the important part is how we found the ¢,(x) and z,(x), not the result.
Using these functions makes it easy to see that the Hermite interpolating
polynomial is

N Joix) ux)
Yy = s; [ai(x,') SRRTES y;]

To find the error term, we proceed exactly as we did in Sec. 14.6. We
know that the difference between the function p(x) and the approximating poly-
nomial P,y . (x) has double zeros at each x;, and so we write the difference as

$(x) = Py gy () + n*(x)K(x)
where, as usual,
7(x) == (% = X 00X = X9} 00 (X = Xyay)
We now pick an arbitrary x* # x; (all /) such that
Hx*) = Pay sy (X%} + 1 (K (x*)
and then consider the expression
$(x} = ¥(x) = Py iy (x) — 22 ()K(x*)
This has double zeros at each x; and asimple zero at x*.  Using a simple extension
of the mean value theorem, we have that the first derivative has at least 2¥ + 2

zeros, the second derivative 2N + | zeros, ..., the (2N + 2)nd derivative at least
1 zero, say X. Hence

YRR (2N 4+ 2 K(x*)
and putting this in the original expression for ¢{x), we get
7*(x*)

ave’

Px®) = Py (X% +
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But, since x* was arbitrary, we may write x* as x, and we have the formula

¥4
) = Paye ) + 5 37960

for the error of Hermite interpolation.

PROBLEMS

17.2.1 Construct the Hermite interpolating polynomial on x = 0and x = 1.
17.2.2  Apply Hermite interpolation to

y=sinx  using sin Q° = 0.0000 ¢os 0° == 1.0000
sin30°=0.5000  cos 30° = 0.8660

(beware of radians and degrees!) and compute sin 15°,

17.2.3 Using 0°, 30°, and 60° by the Hermite interpolation find sin 15°.
17.2.4 Carry out the theory for y, 3, and 3",

17.3 THE DIRECT METHOD

In the direct method for finding the Hermite interpolating polynomial of degree
2N + 1 we simply write down the form

- N+
PanatX) =+ ayx + o b g X3V

and impose the conditions on the polynomial to get the defining equations (where
we have put the derivative values after the function values)

. ] - 2N+1
Powselx) =actayx;, + azxy ++ Aax+ 1%}
LRI N+
Poniyfxsd =aotaxs + dpx*+ 4+ Aan+1%3
2 N+
Powsildnei) + 0+ dyXyey + @aXgeqg+00+ Ay X541’
N
Pigss(x) = a, +2a;%;  + o+ (2N 4+ Dagygx;
aw
Pivsilxne) = a +2ay X541+ 0+ QN + Dagy e X54y

We wiil later show that the determinant of these equations is not zero, and
hence we can solve directly for the interpolating polynomial,

We recognize that if we were to integrate this polynomial, we would get a
linear combination of the data

-] N+1
[ Pave i) dx = 3 Do) + wi ()]
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Knowingthe form, let us apply the direct method for finding the formula for
integration that uses both the function values and the values of the first derivative
at each point. Using f{x} = »/, we get the defining equations

N+1
x omy= Y w4+ wlixlT'] j=0,1,...,2N +1
k=1

The matrix of these equations is exactly the transpose of the earlier set of equations
used to find the Hermite interpolating polynomial.

We shall solve these equations by what amounts to finding the inverse
determinant. If we write the 5,(x} as polynomials, we get

O(%) =5y o 4 S, X 45 XS

Now if for each f we multiply the fthrow by 5, ;and add ali the resulting equations,
we get, after some careful thought about what the g(x) actually are [note that
g{x;) =0 fori « jand oi(x;) = 0 for all ],

N+l Nii
Y s ymye Y oo dxd) + wiar(xd] = wio(x)
=0 LES]

Similarly, expanding the
ti(x) == by g ok By X 4 bl gy X
we are led to

M4y
Yty witi(x)
=0

Thus we have, for all practical purposes, the inverse of the corresponding deter-
minant. Since we have found the inverse, the determinant could not have been
Zero,

The method seems a bit magical so we will illustrate it in the next section by
applying it to two particular cases. Again, it is the method more than the result
that we care about,

174 THE HERMITE UNIVERSAL MATRICES

The process of using the sampling polynomials is so useful in the practical work
of finding formulas, and the inverse matrices are so useful, that it is worth
developing the cases of two and three equally spaced data points.
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In the case of two points, we use x = - 1/2and x == 1/2 as the sample points,
For any linear operator L{f(x}] we have the defining equations.

L(l) == Mgy = Wy + Wy

Lix) =m, = w,(~1/2) +w(1/2) +w} + wh

L(x?) = my = wy(=1/2) + wy(1/2) + 2Awi(—1/2) + w3(1/2)]
L(x%) = m3 = wi(~1/2)* + wy(1/2)* + 3[wi(=1/2)" + wi(1]2)*]
From symmetry it is obvious that the two o,(x) are related, oy,,(x) = 6.1 ;,(—x)
.yyz = (x = 1/2%(x + 8)
ol 2 =2(x ~ 1/2)(x + B) + (x — 1/2)?
We know o ;,,{—1/2) = {, and so we have
- 12 +B)+ 1 =0
b=1

and therefore
Gy~ =112

Hence
g y12(x) s 3 1
rerrrerereerbeemes e T8 2x v ¥
0',..”2("”112) 2 2

gives the elements of the inverse matrix (namely, 1/2, ~3/2,0, and 2). Corre-
spondingly, we have for 7, ,(x) == —7_, ;(~x)

i 1 i
Toyy2 m(x“‘})z(x”*”%)“xa_'éxz*zx"l”g
g =200~ 1x + 1) + (x —~
'\'.':.“2(“"“1/2) = 1
Teap® s 1, 11
PR 17 S R R
Using these coefficients, we have the inverse matrix on the points x = —1/2
and x = 1/2
1 x X
0 -312(%)
e e /2 -372 0 2
s | MY
212, Y2 32 0 -2
F112) 7o
T_172{X)
P /8 —l1/4 -—1/2 1
-y | T
T 18 —1j4 12 1

Tuz(l/z)
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For three points x is equal to — 1, 0, and | and we have for the inverse

00 4 -5 -2 3
40 -8 0 4 0
tloo 4 5 -2 -3
410 0 1 -1 —1 1
04 0 -8 0 4
00 -1 -1 1 1

We derive only one row, say the fifth, since the others are similar.

o) = (x — DP(x + 1)?x = 0 -+ x + 0x® — 2x% + Oa* + x°
T5x) = 1 — 6x* + 5x*
75(0) =1

Hence the coefficients are 0, 1,0, —2, 0, and 1, and the 1/4 in front adjusts the
entries correctly.

Higher-order cases of the inverse matrix can be done but are not likely to be
useful,

PROBLEMS

174.1 Find f * FG) dx = {’5 [7F(0) + 16f(!1) & TN
° ".vfcﬁ)g

S -ran+ Y s

H
17.4.2  Using both matrices, find — f S(0n x dx.
Qo
1
17.4.3 Find f f(x) dx for 2 points.
[]

17.4.4 Find Jd S(x) dx using x = 1/4 and x = 3/4 as the sample points for f(x) and
a
f£(x).

17.5 SOME EXAMPLES

We propose to find some typical formulas as illustrations of the method of using
derivatives as well as function values.
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EXAMPLE 17.1 Find
1
[ 0y e = wo f112) + o r012)

if  flx=1 then I == wy
if  fix)=x  then B2 = wo(1/2) + wiy, wy =0
To get E; we use f{x) = x?
1/3 = wo(1/2)* + 2wi(1/) + E,
E=13-1/4=1/12
The G(5Yis{m =2)
(1 -9} - 0-s4
2

11G(s) = (12 = 5,

Forlzsz1/2
(1—s)
2

By symmetry, or further algebra, we conclude that G() =0 0 <5 < 1), and we
have the midpoint formula (again)

G(s) = >0

[foa=mprgre
Q

EXAMPLE 17.2 Find

J 165 dx = Wof )+ w0 4 o ) 4 Wi D)

We can use the inverse in Sec, 17.4 as a check. The defining equations are

I"‘-—“’Wo'i'wi
2= +w +wy+ w
3= +w + 2w

4= +w + 3w}
5= +w + 4wl + E,
The fourth equation minus the third gives
1/4 — 13 =w] = ~1/12
and the rest is easy, wy, = 1/2, wy = }/2, wy = /12, E, = 1/30

40
720

109 dx = SISO + 5 + 5@ - £ O] +
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To check G(s), we have
31G{s) = (LHS — RHS)[(x — s3]
andforl 2520

1 -5t
CoDe_ 2160 - - 300 =93

(1 - s
3

31G(s) =

2
[l—-23+52~«-2+23+I]m[m;s}] >0 i

EXAMPLE 17.3 Find
[ L e = o 1)+ 00 /0 + D)
~-!\,/1--—952
By [ 1) 4+ Bo SO + b, (1)

By now we can begin to recognize symmetry and realize that if in this problem we
set

d.y=a
boy=—b by=0

then the formula will be true for any odd power of x. Thus we only need to
use f{x) equal to 1, x%, and x*:

fxy=1: 7= 20y + dg

Jix) = x*: g = 2ay + 2(28))

fo) = x*%: gSE = 2a + 4(2b,)

from which it is easy to find

-7 Sn 6n
by = o ay =7z ‘19:'{6

Using x®

5
"i“g = 2a; + 6(2by) + E,
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Thus we have

f: f(x) dx = _[10_f( 1) + 127(0) + 107(1)

1\/I-x
e 1Y £ (6)
=D = f O+ 15500
We can check the algebra by using the universal matrix
60 4 -5 -2 RNz 10
4 0 -8 0 4 Oy O 12
HHo o 4 5 -2 -3 =2 =n{ 10
4310 0 1 -1 -t 10 7329
64 0 -8 0 4]13x/8 0
00 ~1 -t 1 if1 0 -1

We need, still, to check G(s) and due to symmetry we have only to examine
Izsz20
We leave the details to the reader. i

PROBLEMS
17.5.1 Derive

[7 e = wo £0) w3 1)+ Wi SO 4 w3 £2)

Ans. wo=1 w, =0, wp=wy=1/2
17.5.2 Derive

f: e~ £(x) dx = wo f(0) 4+ w2 J(2) + wef @) + Wo '0) + whf'(2) + wif (@)

17.5.3 Derive

1
- j (In D) F () dx
O
using x equal to 0, 2/3, and 1, and both fand f*.
17.5.4 Detive
* fx)
o V2ax —a dx

using x equal to 0, and 4, and both fand . Find the error term.
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17.5.5 Derive and check G(s)

J.:b fx)ydx = g—g {137 + 2710 + 2772 + 13/(3M)]

+ 22 O -7 ORI + 1155770

17.5.6 Derive and check G(s)

[ 60 dx m 20 0517 + 101+ 604170 + DD

— 2H2TL) — FON + 96LF () — (D + o yo%8)

99 225

176 BIRKHOFF INTERPOLATION AND FORMULAS

A natural generalization of the previous methods of interpolation is to allow the
function and a variable number of derivatives to be used as data at each point; we
can use fx), S 1%, .. .. % Y(x,) which are k; consecutive derivatives (0, 1, ...,
- 1) at the point x,. This we shall call the Birkhoff' interpolation,

The methods used before show that we can find the formula by the method of

undetermined coefficients.  The error term will turn out to be
{m}
[0 = x0x = 5 (e = o 1 L

wherem == kg v ka+ -oo + Ky

When we try to find formulas using these same data we are led, in the direct
method, to a system of equations whose matrix is related to the Vandermonde,
and this car agair be inverted by the same technique of finding the sampling poly-
nomials. The existence of the inverse shows that the determinant of the system
of equationsis not zero ; therefore we canindeed find the interpolating polynomials
and the formulas of the desired form (provided we can find the moments »1, of the
operator).

As an example of the methed and the kinds of formulas that can exist, con-
sider

t
f lf(X) dx=w_ f(—1) + wo f(0) + w f(1) + wo //(0) + wif (1) + wif"(1)
The coefficients of the defining equations can be arranged as in Table 17.6.

t George David Birkhoff {1884-1944).
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Producing all the sampling polynomials is awkward, but we can use those

that are easy to find (a typical compromise we shall often make).

I:

The coefficients are in the respective columns headed I, If, and 1L

X = 1P mx® =3 43— x4+ 0x+ 0
11: {4+ Dx(x ~ 1D o x® o 20* £ 0x* +2x% = x+ 0
IE: (+DODx -1 =% x*— x®4+ 24 0x40

Muj-

tiplying the equations by these numbers and adding, we get the three equations

I:
H:
111:

Table 17.6
£l my

23~ 6/5 = 8w,
43~ 4/5 = —w}
23— 25 =

Wy

I

W e R
g
w

1
-1
1
-1
i
-1

SOOoOoO -
Bttt e et e
OO O
(LR R S "
QMNP OGO

B 2

. e DD

——— - O

From these three, the other constants are easily found, and we have the formula

J': ) dx = 335 [f(—1) + 16£0) + 3TAL) — 167°©) ~ 147°(1) + 2"(1)]

It should now be apparent that we can find formulas of a wide class—all we
need to know are the moments m, of the operator we are using, and the rest is

tedious algebra. The sample points need not be in the range of integration,

PROBLEMS
17.6.1 Derive

IVLOEF (ORI KOLIEY)

3
fo £6x) dc s

and check G(s).

E; = —1/20
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17.6.2 Derive

: 3
[ e =T Zipm— o+ g v +r0)

I " e -
+ Tag /"D =@ Ee=1/70
and check G(s).
17.6.3 Find

[T et dr= 00 £0) 01 S8 + b0 SO + 5. S + 0 SO + ")

17.6.4 Derive

[0 070 dx = T2 1O+ T2 £O) 4 o5 £O)+ 502 £O)
=), U 0f)dx = fO+ /D + g SO+ 555/

176.5 Derive

e =1 3Lty
[Cesmax=310+3/@ -3 70570

177 AN EXAMPLE OF A
NONINTERPOLATORY FORMULA

Fromthe Birkhoff interpolation one is apt to draw the conclusion that almost any
reasonable set of information can be used as a basis for interpolation. This is
false. The simple exarnple of three equally spaced points with both the function
and second derivatives{position and acceleration, if you wish) does not determine
a quintic(fifth-degree) polynomial. To prove this, let the points be ~1,0,and 1.
The function and defining equations are:

ﬂx) =AQ +A1X+ A2x2+ A3x3"§‘ A4x‘+ A_r,x"'

A-D) =Adg—4 + 4, — A3 + Ag ~ A4
SO =4

A m Ao+ A + Ay + 4y 4+ As + As
(1) = 24, —6Ay + 124, —204,
e = 24,

M = 24, —64, +124, —204,
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The determinant of the 4, is

I =1 1 =1 1 =t

1 00 0 0 0

1 1111 1
D=l 02 -6 12 -20{70

0 02 0 O 0

6 02 6 12 20

To prove that this is zero, we expand by the elements of the second row and then
the elements of the fifth row

-1 -1 -1
i
0 6 12 20

Now add the second row to the first and the fourth to the third to get

The first and third rows are proportional to each other, and so the determinant is Q.
Thus there is no interpolating polynomial. In a sense the data put four

conditions on the even part and two on the odd part of the polynomial,
However, there are infinitely many formulas of the form

[ 70 dx = a1 S(=1) + 0 SO + a0
b0/ (=1) 4 b0 /"0) 4 b S )

which use the same data, and the formulas are exact for quintics. To show this,
we write the defining equations

2= g tag+a
x: 0= —a +ay
i $= a, +ay + by +bo + by)
0w —a.;  +a+ 6(—b.y +b)
o= 4y +ay + 1204 +by)
0 0= —a_, +ay +20(-b., +5)

T T TR
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Using a, as a parameter (since we know from immediately above that the deter~
minant has rank 5), we get

j; Jx) dx = 2(0) + gla LF(=1) + 1870) + /(1]
+ a{l(-1) = 20) + A1)

_ ,11.5 U (=1) + 107°0) + /" (D]}

If we impose the condition that the formula be exact for x® as well, then we get

2 1 i
2
?wl+a1(2-5)
or
oS
Tl

Thus we have

[ 70 dx = 5 101 + 3270 + 570)
1
BEE

which is exact for sixth degree polynomials.

The complete explanation of this apparent paradox is nontrivial,! but it
should be no surprise that occasionally the two-step process [finding the inter-
polating polynomial and then applying the operator {integration from — 1 to +1
in this case)] fails even though the direct one-step process succeeds. What is sur-
prising is that it happens in this “ reasonable ” case.

(=1 = 3210 +/7(1)]

PROBLEMS

17.7.1 Discuss the importance of
Ox) = 3x* — 10x® + Tx
{which has Q(—1) = Q(0 = Q(1) and Q"(—1} = Q"(0) = Q"(1}] to the exam-
ple of noninterpolatory polynomials,
17.7.2 Give another example of a noninterpolatory polynomial.
17.7.3 If the integration was from 0 to { instead of —1 to [, show that there is no such
integration formula.

1 M. P. Epstein and R, W. Hamming, * Non-Interpolatory Quadeature Formulas,”
SIAM.
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17.8 AN EXPERIMENT IN COMPARING
THE VALUE OF DERIVATIVES

The existence of the inverse determinant in the Birkhoff interpolation case shows
that the use of consecutive derivatives at a point (omitting none avoids the example
in Sec. 17.7) gives about as much information as only function values at points;
the linear independence of the powers of x is preserved. Or, as in information
theory, a polynomial of degree N can be reconstructed from the N + 1 Birkhoff
samples,

Can we be more precise in this comparison of more sample points versus
more derivatives at the old sample points? One approach is to examine the size
of the error terms for various familics of formulas,  Assuming that the G(s) func-
tion is of constant sign, then the £, would provide one measure of the relative
merit—though let us remember we are assuming that over the unspecified ensemble
of functions we are considering, the value of the 8 does not favor one formula over
another.

We shall use the integral

. fwas

as the basis for an experiment.

The £, can be found by integrating any polynomial of degree m with leading
coefficient 1. By picking a polynomial with zeros at the sample points {meaning a
multiplicity at x; great enough to make the highest derivative used at that point
zero at that point) we do not have to consider the right-hand side of the formula
since all the values will then be zero. 'When the degree of the polynomial is odd,
then the formula is clearly accurate for a power one higher, and we must add an-
other factor to the polynomial we are using. It is simplest to pick another factor
xtodothis. Anexample of this effect is Simpson’s formula which is accurate for
one higher power of x than it was designed for.

The first family we shall examine is the one-point family

J.l f(X) dx = Wof(o} + Wlf'(O) + wzf”(o) T W,,f(")(e)
=1

For Nan even number Ey = 0 from symmetry; hence we need only examine the
odd cases for N, and mis even. We have

2
2p41

1
EZp = J-..,, leP dx =

{n particular
E,=2/3 E,=2/5  E¢=2fT E3y=2/% E,=2fll
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A natural second case is the family of two-point formulas

1 N
| foydxs= Y lwe SFO(=1) + w1
-1 k=0
We have
o= (—1p2 [ (1= d
Eyp=[ (7~ 1pdx= (=172 [ (1 - xp dx
Seiting x =sin ¢,

Cplp—2)---2
Cp+)2p~1)---3

x/2
Epp= (~1)72 jo cos?t t di = (—1)72

(=12 et (—1p/np
Top+ Dt T Tpe12

In particular
E, = ~4/3
E, = 16/15
Eg = -~25/35
Ey = 256(315
E,y, = —512/693
The third family is

[ dx= % o OFO(=1) + wo®® ©) + w®7O(D)
31 kwQ
with

1
f xP(x? — 1) dx peven
-1
E_';p s 1
f xP*i(x? m P dx  podd
-1

Setting t = x2, we get

i
(1) j (eI ) gy even
E;PW DE
(=1 [ 1 - o podd
4]

These are beta functions whose values are
Tip+ D2IF(p + 1)
BERIEEDE
* AT + 22T + 1)
Fi(3p + 4/2}

peven

podd
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Tabie 17.8 gives more results. The columns contain the values of E,,, and
hence the error is of the form

E,["™(6)
m!

provided G(s) is of constant sign.

We see that as we go up a column, the E, tend to get larger, meaning that
using more derivatives is not as good as using more points insofar as the size of the
error coefficient is concerned; it still may be worth the machine time saved.

¥t is important to realize that Table 17.8 refers to one type of formula and
represents an isolated experiment, not a definitive conclusion.

PROBLEMS

17.8.1 Check G{s) for the three-point formulas:
{a} function value only, Es
{b) function value plus first derivative, Es.

17.8.2 Discuss other reasonable experiments that might be tried.

i7.8.3 Derive the four-point integration formulas for E; and  Es.

17.8.4 (Harder) Write an essay on the cffect on the weight used of the function value
at that point when more derivatives are given there.
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FORMULAS USING DIFFERENCES

18.1 USE OF DIFFERENCES

Before the age of large-scale digital computers most hand caleulations were carried
out in terms of function values and their differences. There were at least three
reasons for this.  First, differences generally use fewer digits than function values
do-and so with hand calculations the arithmetic is that much easier. Second,
the differences give immediate clues to the values of the derivatives, which are
generally unobtainable. In particular we have the obvious approximations

&y, &
Ax  dx [,
Ay, d%y
At g

x=nt1

Third, the difference table also gives a clue to the roundoff in the function values.

When computing machines came into widespread use, it became fairly clear
that the first reason, fewer digits leading to faster arithmetic, was not very rele-
vant, and the time to find the differences in a machine greatly exceeds any possible
machine savings. Under the second reason, we still use differences as estimates
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of derivatives, though to some extent this has fallen into disuse because the dif-
ferences are often not found. The third reason of roundoff estimation was ig-
nored chiefly because it soor became evident that the hand-computing experts had
only an intuitive idea of the connection between roundoff and the differences.
We have had to gradually work cut a more explicit theory as given in Chap. 10,
In particular, we had to quantify their impression of sign changes in the higher
differences by first computing the correlation coefficient (Sec. 10.5) together with
the corresponding probabilitics of observing sign changes. We also had to work
out the relation of the noise in the higher differences to the noise in the original
function values (Sec. 10.4).  This theory was intuitively understood, but the hand-
computing experts could not say, with scientific detail, what they did so that it
could be put on a computer. Indeed, they constantly maintained that it was an
art and that it could not be guantified. Needless to say, in the theory presented in
Chap. 10some of their art was indeed lost, but some of it has been converted from
intuition to measurable effects.

Today we find that much of current computing stili ignores the approach
through differences-—the fecling persists that the differences take too much time
and space in the computer and are not worth the trouble. The author believes,
however, that going back to using them is a good idea and that many of the cur-
rently popular algorithms are poor substitutes for the direct use of the differences.
For example, Romberg integration® effectively builds a table of differences of the
answers at different spacings and tries to use this table to estimate the error.  But
the error comes from two distinct sources, the truncation error and the roundoff
error. Taking more pointsin anintegrand reduces the truncation error but builds
up the roundoff, and in the behavior of the Romberg process it is hard to separate
the two effects.  With the direct use of the differences of the integrand values, the
corresponding difference table enables us to separate the two effects and to make an
inteiligent guess about which is currently dominating and which strategy to adopt
to improve the result--more function values may only increase the roundoff
error!

18.2 NEWTON'S INTERPOLATION FORMULA

The first two methods for finding an interpolating polynomial through N + 1
points (the Vandermonde and Lagrange approaches) tacitly assumed that the
number of points to be used was known. Often what is known is the accuracy
desired, and the number of points to be used is determined as information about

1 The purpose of Romberg integration is to eliminate the low-order-error terms of the
esror expansion in powers of Ax. The basic technique is usually attributed to
Richardson,
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the function is computed. Newtonr’s interpolation formula, which we will now
develop, is simply another way of writing the interpolating polynomial, It is
useful because the number of points being used can easily beincreased or decreased
without repeating all the computation. The Newton formula of Sec. 9.6 is
really the special case of equally spaced sample points,

As before, let the polynomial passing through the N + I points

(ETA (G=12...,N+1)
be labeled Py = Pu{x). Wecan write
Pu(x) = yy +{x ~ %)Py_4(x)

where Py_,(x) is some polynomial of degree N — 1. It is clear that Py(x,} = »,,
and we are reduced to taking care of only N points (i = 2,3,..., N+ 1). The
above equation can be written as

Py(x) — y,

Py () = PPy
t

and hence we want

Py(x) — Py(x,) _himh
xi"‘"‘xE xi'—xi

Py_fx) = i=23..,N+1

That is to say, we want Py..,{x) to pass through the points

(xisy‘——y‘) iw2’3""’N+I
Xy Xy

The quantities

Yi— Y
"”‘”"’;{ = {x, x] =[x, %]

Xp— Xy

are called “ divided differences ” and are customarily written with brackets.!
The next step is, of course, to write

Py ofx) =[x, 23]+ (X — x}Py.. 2(x)

and require Py _ () to take on the values of the divided differences of the divided
differences,

{xh xs] - Est xl}
x, - xl

Hxi, %) [xe %l = = [x;, X3, %]

¥ Many other notations are used, for example flx;, x;] and plx;, 3}
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It was easy to see that the first-order divided differences were independent of
the order of the argumentsin the brackets. We now show that the same is true of
the second-order divided differences.  If we start with three points

{x1, 70 (x2,¥2) (%3, 3)

we get a unique polynomial (quadratic) through the three points. This may be
written

Y=y 3 — x){[xa, ]+ (0 — xa)xs, %, 0

If we now choose the points in the order x,, x,, and x,, we have

Y=Yy + (x - xg){[xh > xa} + ('x - xb){xc s Xps xg}}

Since these are both the same guadratic, the coefficients of the x* term must be the
same; that is, the two symbols

[er X2y xl} = [xc! Xp s 'xa}

are in fact the same thing in alternative forms.
In general, we define

XpsXasesen Xp 3 f = 1 Xy s Xayeoiy Xpyn X,
[xl}x2,x3;'--}xn}EEl, 22 y Yy 1} [1! 2y ne2a u]
Xpz — X

and in exactly the same manner show that it is independent of the order of the x;,
Note that the denominator is the difference of the nonrepeated x’s ineach [+ ]
taken in the same order.

One way to make a table of the needed values is as follows:

X1 »
[xs, x,]*
X3 Yz [x3, x2, x:}*
frs, 2] B, xa, x2, %, J*
X3 ¥s %y, x2, X:] .
Ix»t’xl}
Xe Ya «

The asterisks indicate entries used as pivots in calculating succeeding values.
From this table we can write

Ry =y F = )X, ]+ = 2o, L, i1+ - x){0 1D
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As a specific example, consider again the log table

x logx {J [ Fonsk
i 0.0000*
0.30100*
2 03010 — 0.06245*
0.23855 +0.01230%
3 04mTH ~0.0501%
0.20070
4 05021

The asterisks indicate the pivotal values,
Hence we get

¥(x} = 0 + (x — 1){0.3010 + {x — 2}[(—0.06245) + (x — 3)(0.01230)}}
In particular,
H2.5) = 32{0.3010 + 1/2[(~0.06245) + {~1/2)(0.01230)}
w 0,40001
The correct value for log 2.5 is 0.3979

PROBLEMS

18.2.1 Given a divided difference table, show how to add one mors data point at the
botton of the table. Also show how to add one at the top.  In the first case
how does one change the Newton polynomial?

18.2.2 Make the divided difference table for I'(x) in Sec. 10.6.

18.2.3 Make the divided difference table for {{x} in Sec. 10.6.

i18.2.4 Make the divided difference table for the error integral in Sec. 10.6.

18.3 AN ALTERNATIVE FORM FOR
THE DIVIDED DIFFERENCE TABLE

The divided difference table, which lies at the heart of Newtor’s interpotation
formula, may be written in an alternative and sometimes more useful form. This
is based on the observation that

[x x x]={xtxxl'!"‘bxn“'i]_Exﬁaxzy'-'sxn—.Z’xnI
1’ 2"“7 n x"—l—.&x"
- [xlaxZ:'-'sxn—t}_[erxas---’xn]

Xy Xy
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¥n particular,

[xl s xz} - {xl 1 x3}

Xey X2y X3l =
{ HERA 2] 3} xz - x3
— [xl 1 le - [xz L X3}
Xy = Xy
Thus we can write
x y Ll [} L}
X3 Y2
fxa, x:}
Xz Y2 [xa, %3, x,]
[xa, x2} [xe, X3, %2, X}
X3 ¥ s, x3, x,]
{x4, %3]
X4 Ya

While the entries in this table differ from those in the previous section, the entries
in the top row, which are the ones used in Newton’s formula, are the same,
Using the sample example of log x, we get the following table:

x EQg X L} {n} {ns]
1 0.0000
0.3010
2 03010 —0.06245
0.1761 +0.01230
3 047% —0.02555
0.5250
4 (.6021

In this form, we may easily add a line at either end of the table and still expect the

entries in the body of the table to vary smoothly.

While there is no theoretical

need to choose the points in numerical order, the smoothness in the table is lost if
they are not.  The first divided differences are secant lines and hence approxima-
tions to the first derivative in the interval (x;, x;.,). Similarly, the second divided
differences are local approximations to the second derivatives, etc.

PROBLEMS
18.3.1 Using the table

compute the Newton interpolating polynomial.

x12!0]3[]

810l 27| 1
Show that y = x>,
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18.3.2 Compute the difference table both ways (Secs. 18.2and 18.3)fory=sinx at a
spacing of 30°;

x l sinx
[t 0.0000
30° 0.5000
60° 0.8660
90° 1.0000

Find the approximating polynomial.

18.3.3 1fyou have only the top row of the divided difference table in storage in a com-
puter, how can you add one point at the bottom ofthe table and compute the
next divided difference? How do you add one point at the top and find the
new line?

18.4 NEWTON’'S FORMULA AT EQUAIL SPACES

Very often cur information about a function (in the form of samples) is givenata
set of equally spaced values of x. This simplifies much of the notation and com-
putation as well as the ideas involved.
For equally spaced data it is customary to use the notation of Part 1:
Ayn =VYn+1 = Va

This is the familiar notation of the difference calculus except that we have fixed
Ax = at all times:

Axn = Xopp = X, =h
We also have
Ay = Yosz = Wit + s

etc.
These differences are related to the divided differences as follows:

_ 2y An
[, m]= 2o e
_ [x, xz] ~ (%2, %] _ Ay fh - Ay, [h
X3, %3, 1= X — % = h
)
2042
and, in general,
a1
[xhxz»'-'vxnlz A b

{n— DIt
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The differences are approximations to derivatives at the middle of the range of the
samples used:

dy(x + #j2)

Ay =
Yy &= o

.....................

, d"(x + nhf2)
dx"

It is these relationships that enable the finite difference calculus to approximate
expressions in the differential calculus.

Newton’s formula in this new notation for equally spaced sample points is
(Secs. 9.6 and 18.2)

Ay, =k

Ay,
Y=y +(x— xo) 2 4+ (x = X)X — Xo  B) TE
+(x“'“xe)(x““x0_'h)(x 2]!)3’h3+ v

if we suppose that x, = 0, we gct

Ay,
Y=yt X— 7 +x(x—h) +x(x Yx — 2!1)3”134- .

and if we further assume & = I, we have

y=yg+x Ay + x{x — )

PROBLEMS

18.4.1 Write the error term for Newton's formula when the data are given at «n,
——1, ..., 0 1,2,..., nand a (2n)th difference is used in the formula.

18.5 INTERPOLATION IN TABLES

One of the major uses of equally spaced interpolation formulas is for interpolation
in tables of equally spaced data. A typical example is the error integral whose
differencetableis given in Sec. 10.6. The differences are well behaved in the sense
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that they first tend toward zero, being fairly smooth in the third-difference column,
but beginning with the fourth difference, and clearly in the fifth difference where
the sign is almost exactly alternating, we find that roundoff noise is dominating.
For this table we would not expect, then, to ge beyond fourth differences in any
interpolation formula.

In principle, Newton’s formula for interpolation gives the answer, and
except for roundoff effects the answer is exactly the same as could be found by any
other interpolating polynomial using the same sample points. Nevertheless, in
practice, many other formulas are used, and in the interest of general education,
so that the reader can understand the methods given in the prefaces of most tables,
we shall discuss some of those which are most popular.

186 THE LOZENGE DIAGRAM

The lozenge diagram is a device for showing that a large number of formulas which
appear to be different are really ali the same.  We have used the notation for the
binomial coefficients

(+ R+ k—Durk=2)(wtk—n+1)

Clu+k,n)= —

There are n factors in the numerator and r in the denominator. Viewed as a
function of v, C(u + k, n} is a polynomial of degree n.

Figure 18.6.1 shows the lozenge diagram. A line starting at a point on the
Teft edge and following some path across the page defines an interpolation formula
if the following rules are used.

Ia For a left-to-right step, add.

Ib  For a right-to-left step, subtract.

2a Iftheslope of the stepis positive, use the product of the difference crossed
times the factor immediately below.

25 If the slope of the step is negative, use the product of the difference
crossed times the factor immediately above.

3a Ifthe step is horizontal and passes through a difference, use the product
of the difference times the average of the factors above and below.

3b  If the step is horizontal and passes through a factor, use the product of
the factor times the average of the differences above and below.
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FIGURE 18.6.1

As an exarople of rules 1a and 28, consider starting at (0) and going down
We get, term by term,

P} = (0) + Clu, 1} Ay(0) + Clu, 2} A?{(0) + Clu, 3) A*y(0) + -~

= p{0) + u AY0) + ——— A0 +

u(u — 1) w(u — D(u —2)

3 A3y(0)+...

2

which is Newton’s formula.
Had we gone up and to the right, we would have used rules 1a and 24 to get
Newton’s backward formula:

Hu) = 70) + Clu, 1) Ay(=1) + Cu + 1, 2) A*¥(~2)
+Cu+2,HAH-3+

=0 +uAy(~1) + T A (~2) +

{u Du (u + D(u + Du

e A= 3) 4

(18.6.1)
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To get Stirling’s formula, we start at p(0} and go horizontally to the right,
using rules 3a and 3b:

A Ay., C 1, .
Yo + Ay ty {u+ 2)*6(“2)‘32),

y) = y(0) +u 3 5 -
3 3
+C(u+1,3)‘!3‘——"—”“2“12“A Yol
3 Ayo+Ay_, u* w(u? — DA%y, + A%y,
=Yotu T h S Ay 2 e

(18.6.2)
If we start midway between {0} and y(1}, we get Bessel’s formula:
Yoty CluD+Cu-11) Azy_;+A’yo+__,

) =1—=——+ > Yo+ C(u, 2) 3
+ - 1) A%y, + AT
PV g MU DAY H A (18.6.3)
2 2 2
H we zigzag properly, we can get Gauss’ formula for interpolation:
ulu

-1
) A*y(~1) +
2
Allsorts of paths can be chosen, and each will give some formula. What we
need to show is that these are all valid interpolation formulas. Such a proof re-
quires showing the following:

A=)+ -+ (18.6.4)

2
—1
Y} = po o+ w4 Ay + E‘*‘w‘“’“{“‘“‘)‘

3

1 At least one valid formula results, and since we have found Newton's
interpolation formula frosm the diagram, this step is completed.

2 The contribution around any closed path is zero; hence we may deform
a path into any other path that we wish.

3 Iftwoformulasend atthe same place, they are the same. Itis necessary
to prove this fact since the entry pointsinto the lozenge diagram need not
be the same for different formulas.

To prove step 2, we take a single complete lozenge (Fig. 18.6.2).

Clu-s, n}cg/ﬂ"y&i*l\)\c(""“ fn+t)
Aa-ly(s}"'""'""'@——c(u -%ﬂnﬂy (-1
C(u—s—lb@\a"y(s Clu-s,n+l)

FIGURE 18.6.2
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Pathl: Clu—smAWs—D+Clu—s+Ln+ DA ys-1
Path 2: Clu—s5, M) AW(s) + Clu—s,n+ DA s — 1)
A'y(s — 1) + A"p(s)

2

Cu-s+1L,n+1)+Cu~s,n+1)
+
2

Recalling that going from right to left produces negative terms (rule 18), we have
to show only that the three paths are the same.
Path | — path 2

= Clu — 5, }{A%(s — 1) — A"¥(5)]

+{Cu—~s+L,nk D -Clu—s,n—1D]A  ps 1)

=Clu — 5, m[—A""y(s — 1)]

v § 4 1) o {f — 5 = )
n+1

=Cu—5n—A" s — D+ A" (s — D] =0

Also, path 3 equals the average of paths 1 and 2. Hence step 2 of the proofis

complete,
To examine step 3 of the proof, we use Fig. 18.6.3.

Path 3: Clu — s, n)

A"+!_}’(S - })

4+ Clut ~ 5, 1) (u A iy(s 1)

e 3

f
(5 Clu-s. 1) &y s~}

et

— DAy

FIGURE 18.6.3 ,v{sm/@c/(u-s-l,n

Pathleep(s+ D+ Clu—=s5— 1L, DAY~ Clu—s5, DA+ S

J’(s+;)+)’(5)+c(u—-!‘~1, z;+C(u—s, D sy

o Cla 5, D AYS + S
Path3 =¥(s)+ §

Path2 =
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where S is the rest of the formula. Now using

Hs + 1) =~ p{s) = Ap(s)
we obtain
Path I = () + Ap(s) + (1 — $) Ap(s) — Ap(s) = (u — ) Ap(s) + §
= {8} + S = path 3
Similarly, path 2 may be reduced to path 3. Thus we conclude that the inter-

polation formula depends on the ending values, not on the path used to reach
them.

18.7 REMARKS ON THESE FORMULAS

How do these different formulas compare with each other and with the Lagrange
formula found earlier? The value obtained in an interpolation depends on the
polynomial used, and the polynomial depends on the sample points actually used
{some formulas might appear to use values not needed). The error term has the
form (see Sec. 14.6)
(x = X)X — x3) *- (X = X, IR
(n+ D1

The cocflicient of the derivative is minimized when x is in the middle of the range
of samples, Thus there is a tendency to use an even number of samples when the
interpolation point is in the middle of an interval and an odd number when it is
near a sample point.

The methods derived by the lozenge diagram explicitly exhibit the differ-
ences, and these differences give some idea of the accuracy but require more
arithmetic than does the Lagrange method of interpolating. The Lagrange
method, however, does not directly use the differences, and so no indication of
the accuracy is available. This is one of the fundamental problems in numerical
computation—the wse of differences gives some clues to the accuracy of the
method being used, while the Lagrange approach minimizes the ameunt of arith-
metic. As a result, the difference methods tend to be used in exploratory
work, and the Lagrange methods in well-understood, routine work.

18.8 MISCELLANEOUS INTERPOLATION ¥FORMULAS

A number of other formulas which are not directly obtained from the lozenge
diagram are occasionally useful. They usually rest on the fact that any particular
difference may be eliminated by using

Ap(s + 1) — AT¥(s) = A" y(s)
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The cost of this elimination is the inclusion of an ¢xtra difference of some other
order.

For example, in Bessel’s interpolation formula we may eliminate all odd-
order differences; this gives

2~ u)(d —u)(—u)

$6y = (1 = p00) + D) + =

Aly(-1)
(u+ Du(u—1)

T A0 £

which is known as Everett’s formula and is quite popular since the table maker
need only publish the function and even-order differences.

Similarly we may start with almost any formula and eliminate differences of
any order that we please (at the cost of several differences of the orders that we
leave in the formula). If we wish, we could eliminate, say, both the second- and
third-order differences, thus using the function, the first differences, and the fourth
and higher differences. Carried to the extrems, this leads to the Lagrange form
which uses no differences but many function values. The purpose of eliminating
thedifferences is mainly to save type and space in printing the table, and thisis done
at the cost of extra work on the part of the user. The proper balance depends on
circumstances and cannot be given once and for all.

A second device often used is called “ throwback.” This idea, due mainly
to Comrie, uses the fact that the coefficients of the successive differences tend to be
proportional to each other in various interpolation formulas, such as Everett’s;
consequently, if suitable amounts of the higher differences are combined with
those of the lower when the table is printed, then much of the effect of the higher-
order differences in the interpolation is automatically achieved by using the lower-
order formula.

Thus, in Bessel’s formula, the ratio of the coefficients of the A* to the coeffi-
cient of A* is

BY  (wa Du~2

ASRCEY (CEE S
which varies from —1/6to ~3/16. Hence if we put c units of A* with A’ to form
the modified second difference column, we make an error of

(B[V _ CBII} A"'

The number ¢ is often taken as —0.184 as an average compromise.
We again remind the reader that table making is a highly skilled art and refer
the reader to Fox {12] as well as to the standard text of Ralston [49].
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189 THE HAMMING-PINKHAM
INTEGRATION FORMULA

We now turn to a family of integration formulas whose correction terms (trunca-
tion ¢rrors) are expressed as differences of the function values. The effect of
taking more differences is to increase the accuracy of the formula as judged by the
degree of the polynomial for which it is exactly true (within roundoff). Thus we
can sequentially try successive members of the family to find the most appropriate
one instead of more or less committing ourselves to the accuracy before starting
(as we must with other types of formulas).  Because we have the difference table of
the integrand values we can make an estimate of the roundofl errors independently
of the estimate of the truncation error.

These formulas are closely refated to the composite integration formulas
discussed in Chap. 20, and so it is worth a few moments to explain the idea of a
composite formula. When we find that the formula such as Simpson’s is not ac-
curate enough, we usually decide to use more points; with more points we can make
the formula more accurate in the sense of being exact for a higher order poly-
nomial. Instead of using this method we can apply the same basic formula to a
sequence of intervals and add the results of the individual integrals. This second
approach leads to the idea of a composite formula. The two best-known examples
are the composite trapezoid rule

Inhf(x) dx = ]T{% JOY+ Ay + 120 & -+ 4+ filn — DA} + -;—f(nlz}

0

and the composite Simpson’s formula

f - fixydx = g{ JEOy 5 40 4 200 + 4 (3R + - + 4f1(2n — L3R + f(2n0)}
[}

where in both cases we have used the basic integration formula repeatedly.
The classic formula which led to the investigation of this family of formaulas is
the Gregory* formula (1670)

ﬂﬂx}dx:%f(@)+f(l)+f(2}+---+f(n-1)+%f(n)
i ]
-3 Aflin ~ 1) ~ Af(G)] ~ 5 [AYfn — 2) + AYO)]

19 9
= o5 (83 = 3) = AYO)] - 25 (A% — 4) + A0)

863

~ %0.450 [A%f(n — 5) = AfO)] + -

1 James Gregory (1638~1675).
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This formula is clearly the composite trapezoid rule with end corrections that make
the formula as accurate as the differences included indicate.  The alternating sign
between the differences has the effect of causing the accuracy to jump by 2 or 0 as
one more term of differences is included; thus we tend to stop on an even-order
difference and get the next odd-order one *“free.”

A similar formula based on Simpson’s composite formula is

fznj(x)dx—£ﬂ0)~{«if(l}+?«f(2)+"'+ff(2n— I)-é--l-f(Zn)
o 3 3 3 3 3

— 5 1A% = ) = A0] — 5 (4420 = 4 + A0)]
548 s
- N} .
& 480 [A(2n — 5) — Nf(0}] +
where the coefficients of the differences are all smatler in size than those of the
Gregory formula (see Table 18.10 for more coefficients).
A still more interesting formula is the Hamming-Pinkham formula

f:" S0 dx = 20f(1) + f3) o+ -+ + f2n - D))

+2IACn— 1) ~ AR+ 5 [8%Cn — D) + AYO)

+§36[A3f(2n 3H- A3f(0)]+ [A“_ﬁ(Zu 4) + A*(0)]

+ s (A2 = 5) = KO -+

where only kalf of the integrand values in the basic summation and comparatively
fewmore at theends are needed toform the differences.  Thus the coarse sampling
rate is used in the main part of the integrand, and double the rate is used at the ends
toestimate the differences. This means that about halfthe computing is saved for
the same order of accuracy,

The first two cases, the Gregory and Simpson composite formulas, can be
used in an adaptive mode of computation by halving the spacing if the truncation
error is too large; the third formula requires taking one-third of the spacing if the
old integrand values are to be used in the next step.

In order to compare these three formulas (and some others) we shall, as
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usual, consider a family of formulas which includes them as special cases. This
family is

f:}(x) dx = af (0) + bf(1) + 2f(2) + -+ + af (2n)

+ 3 0 Qn =~ 9)+ (-1’ A0}

where we want both the coefficients aand b and the g, to be independent of n, which
is the number of double intervals used.

In the polynomial approach to finding formulas we require the formula to
be exact for successive powers of x; that is, we set down the defining equations

{ r dx = a(O) + (1) + 2a(2)° + bGP + -+ + a(@n)®
it

+ aSZQQS{A‘(Zn - {1 AP} p=0,1,2,...

For p = 0 we have
2n=nb 4+ 12+ 2(n — Da=2na+nb
or
b=2(1—a)

which means we have a one parameter family of formulas depending on a.

18.10 THE DERIVATION OF THE FORMULAS

The derivation of the Hamming-Pinkham formula is based on the methed of
generating functions (Sec. 11.4). We multiply the pth defining equation by t#/p!
and sum to get {using the power-series expansion of the exponential)

2

s

n
e"dx:ae°+ be:+2aezr+ --'+a82"’

+ ¥ g (01T + (=17 1)
=0
But noting that this is a composite formula with weights

a b a
a b a
a b a
a

a b 2¢a b 20 b 2a
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we see that the first sum on the right-hand side is

(ae™ 4 b+ ae'¥e' 4 e 4 v e o g2
-1
= (ae -+ b -+ ae ) —"'"-"e‘_:;
The differences that occur in the formula can be written as

A;(ezn—a)r) - As—i(e(2n—s+l)r - e(Zn*x)ﬁ) = A:wl(e(Zr!W.H-i)r)(! — e*—r)

;82"'(1 — e-t)s
(___.X)sAs(eOr) = (ml}sAa—!(et — 80) — (ml)sAs*l(et — 1) - (___1):-1 AS™ t(i — er}

=(1~ ey
Performing the integration on the left-hand side of the formula and as-
scmbling the results, we have

elm 2nt

w={ae'+ b+ aE") T + Z gle®™(1 — &7V + (1 — &Y7]
If we now define Q(1) as
1 adf+b+ae™ @2 -
Q(t)=?-wﬁ"““ 2 a(t—e™y
- =0

then we see that we can write the equation as
MO + Q(~1) =0
This equation is true, if ¢ e 0. If Of) = 0, then

& ns V ad+btae”t
z,oqs(i - )’m;“"w*;““

e —e
and defines the g,.
It is natural to set
1—e'=v or e f=1-v t=—In{l —-v)

s0 that we have a power series in v with coefficients g,. Using b = 2(1 — a), we
have

-1 al(t —v)+2-2a+a(l ~0)
i e A=) —(1-1)
-1 2 — 204 av®
Tl =1y 200
w1 i 2a~1

ﬁln{l—u)-*.a v 2=y

18

n.
It
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The choice of g = 1/2 eliminates one term and gives the Gregory formula (as
a check on the work so far). For @ == 1/2 we have

« -1 1.1
PR “Wi-o 572

to determine theq,. Using

® Pt
~In(1 —U)=U+'i-+-3—+*z+'“
and dividing out 1/In(1 — v}, we get
v v 19 0
D TR T it M

which checks with Gregory’s formuia.
If we label the coefficients of Gregory's formula g, , we have for the general
case

= w1 I 2a-1

P “n(x—u)”"'ii” o
=§o ot (a—) - 2 01
=¥ o0~

Pividing out v/(2 — p), we get

a0 o L] o' ]
Y gv=3 g0 —(a~1) 3 (5)
=0 £=0 =1
Equating coefficients of ¢, we have g, = g and for 5 = 0
4 =g —(@a—327°
From this, Table 18.10 is easily compiled and is displayed in Fig. 18.10.1.

A remarkable formula results by setting # = 0 (6 = 2) since now half the
integrand values have weight zero and so do not enter into the summation.

f" fix) dx = zﬁf fOr+ 1)+ £ [Af2n — 1) = AO)]

[Azf(zﬂ 2) + AA0] + IABf(Zn 3) - AS©)

360

+-~ [AY2n ~ &) + AY(O)] + o [Af(27 — 5) = A%(O)] + -

30 240
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040
0.20
0
-0,
-0.20 -
040 i i I i 1
0, 2.00 4.00 6.00 8.00 10.00
FIGURE 18.10.1
Table 18.10
g Gregory a = 1/2 Simpson g = 1/3 a==0 a=1
1 2 4
1 —— 3 4
12 0 12 12
1 2 4
2 . = —
24 0 24 24
-1 -4 26 _5
720 720 720 720
4 =3 A L .l
380 380 480 480
5 _ 863 548 82 1808
60480 60480 60430 60480
6 _ 278 _ 22 36 464
23192 24192 T 2192 T Hie
7 _ 33983 _29m8 _ 19778 43128
3628860 3628800 3628800 "~ 3628800
_ 8183 508 6158 10208
1036800 1026800 1036800 1036500
9 3250433 3094508 2782658 3718208
479001600 479001600 479001600 479001600
_ 14013 _ 13828 _ 12858 15168
2365440 7365440 2365440 2365440
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Experimentai results show that this formula compares favorably with other
members of the family; indeed the results are somewhat better on the average.
We can, using this formula, estimate the truncation error made by dropping the
differences past some order k, and we can estimate the roundoff from the difference
table,

PROBLEMS

18.10.1 Derive Gregory's formula when # is an odd number.

18.10.2 Consider using five points (four intervals) in the basic formula and derive a
two-parameter family of formulas.

18.10.3 Derive the midpoint formula (Bickiey's formula). See {8].

[ 1 dx= 5, 1(k+3) + 35 18feesis = M) 35 8¥ocs + 83

223 103

+ 5760 AYeoan B¥ i} + 2,880 Doz + A%ad
2,119

+ 32, {A%oiia — A+ -

967,680
18.10.4 Derive

[ oo = 3, 4@+ 7401
o k=0

where
22—~ 1)

A “-—-‘—W 1k
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*FORMULAS USING THE SAMPLE POINTS AS
PARAMETERS

19.1 INTRODUCTION

Up to now we have been using the weights in the formulas as the parameters.
Since the weights occurred linearly in the defining equations, they were easy to find
(the determinant of the system was shown to be nonzero, and we could use the
sampling polynomials to find the w; directly if we wanted to). We now consider
using the position x; of the samples as additional parameters to make the formulas
exact for more powers of x.  The new parameters do not occur linearly, andso the
definingequations will be harder to solve.  But again it should be pointed out that
the defining equations are solved only once when the formula is being developed,
not each time the formulaisused. The gain in making the formula exact for more
powers of x while using the same number of sample points is obvious.

The resulting formulas generally have awkward values for the sample posi-
tions x; and the weights w;, and they were therefore neglected in hand-calculating
days. This is no reason to neglect them when computing machines are readily
available. The principal remaining objection is that the peculiar values of the x;
and w; must be provided to the routine by keypunching and storing them



318 19 FORMULAS USING THE SAMPLE POINTS AS PARAMETERS

from published tables® or from other routines which found them and saved the
results,

The mathematical theory is both elegant and extensive, and we will give only
a minimum of material to indicate what is possible.

19.2 SOME EXAMPLES

Before plunging into the theory associated with the general case, we shall examine
a number of special cases to orient ourselves. First consider estimating the fol-
{owing integral from two samples:

f: 2T (x) dx = w, flx,) + w, flx;)

where the parameters are wy , w,, X;, and x,. The four defining equations are,
using the first four powers of x,

i: Me=1l=w, 4w Co

x: mo=l=wx; +wyx; 1o cg
¥ o my=2=wx P hwyx,? i1 ]y
¥ omy=6mwx? b wyx,’ 1

We now use the polynomial
x) = (x - x Nx - x)=x*+ x4+ o

and multiply the top equation by ¢,, the second equation by ¢,, and the third
equation by 1, and then add the three equations. We get

250+ 0= wilX, 7+ Xy + o) + woXy? o+ x5 + )
m Wy {xy) b Wy {Xp) = 0

since n{x,) == 0. Shifting the three multipiers down one equation and repeating
the process, we get

6+ 2¢c, + e = wixyn{x,) + wax, n(x,) =0
Thus we have the pair of equations
] + ¢ -

2C1 +C0= -6

I Forll, x)dx, [ e~ *flxy dx, |2 e~ *7 fx) dx and many others, see National Bureau
of Standards, " Handbook of Mathematical Functions,” and Dover Publications, Inc.,
New York, 1964, Also see Mineur {41] and Stroud and Secrest 1571
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whose solution is

¢ = —4

Since these are the coefficients of #(x), we have
mx)=x' —4x4+2=0

and the sample points are

x1=2'—\/2
X2m2+\/5

We are now reduced to the case of Chap. 15 with known sample points. The
first two defining equations are:

I=w +w,
1=Q = 2w, + Q4+ /2w,
whose solutions are:
J2+1
2./2
_y2-d

Wy 2\/5

=

Our formula is, therefore,

- _ J2+1 - J2-1 -
X === —
jﬂ e dx =X 7 fe-Jn+ > 75 FQ+/2)
which is exact for cubics using only two samples of the integrand.

How did we know that the weights we found from the first two defining
equations would satisfy the last two equations? The answer is simple; we chose
the x;sothat the last two equations were linear combinations (with coefficients ¢,
¢y, and 1) of the first two equations; hence the w; automatically satisfied the last
two equations.

As a second example, consider

21

JMII(X) dx = wy flx) + w2 f(x2) + w3 f(x3)
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With six parameters we can write six defining equations:

2=w; 4w + w3 Cp
O=wx;, +wyxy +wixy | ¢ | o
23 =wnt b wex w6 e | e
O=wix +wex®+wyxs® |1 je ]

25 = wyxy* + wyx* +owy xt 1 | ¢

Umwlxls ’+”W2X25+W3X'35 !.

We again use the appropriate n(x),
2(x) 55 (X = X (X ~ Hp(X = %) T X2 4 0 x% X 4 G

By multiplying by the ¢, as shown on the right of the defining equations and adding
the results, we get three equations for ¢,, ¢, and ¢;:

il

200+ 00, + 40,401
Ocp + %6, +0c, + 3
co +0cy + 30, + 0

0
1=0
1=0

Clearly ¢y = ¢; = 0and ¢; = —3/5. Hence
n(x}) =% 4+0x% ~3x+0=0

EE

Xy =
x, =0
Xy \/ j;'mg
Knowing the sample points x;, we have the defining equations
2= wy+w, + Wy
0==V35w  +J/35w,
3= $w, + 1w,

It follows from the second that w, = w3, from the third equation that
Wy =wy =59

and finally from the first equation w, = §/9. The formula is, therefore,
[ S de = 27=/3% + 250 + 213

and is exact for fifth-degree polynomials (see Sec. 16.9).
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If we had used the obvious symmetry, we would have realized that w, = w,,
Xy = =Xy, and x, =0 would make the formula true for a/f odd powers of x.
Hence we would have had the defining equations

I: 2=2w  +w
x 203 = 2wyx?
x‘: 2/5 m2wlx14

The ratio of the last two equations gives

i

X2 =2/5+2/3=3/5
Xy o= ""\/:;;’_5
NETE

X3
From the second equation
i 5

M= TS

and from the first w, = 8/9. The use of symmetry clearly makes things easier!

PROBLEMS

19.2.1 Derive J’j: Foode=Ff—1VR+FU/VI  Eo=8/45
(See Sec. 16.5.)
19.2.2 Derive —-j: In x f(x) dx = w, f(x1} + w2 f(x2)

5. i
19.2.3 Derive J: xf(ydes=wiflx)+waflxa) x = = :40”

xfE

19.2.4 Derive J‘ fn sin x f{x) dx = w; f(x:) + w2 f{x2)
3
19.2.5 Derive j_!f(x) dx = wi f(x,) + wa f(x:} + wy flxs) + wa fxs)
Use symmetry to show that w; = wy, X3 = — X4, Xz = — x3, and w; = w,, 50
that 7{x) is 2 quadratic in x2.
19.2.6 Derive fw e~ f{x) dx = wy f(x2} + wa f(x2) + ws f(xa)
Use symmetry to show that w, = w.y, X = —x;,and x; = 0.
2 4
19.2.7 Derive f sin x f(x) dx = :Zi w; f(x)

Use odd symmetry to show that wy = —ws and wy ==« —w;.
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19.2.8 Derive f :1 xf(x) dx = VST~ V35 + AV ]

19.2.9 Derive J‘:; VI = X (xydx = E 12+ £/

19.3 GAUSS’ QUADRATURE (INTEGRATION)—FORMAL

The best-known case of using the sample positions as parameters in an integration
formula is Gauss’ quadrature on N points:

¥ N
| f@ax= ¥ wit

k=
where both the weights and the sample points are regarded as parameters. Thus

the examples in the previous section were Gaussian quadratures. With 2N pa-
rameters we can write down the 2N defining equations:

£
1: 1-dx :2:]}10 = Wy + Wy et Wy
-1
1
x: fxdx =0=m, = WXy + wyx, + o WXy
-1
2 Ya 2 !
x*: f x?dx =z=m  =wx + Wy Xzz ot wyxyt
-1
* Y w 2
PTAE f X e O me gy o w X T w2V T L 2

-1
We again use the polynomial
m(x) = (X — % 0x — %)~ {x ~ xy)
=x" ey x4 kg
We now multiply the jth equation by ¢; and sum to get
§-1 N
2, mycj+my =3 wn(x) =0
o £=1
If we shift the multipliers ¢; down one lin¢ and repeat, we get

N1 N
_Zomﬁ 16+ Mgy = kzlwkxn m{xg =0
= =

Repeating this shifting process, we are finally led to a total of N equations

N1
Y miacy g =0 k=01, ,N~1
i=0
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In the next section we will show that under very reasonable assumptions the per-
symmetric determinant [44] of these equations is not zero, and hence the system
can be solved ferthe¢;.  We then put these ¢; into the equation for the sampling
places

(x) =27 f oy XN h by =0

This will, as we show in the next section, yield N real, distinct zeros., With these
zeros we are now reduced to the case in Chap. 15 with known sample points, and
we can solve the first N of the defining equations for the weights. Thus we have
our formula.

An examination of the process shows that we first solve N simultanecus
linear equations involving the moments m, to obtain the ¢;. These ¢; are then
used to form a polynomial, and we have to find the N zeros of it.  Using these N
zeros, we now solve another set of N simultaneous linear equations for the N
weights. If all goes well, we will have our formula. We next turn to showing
that all will go well in certain important cases.

19.4 GAUSS’ QUADRATURE—ANALYSIS

The purpose of this section is to show that for a wide class of formulas the process
of finding a Gaussian integration formula will go through without a hitch, in the
sense that mathematically everything will be as we said it would be. Consider
the class of integration formulas

B N
[ K@y dx= ¥ wef (e
where we assume that

Kxyz0 a<xxgb
The moments are

L]
m; = f K(x)x! dx

The defining equations are:

m; =

wexd  j=0,1,...,2N—1

=

k=1

If we multiply the jth equation by the ¢; defined by

a(x) = (x — X )x = x3) - {x ~ xp)
=xM ey XN ey oy =1
and sum, we get

N=1 ¥
Yome;+my =Y wn(x)=0
=0 Ko
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Shifting and repeating, we get, in all, the system of equations as before

N—~1%
ij+ij+mN+k=0 kmo,l,...,N-—l
i=0

To prove that the determinant of these equations is not zero, we show that
the only solution the homogeneous equations can have is ¢; = 0 for ali . Using
the set of N homogeneous equations, we multiply the kth equation by ¢, and add,
to get

N-1N—-1

Y 2 Mpgacicp=0
£=% j=0

Recalling the definition of m, , we have

b N=1  N=1
J'K(x)[ Y ogxt Yy c,x’] dx =0
a k=Q J=0

ar
N-1

j: K() L;o e x"] =0

Since K(x) = 0, the above equation can be zero only if ) ¢, x* = 0, that is, when
all the ¢; = 0 (as determined by the homogeneous equations). This in turn
means that the determinant cannot be zero, and hence that we can solve the
original set of nonhomogeneous lincar equations for the c;.

We now have the polynomial n(x) whose zeros are the sample points. We
need to show that when K(x) > 0, this particular polynomial has exactly N real,
distinct zeros in the interval a < x < 5.  We assume, to the contrary, that it does
not, that possibly there are complex zeros, real zeros oufside the interval, or
multiple zeros. Take all the odd-order zeros in the interval and for each write a
simple factor in the product

p() = (x — X 0x = x3) - (X~ %)
By our assumption (that, we will prove, leads to a contradiction) the degree k of
p{x)is less than N. Consider now

b N
LK(x)n(x)p(x) dx = j;xw r(x)p(x) =0

The right-hand side of the formula is zero because n(x;) = 0 at all the sample
points. Furthermore we made the formula exact for all powers of x up to 2N and
hence for all polynomials of degree less than 2¥. But n(x)p(x) is of degree less
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than 2, and so the integral must be zero.  Finally, the integrand is always non-
negative, and we have a contradiction since

j ’ KO)m(x)p(x) dx > 0

To avoid the contradiction, we must have k = N, and thusthere are N real, distinct
zerosintheintervala<x < b,

When we solve the first N defining equations for the weights w, (the Vander-
monde determinant is not zero), we can reasonably wonder if they will also be ap-
propriate for the last N equations. The equations that defined the ¢; show how
the higher moments are linearly related to the lower moments, and we can apply
these relations to show that the last N equations are consistent with the first N
since each (after the first N) is a lincar combination of the carlier ones.

It is an important fact that when K(x) = 0, the weights w, are all positive
numbers. This follows from picking f(x) = n,*(x) which is a polynomial of de-
gree 2(N — 1) for which the error is zero. We get

fb K(x)r(x) dx = n(x)w,

and hence w; > 0. Thus roundoff propagation is not severe in these formulas
(see Sec. 19.8).

155 THE ERROR TERM

Tt would clearly be awkward to prove directly that the associated G(s}is of constant
sign, and so we proceed in an indirect fashion. Consider the Hermite interpola-
tion formula (Sec. 17.2) using the N sample points. We have

(28)
10 = Panid + 2 0= 009
We know that the integration formula is exact for al! polynomials of degree less
than 2N, and so the polynomial part of the Hermite interpolation formula wiil
exactly cancel out on both sides of the formula. That leaves the error term to be
considered.  On the right-hand side it cancels out due to the factor z{x). Onthe
left we have

£2%6)
N1

rK(x):tz(x) dx KE{(x})=0
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where§ = 8(x). Notethatthe factor K(x)n2(x)is of constant sign, and so we may
apply the mean value theorem for integrals (Sec. 4.7} and get

f(lN)(g!)

G J:K(x)itz(x) dx

But the integral is the same as
b
f K2 (x) dx = Eyy # 0

since all the lower powers of x do not contribute to the error. Thus we have for
the error of Gauss’ quadrature, when K(x) = 0,

G 1)

We earlier proved (Sec. 16.7) that if the form of the error was as indicated, then the
G(s) must be of constant sign.

Ali this reasoning has been based on the assumption that in the interval,
K(x) does not change sign. If it does change sign, then ail kinds of pathological
cases can arise.  The extreme case is perhaps the kernel

K(x) = e™*/*sin x1/4
For the integral
-] (/4
f e~ *" sin xV4f(x) dx
1]
all the moments
@ 1/4
y = j e~ =" sin(x"*)x* dx = 0
[¢]

by Sec. 13.7.  This shows that the defining equations are satisfied if all the weights
are zero, and it gives rise to the formula

_f e sin x 1% f(x) dx = 0
0

which is true for all polynomials (of finite degree). But for the function
Sf(x) = sin x4

the integral clearly has a positive value. Fortunately in practice the kernel K(x)
of the integral is usually of constant sign, so that the above analysis is relevant and
the particular example is not.
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PROBLEMS

19.5.1 Discuss the kernel
Ex)=e"*[1 +sinx'*] O0gx<go
which does not change sign. See [27].

19.6 THREE SPECIAIL CASES

There are three important special cases for which the sample points x; and the
corresponding weights w; are known in a closed, analytical form. For these cases
there is no necessity for reading in these numbers from some other source—they
can be programmed in. These cases are:

tof oz X 2k ~ n_ fOV8)
f—:\/i"l"“iidx"ﬁk;f(ms 2N “)"*"22”-1 G

.{1 2 r 3 sin® Tk Flcos i )+_1rf‘2”’(9)
_1../I~—x f(x)d.x=j\;”¥1k=1 NI N+1) 22N Ny

J [ —x 4n J kr
T O dx = e § sin?
f_. T O =gy L s 2N+1f(°

2kn ) AL ()
08 A
N+ 1) T I A

We shall derive the first case [30]. The defining equations are:

1 o N
fn;ﬁdx=jgswjxjm m=0,1,...,2N -1
Setting

x=cos8  x;=c080,
then

L2 N
f cos"§df = 3 w;cos™8;
0 J=1

We know

cos N8 = polynomial of degree Nincos 8
= a linear combination of (cos )™

Taking exactly that same linear combination of the first ¥ + 1 defining equations,
we get

33 N
[ cos N9 dO = 3 w; cos N8,
¢ i=1
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With small modifications of this trick we can get the 2N eguations

] N
j cos™Gdf = ) w;cos™ 6,

’ s m=0,1,...,N~1
f cos N@cos™ @ dfi == ¥ w,cos Nf,cos™ 6,

¢ i=1

which are equivalent to the original 2NV equations.
Since cos mf equals the polynomialincos 8, we can similarly convert these
equations to the equivalent set (see Sec. 26.2):

= N
f cosmBdf=0= Y w;cos mb;

o j=1

x N
f cos N0 cos i€ df = 0=} w, cos N6, cos m,
¢ J=E
The second N equations will be satisfied if
cos Ni; =0
or

From the orthogonality of the cosines over the equally spaced 8; (Prob.
11.1.3}, we see that the first N equations will be satisfied if w; = w and from the first
equation that

on
YEN
Thus we have our formula.

Similar, more elaborate trigonometry will derive the other two formulas,

although there are other, perhaps preferable, ways to find them.

PROBLEMS

19.6.1 Derive the second formula.
19.6.2 Derive the third formula.

19.7 GIVEN SOME SAMPLE POINTS

It often happens that the values of the function are known at one or both ends of
the interval of integration, Formulas which take advantage of this are known as
Radau and Lobatto integrations, respectively.



19.7 GIVEN SOME SAMPLE POINTS 329

The effect of fixing a sample point is to decrease the number of defining
equations by 1. Let us examine the case of one endpoint, say at x = @. Forthe
formula

N
f:K{x)f(x) dx = w,f(a) + jg:w,ﬂx,-)

we have the defining equations

N—-1

m=w,a+ 3 wxt  k=0,1,...,28N-2
J=1

1f we multiply the kthequation (k = 0, 1, ..., 2N — 3) by ¢ and subtract from the
(& + 1)st equation, we get
N-~1
My —am, = 3 wla—x)x* k=10,...,2N=-3
=1
Set
My — amy = M,

and we have, in cffect, eliminated the known point and are reduced to the pure
Gaussian case of all unknown points.  Evidently we can iterate the process and
eliminate another given sample point each time until all we have left are the un-
known sampie points. We then find the unknown x;. With these we are then
back to the earlier case of all sample points being known.

Again we may ask, How does it go in practice? Will the sample points be
real, distinet, and in the interval?  For the two cases, a sample point at one end
of the interval (Radau} or a sample point at each end {Lobatto) and for K(x) = 0
{a < x < D), we can carry out all the steps. Corresponding to the analysis in
Sec, 19,4 where we used 7*(x}, we now use

(x — a)n*(x)
[where n{x) is the product over the unknown sample points] in the case of one end-
point, and
(x = @) (x)B - x)
in the case of two endpoints. Thus if we can find the ¢;, then the zeros of the

polynomial are real, distinct, and in the interval @ <x < b, The analysis that we
can solve for the ¢; is a bit messy, but follows readily from Sec. 19.4.
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PROBLEMS

Find (where only endpoints are given):

1971 [ £ dx= HH=1) + O + S~ VIB + VI Eom =235
1922 {7 &0 dx = 4@ +£2)

197.3 [T ) dv = wo fO) + wif (8 + wa fx2)

1974 —[ £ x dx = wo £O) + wif (1) + wa [

1975 [ () dx = wo SO+ Wif i) + W S(8) =513/ 0) + 87(1) + /&)
19.7.6 Carry out the details of the analysis in the case of Lobatto integration.

19.8 CHEBYSHEYV INTEGRATION

It sometimes happens that we are either given or would like to put lincar restraints
on the weights of a formula. Such restraints are likely to involve the weights as-
sociated with the known sample points, since they are not easily applied to posi-
tions that have not even been specified inadvance. The main exceptionisthe im-
portant case of the same restraint applied to all the weights of the sample. The
reason that this restraint arises is that this is the one that minimizes the effect of the
noise in the samples; all other sets have some increase in the variance of the weights
since the sum of the weights is given by the first moment m,. The proof goes as
follows. To minimize

N
2w
=1
subject to the restraint (the first defining equation) that
N
Z Wy = Hig
i=1

we use Lagrange muitipliers and minimize the function of the weights

yoox
Fiw) = ;!w,- - ,1'2:1 w;

We get
f?f.. =2w,—A=0
dw,
2 My .
wim—im-—ﬁ foralli

When all the weights are equal, the formula is called ** Chebyshev.”



19.8 CHEBYSHEY INTEGRATION 331

The best-known Chebyshev case is K{x) = I with the range ~1gx< 1.
The w; = w == 2/N, The defining equations are:

N
me=wy xt k=01,...,N

i=
or
N
m
xh =
i1 w
The sums
N
m
= ko T
Sp= 3 X
=1 w

are symmetric functions in the x; and hence by the fundamental theorem [60] of
symmetric functions theory are expressible in terms of the elementary symmetric
functions

=
0
[
™
Ko

Indeed, the Newton identities
S +py =0
S2+py5 +2p, =0
S3+pS+ps +3p,=0

express exactly this relationship.

Thus, since the p; are our cy_;, we can convert these defining equations to
equations in terms of the ¢;. It is known that these equations can be solved for
real x; only for the cases! of N = 1,2, ..., 7, %; all other cases give complex x;.

But let us be reasonable about this; the complex zeros will occur, in this and
other cases, only as conjugate pairs (we are considering integrating onliy real func~
tions), and the weights will be such that the sumisreal.  Therefore, for the labor
of finding one complex function value we get the accuracy equivalent, in some
sense, to that of two real points. And why, given a mathematically expressed

! For tables to 10 decimal places see National Bureau of Standards, “ Handbook of
Mathematical Functions,” op. cir.
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integrand, should we refuse to use complex sample points? An experiment inte~

grating a function with a known analytic answer for thecases N=1,2,...,12
showed that the errors fel! on a smooth curve, as expected.
The Chebyshev case
K(s) = e
1 - x?

is given in Sec. 19.6 and can be solved for all N with real samples—indeed it is both
a Gaussian and a Chebyshev formula at the same time!

19.9 RALSTON INTEGRATION

A. Ralston has published! an interesting example of a mixed type of integrationin
which two sample peints and one linear restraint are assigned. Specifically, the
formula

H n
[ Jdx= 3 mfcx)

j=1

has the conditions

Xy = —1
X, =1
Wy = — W,

We have, therefore, 2N — 3 parameters and can make the formula exact for
1, x,..., x*¥%  The defining equations are

2= "ixw,
=]
0= —2w + ¥ wx
2,"3 = z W,-x,z
0= —2w + ¥ wx]

- Y ow,x ¥4

In order to follow the subsequent algebra more easily and at the same time not
oversimplify it, we take the case of N = 5 which gives 2N — 3 = 7 equations.

¥ A. Ralston, J. Assec. Computing Machinery, vol. 6, pp. 384-394, July, 1959,
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The sample polynomial is
(x) = (X = X0 — X3)(x = Xg) = ¥° + €% + &% + €

The usual elimination process leads to N — 1 (in this case, four) equations:

co oy - Wit - Wy
o +1 = -wo - Wyl

o +ic= Wiy - W
o+t =-we - W1y

It is easy to see that we can form N ~ 3 (= 2} equations which do not involve
the quadratic terms w;¢,(f =0, 1, 2),
deo 4 ey =0
_12?(-'1 + '5%" == 0
We have, therefore, ¥ — 3 linear, nonhomogeneous equations in the unknowns
Cos Cys-..1 Cy-13, OF ONe MoOre Unknown than equations.  Solving the equations
in terms of, say, ¢, we have
ey = —3/7
Cy = "'SCQ

These are put in the first two quadratic equations of the set to give

rd
~teo = —Fw,
| -
I35 = 20w

Thus in the general case, as well as in the specific case of N == 5, when we eliminate
¢g, we come to a quadraticinw,. Inthecascof N =35,

W=+ \/ E.'Té—o
The plus or minus sign has the effect of reversing the formula from left to right or
right to left.
Knowing w, , we can easily find the ¢, and the sample polynomial
7(x) = 6% ~ S350 — 3x + 5y

Reasoning similar to that of Sec. 19.4 shows that the zeros are real, distinct, and in
the interval of integration.

PROBLEMS
19.9.]1 Show that the Ralston case of N = 6 has the sample polynomial
4x* 2 4x I

T ¥ s i YR o
=X ey e T



334 19 FORMULAS USING THE SAMPLE POINTS AS PARAMETERS

19.10 GAUSSIAN INTEGRATION USING DERIVATIVES

Tt is natural to turn to Gaussian integration using both function and derivative
values. If only the function and first-derivative values are used, then the sample
points often {not always) turn out to be complex; but if the function and the first
and second derivatives are used, then much of the analytical part of Sec. 19.4 can
be carried through using 7*(x) in place of 7*(x).

Rather than examine the messy general case, let us examine the particular
case

1
[ 7 dx = wif(=0) + woJO) + waf(x)
= WS (=) + WAL ()
£ WIL(=3) + 9GO + Wi ()

where we have used symmetry to reduce the complexity of the algebra and have
made it exact for all odd powers of x.
The defining equations are, on dividing by 2,

1 1 o=w,  + 12w, 0
xt 13 =wx? + 2wixy + 2w +wg
x5 15 =wxt + dwix,? + 12wix,? + x,®
x5 )7 =wx,® + 6wix,’ + 30wix,* -3x,4
19 =t 4+ Bwix,T 4+ S6wix,® +3x,°
xt0: P11 = wowt® + 10w x,® 4+ 90w x,® -1

Multiplying these equations by the constants on the right and adding, we get
(dropping the subscripts on the x)

Regarding this as a function of x,

5 3 3 1
f(x,aism —-_;x‘+§x2—~i-f=acubicinx2
we see that f{0) = — /11 and f{1} = 8(1/33 — 1/35) > 0, and hence there is a real
x that is the solution to our problem of finding a sample point. The rest now
follows easily.



19.51 AN ALGORITHMIC APPROACH TO FINDING FORMULAS 335

PROBLEMS

19.10.1 Carry out the details of the analysis meationed in the text,
19.10.2 Complete the above special case.
19.10.3 Discuss the case where some points use f(x), some f{x), f'{x), f“(x)}, and some
2 0% L% 1
19.10.4 Show that
1
[, 700 dx = waftx) 4+ wa £Gx) + wif () + wh £(xs)

leads to complex sample points x;.
19.16.5 Derive the two-point case using £, £, and f” for {1, f(x) dx.

19.11 AN ALGORITHMIC AFPPROACH
TO FINDING FORMULAS

Computer science emphasizes the algorithmic approach to various fields, and we
shall adoptit for the problem of finding formulas. Inordernottoobscure matters
too much we shall omit a lot of the trivial details that are easily supplied (especially
exits from the flow diagram when various steps fail to work).

The formulas we are considering are of the form of a linear operator which
is being estimated by a linear combination of sampies of the function, and possibly
one or more derivatives, using weights w,, w}, ;. ... We have examined the
problem mainly in terms of the operation of integration over a definite interval,
but much of the material applies to any linear operator.

To fix notation, let

ny = the number of weights w;, w}, »}, ... to be determined
7, = the number of sample points x; that are given

ny = the number of sample points x; to be found

n, = the number of linear restraints on the weights

N =ny+n,

We are finding formulasin the classical sense of making them correct for successive
powers of x, that is, putting in 1, x, x%, ... as far as we can to form the defining
equations, Sec. 15.5. How far can wege? We have ny + 5 — n, free param-
eters and can therefore expect that the same number of defining equations will
usually determine all the parameters. We will, therefore, need the same number
of moments m; of the linear operator, and later we will need more m;, both for the
possibility of higher accuracy (as, for example, in Simpson’s formula, Sec. 15.3)
and for the error term, Chap. 16.
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Before writing down the defining equation, box 1 in Fig. 19.11.1, it is well
to look for symmetry about some point x = g, either even or odd symmetry (Sec.
17.5, Example 17.3, and Sec. 19.2).  If there is symmetry, then using powers of
x — a, instead of powers of x, will simplify the problem (though it should be
realized that anything that can be done along these lines can be done later by
manipulating the equations properly). When we use the symmetry we have:

Even symmetry Odd symmetry
Maxgr =0 allk My == 0 allk
Xi— = Xy — @) Xy~ @= Xy~ &)
WE = Wp!'....l W! = —W;‘va.g
Wi Ty W= Wy
Wy Whye W= — Wy

These choices make the corresponding defining equations exact for all values of

the index k, so that we need only write the defining equations for

x2k or x2k+i

Thus there wifl be about half as many defining equations to be solved and about
one-cighth as much algebraic manipulation to solve them.

To the defining equations we append the n, equations giving the linear
restraints on the weights. The combined set of iy 4 1y equations are to be solved
for both the x; that are not known and for the weights w,, wi, w", ...

If n, = 0 (all sample points are known), then we solve these equations (box
21in Fig. 19.11.1}. There are three approaches possible:

1 Direct elimination—the hard way.

2 Solve for some of the weights using the sampling polynomials n;, o;, 1;,

etc., to obtain them directly, Secs. 15.5, 17.4, and 17.6.
3 Inthe Birkhoff cases we can construct the inverse matrix as combinations
of sums and products of the x, (Secs. 14.5, 14.6, 17.4, 17.6).

These equations can be solved when the system has Birkhoff data (consecutive
derivatives) (Sec. 17.6). In other cases we are not certain that they can be solved;
indeed we know from the example of Sec. 17,7 that they can be inconsistent or that
they canadmit of a one-parameter (or more) family of solutions.  Inthelatercase
we can add further defining equations and hope for consistency when the rank
rises to full order (Sec. 17.7).

When we have the formula, we next turn to finding the error term {(box 3 of
Fig. 19.11,1) which requires additional moments m,;, We first find the value of
m such that E, # 0. Note that the value of E, can be found directly, without
finding the weights, as a linear combination of the moments m,.  The coefficients
of this linear combination are polynomials in the x, only (Sec. 17.8). We then
comnstruct the G(s), and if it is of constant sign, we have the structure of the error
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term {Sec. 16.5), while if it is not of constant sign, we turn to Sec. 16.7 for guidance.
For some Gaussian cases we can use the interpolation formula’s error term
instead (Sec. 19.5).

Finally it is necessary to organize our scattered results and print out the
formula, or why we did not get it (box 4 in Fig. 19.11.1).

If ny # 0 but n, = 0, we have the pure Gaussian case of all unknown sample
points. For the case of only function values we first construct the equations for
the coeflicients ¢; of the polyromial n{x) whose zeros are the unknown sample
points. This we can always do {(box 5 in Fig. 19.11.1).

To solve these equations for the ¢, is another matter (box 6 in Fig. 19.11.1).
We need to consider the rank of the equations and what to do if this is Jess than full
rank. Adding more defining equations is one approach, provided inconsistency
has not shown that such a formula cannot exist. For the case of K(x) = 0, in-
tegration with no constraints on the weights, and at most only endpoints as as-
signed samples, we know that the eguations are of full rank (Sec. 19.4). The
general case using derivatives is obscure,

In box 7 of Fig. 19.11.1, we solve this polynomial for the unknown sample
pointsx;. Again we are assured that in the case of integration with K(x) = 0, and
at most assigned sample points at the ends of the interval, we will find real, distinct
zeros in the interval of integration. This can happen in other cases too, and it can
fail to happen. But the conventional view that complex zeros or multiple zeros
are always fatal should be resisted, and the question judged on its own merits. 1t
is easy to show that in the case of complex zeros only the corresponding weights can
becomplex. The complex sample points give rise to a real quadratic factor in the
n(x) and most of the n,{x); and almost all the usual proofs go through as before,
with, at most, minor modification. If multiple roots occur, then thought should
be given to using a one-higher derivative at that place.

In box 8 of Fig. 19.11.1, we add these new sample points to the old ones (if
any) and look for duplicates. If there are none, then using a suitable number of
defining equations, we carry out box 2 (Fig. 19.11.1) and know that the other
defining equations will automaticaily be satisfied. Duplicate points are unlikely
and have not been discussed.

Ifn; # 0,thenn, $ 0,and we goto box 9 (Fig. 19.11.1) and eliminate a given
sample point (Sec. 19.7). Going around the loop enough times, we end up with
all unknown sample points x; and go to box 5.

We have ignored many details, and much research can be done to increase the
number of circumstances under which we can be sure that the method will go
through without any problems in going from the defining equations to the for-
mula. With modern symbol-manipulating routines available, this process could
be put on a machine.
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COMPOSITE FORMULAS

20.1 INTRODUCTION

The previous Chaps. 14 to 19 examined the process of approximating a linear
operator as a linear combination of samples of the function, and possibly some its
derivafives, and used integration as a typical linear operator. These chapters
concentrated on methods, as the title of the book suggests, and did not attempt to
apply the resulting formulas to specific functions. The present chapter looks a
little closer at the actual application of the methods to the practical problem of
integration, although we shall also look once more at the problem of interpolation.
In both cases we will look at how formulas can be combined (composite formufas)
to achieve the desired result.

Books on numerical methods often give many examples of formulas apphied
tospecificfunctions. Wedo notintend to do this for a number of reasons,  First,
it supposes that the reader cannot evaluate a function, and possibly some of its de~
rivatives, at a given set of sample points and then compute a weighted sum of these
results—presumably drill in such matters is not necessary at this late stage in the
reader’s mathematical development. Second, for a given formula for integration
it is easy to find a function for which it will give a very good result, while at the
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same time a “ better” formula will give a worse result, Formulas are not to be
Jjudged onhowwell they do on a specific function, but rather how well they do over
some class of functions. We cannot use the gverage ¢rror over any reasonable
ensemble of functions as a measure because, among other reasons, the ensemble
is very likely to have both f{x) and —f(x) in it with equal probability, so that the
average error will automatically be zero—we probably want to use the variance
over the ensemble if only we could agree on one or more suitable ensembles of
functions! In the absence of such tests, we are forced to use the size of the co-
efficient £, in the error term as a guide for comparing formulas having the same-
order error term (the same m). As noted earlier, we are not certain about the
effect of the mean value theorem in placing the # value more favorably in one for-
mutlathan in another, and so our choice is not certain, only plausible.  Third, with
farge-scale computation it is more and more true that the user does not gettolook
at the results—they are buried deep in some inner loop and at best he sces the re-
sults of a few early test cases. But worse than this, he is often forced to pick the
method before any real data are available and later can modify his choice only
shightly. Commitments in large projects must be made in advance of definite
knowledge, and at much later times cannot be broken easily without jeopardiz-
ing the whole project. Thus it is necessary to train numerical analysts to know
in advance what will probably happen. Of course tests can and should often be
made of specific cases.  Of course somewhat similar problems can be tried before
making the final choice, but many times there is no real hope of knowing more
than a general description of what the data will be like when they become avail-
able.

For all these reasons we will stick to the somewhat abstract approach of try-
ing to reason what will happen in practice rather than regularly appealing to spe-
cific examples—this approach is necessary in order to get training in this difficult
art of being right even when you are not sure what the problem is. This puts
a burden on testing whatever seems, at the moment, to be relevant material when-
ever you can. Unfortunately the design of experiments lies outside the course,
and the art of guessing is very difficult to teach.

20.2 POLYNOMIAL APPROXIMATION AGAIN

By now it should be very clear that what we are doing by our formulas is equivalent
{with a very few exceptions) to first finding an interpolating polynomial and then
applying a linear operator to this interpolating polynomial—we called it analytic
substitution. We need, therefore, to think a bit about what kinds of functions
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can be approximated well by low-order polynomials, as well as the chief charac-
teristics of high-order polynomials.

First, a polynomial is finite, along with all orders of its derivatives, at all
finite points. This means that integrals like

Ji A ]
- arctan x
f Jxe *dx f dx —f In x arctan x dx
0 0 0

N

usually are not going to be very accurately done, except by chance or by /i being
small. One frequently sees proof in the literature that if a sufficiently small
spacing is used, then some particular composite formula will give accuraie results
(in the lmit), but it seems foolish to try to imitate the fundamental definition of
integration by adding enough small intervals to get the sum accurately.

Second, polynomials go to infinity as the argument goes to both 4 o0 and
- 00, Thus integrals of the form

©  dx f‘” dx
[} I+ x? P

f:e“*f(x) dx

xtlnx

are apl to be troublesome, unless the kernel smothers the growth at infinity, as is
likely to be true in the third example.

Third, polynomials love to wiggle, especially high-order ones.  But for inte-
gration with a constant kernel K(x) = I, the wiggles are apt to be more awful-
looking than they are in practice. There is a tendency for the successive loops to
cancel out more than might seem reasonable at first sight.  For example, in Simp-
son's formula applied to a cubic the area between the interpolating quadratic and
the cubic had a net area of zero (Sec. 15.3).

The problem, then, is to discover the nature of any nonpolynomial behavior
and toincorporate this into the kernel X(x); it is foolish to do otherwise. A very
high percentage of the problems that arise in practice will have some peculiar be-
havior at one or both ends of the interval, but only occasionally will there be
trouble inside the range (being bounded at infinity is real trouble for a polynomial).
It is because such troubles arise so often that we have given all the material for de-
veloping formulas so that an appropriate one can be found for almost any kind of
difficulty you face. Only the most common cases, or perhaps the easiest ones to
discuss, have been reported in the literature, and the others are awaiting you when
you start practicing the difficult art of practical computing. Thus you will oc-
casionaily have to develop your own formulas to fit the peculiar needs of your
current work.,
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20.3 THE NEWTON-COTES FORMULAS

The most obvious family of formulas, and the most commonly discussed, but not
used in practice, is the Newton-Cotes formulas for integrating a function, given a
set of equally spaced sample points (including the endpoints). The trapezoid
rule (Sec. 16.5)

* h 1
[ 160 dx =310 + 1001 - 55 WTO)
[}
Simpson’s formula (Sec.16.5),
Ik } 1 "
[0 dx = 3170 + 47 + 50~ g5 h7"0)
[}

and the three-eighths rule (Prob. 15.4.4 in disguise}
3 3l R
fo fxydx = —81[f(0} + 3f(h) + 3f(2h) + f(3M)] — %0 Kf7(0)

are the first three members of the family.  Table 20.3 gives the coefficients for the
general form

§o f(x)y dx = AR[Bof(O) + B f(#) + By f2h) + ++- + B, f(nh}] + R,

where r is the number of intervals, not the number of sample points as we have been
doing. Evidently there are n + 1 sample points. Since the coefficients are
symmetric, we need not give all the table.

Some of the coeflicients become negative forn = 8. Forn = 9 they are all
positive, but for n = 10 there are negative coefficients. This tends to preduce
poor roundoff properties, and as a resuit the higher-order Newton-Cotes formulas
are seldom used. The order of the error terms jumps by 2 in going from an odd
number to the next even number, which tends to favor the even-order formulas.

Notice the appearance of the powers of & in the error term.  When we use
other than unit spacing, the powers of h automatically appear in the defining equa-
tions. 'We may cither compute with the & values present or else pretend we have
unit spacing and supply the proper power of 4 later (for equally spaced samples);
the latter is usually preferable.

If these formulas are to be compared for the same interval, then it must be
remembered that b = range of integration/n, and the corresponding adjustments
raust be made in the error terms

The Newton-Cotes formulas can be derived in many ways. Perhaps the
simplest way to find the actual coefficients is to observe that the Gregory formula,
when written to include all the differences that can be computed from the sample
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points, is exact for polyromials of the maximum degree, and hence when written in
the Lagrange form, must be the same as if it were derived directly. Thus for the
case of n = 4 we have

fo Sy dx =3 fo Ny + o+ s+ Ha ¥ 58S — Afy)

8% + AV + 5% - A7)
— 135(A%0 + A% = 14 + 554 + 3L + 44 3L
We have not derived the error terms [by showing that the influence function

G(s) is of constant sign] becauvse as we said earlier, the formulas beyond Simpson’s
are seldom used.

PROBLEMS

3
20.3.1 Apply the n==2, 4,6, 8 Newiton-Cotes cases {o J e *dx. Compare with the
correct answer, °
20.3.2 Discuss the noise amplification of the Newton-Cotes formulas.
20.3.3 Derive the Newton-Cotes formula from the Gregory formula for n= 6.

204 REMARKS ON SOME FORMULAS

Why are the Newton-Cotes formulas seldom used for high orders? Partly be-
cause the roundoff appears to be so bad.  If we assume that the roundofferror g,
is independent at successive points x; where the function is evaluated and that it
has a noise level of o2, then the variance of the sum will be

AV wiel}= Y ¥ ww; Avie e}
i
= (Y wi)e?

since
Avige} =0 Pj
But this effect should not be exaggerated, though it is serious when the weights
have different signs since their sum is fixed in advance at m, .
The Gaussian formulas require peculiar weights and sample points, and this
needlessly discourages people from using them; however the weights being all

positive for K{x} = 0 isencouraging. The Chebyshevformulas donotseemto be
worth the trouble of the awkward sample points except when they are given by



20.5 COMPOSITE FORMULAS 345

analytical formulas. Thus we are forced to look more closely at the composite
formulas that were briefly mentioned in Sec. 18.9.

However, the Gaussian formulas are often very useful. Among other
places they are often used is in solving integral equations. For example, given the
integral equation

Y =1+ [ Kessho) d

we apply Gaussian quadrature and are led to a system of simultaneous linear
equations:

W
yx) = flx) '{"jglw_f Ky, sp{sp  i=1,2,...,N

Since the cost of solving linear equations is proportional to N, the use of Gaussian
quadrature, which reduces the number of equations by a factor of 2 for the same
order of truncation error, is clearly worth the awkwardness of the peculiar sample
points and weights.

20.5 COMPOSITE FORMULAS

Since high-order formulas are not often used, composite formulas nust be the
major formulas in practice. In the case of the Hamming-Pinkham formulas the
error term is given by the sum of all the neglected differences and in practice is
usually not far from the first neglected difference,

In the case of composite formulas based directly on some formula, say Simp-
son's, we find that the error term is the sum of derivatives, and we need the follow-
ing theorem.

Theorem 20.5.1 If g(x)is continuous and the ¢; = 0, then for some value
6 in the interval of all the arguments

N
g(0) z C; == i;cig(ai)

PROOF The proof follows by induction from the simple case of two
Consider

HO) = e g(0y} + c29(82) — (e + c)9(6)

In the interval of the §,, g(9) takes on both a maximum and a mini-
mum. If g{f) is not constant, then ¢(f) has opposite signs at these
two points: hence since it is continuous, it takes on the value 0.
The induction follows easily. it
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This theorem is the discrete analog of the theorem

[100 dx = 0@ [J dx 1920

{Secs. 7.4 and 16.2). Thus we get for the composite Simpson’s formula
nh® f48)
90

‘The h® appears in the error term because we have shifted from unit spacinginfto
the spacing & in x by the transformation

f:"hf(x) dx = g EFEOY + 4f () + 2f(RR) + +++ + f(2nhk)] —

ht=x

dt=%dx

and
4" K"
e d
The error is often written as
(b — ar )
-

where b — a = range of integration == 2nh.

In formulas like Ralston’s, the opposite signs of the function values at the
ends clearly cause them to cancel out, except at the ends of the range, and this is
their chief merit,

In formulas using derivatives there is a strong tendency to have the odd-
order derivatives cancef out. Problem 17.5.2 derives the formula

! 1 ’ ] f(4){9)
[ 700 dx = S5 160) + 61(1) +.5/(0) ~ S (D] + 55
or
: h (0 — e 4. OO
[ S dx = 5 16/0) + 61+ £'0) ~ () +~g

The composite formula is, therefore,

[[763 dx = 5070 + (0 + -+ 4 241 = D3] + Suh)
ARG)
720

Thus only the end derivatives are used (this formula can also be found from the
Euler-Maclaurin formula in Sec. 12.8).

{f (©) —f'(nh)] + nh ——=
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PROBLEMS

Find the corresponding composite formula from the folowing problems:
20.5.1 18.10.4

2052 174.1

20353 1753

2054 17.54.

206 COMPOSITE OR HIGH-ACCURACY FORMULA?

How shall we choose between the two alternate choices of integration, a low-
order composite formula or a single high-accuracy formula? The answer is both
very simple and very complex. In principle it is a question of the rate of growth
of the higher derivatives of the integrand [ignoring the kernel K(x)]. Section
14.7 discussed the growth of the higher derivatives for functions that have singu-
larities in the finite part of the complex plane [recall that 1/(1 + x?) has singu-
larities at x = i} and showed that some of the high-order derivatives must
behave like st or worse; otherwise the series would converge everywhere.

Since, except for a few elementary cases, the high-order derivatives are not
available in clesed form, it is usual to estimate them from a difference table. Of
course this has its dangers, especially near a singularity. While we try to incor-
porate all the singularity we can into the kernel, there is usually some singularity
left, not necessarily in the interval of integration, to cause trouble,

There is no magic number, but experience seems to indicate that for moder-
ate engineering and scientific accuracies of, say, five decimal places, fourth- and
fifth-order derivatives are about as far as it is wise to go in the absence of knowl-
edge that the higher derivatives are not excessively large. On the other hand,
experience with Gaussian integration indicates that good answers can be obtained
from high-accuracy formulas. Apparently it is the equal spacing that is not
favorable to the use of high-order derivatives in the Newton-Cotes, and similar,
formulas.

20,7 GREGORY-TYPE FORMULAS

The trouble in estimating the value of the derivative occurring in the error term
Teads to sequential methods of estimating the accuracy of a formula. The use of
several different spacings and the comparison of the resultant numbers provide a
popular way of approaching the problem. One of the more popular methods is
to start with a low-order formula with a known error-term structure, usually
expressed in the Taylor-series form with many terms being kept, and then using
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tighter and tighter spacings, build up a table of values of estimates of the integral.
The next step is to eliminate pairwise the lowest-order derivative that appears in
the error term; thus from » estimates we get n — | estimates with one of the deriv-
atives eliminated. Then from these we eliminate the next derivative, etc. This
is not the same as directly finding the most accurate formula you can, but it tends
to avoid oscillation in the weights (the effective weights, once all the elimination is
done) that occurs in the Newton-Cotes formulas.

It would seem, however, that the direct use of the Gregory, or Hamming-
Pinkham, formula (which was invented for this purpose) would be better, and a
number of experiments back up the theory. The approach through the differen-
ces allows almost independent estimates of both truncation and roundofferror, so
that a comparison of the effects of using either a higher-order formula (using more
differences) or more points can be made accurately.

The Gregory and Hamming-Pinkham formulas have an additional feature
worth noting. When the integrand becomes flat at the ends of the interval, for
example,

f e  dx

w

then the differences all approach zero and can be ignored,
Hartree' gives Table 20.7 for results obtained when computing

I={ e dx=h{12+ ¥
0 kel

The remarkable accuracy for /i = 1/2 is unfortunately accompanied by a lack of
knowledge of when it occurs or when 4 is too large; the error analysis of Gregory’s
formula is a difficult topic.

Table 20,7 COMPUTATION OF j : =T dx*

I

05 088622 69254 5 Correct to 11 decimals
8

0.6 69254
0.7 692835
0.8 088622 72808
0.9 23 598
1.0 32 0

11 088674

! Sce Hartree [191,  Seealso R. A, Fisher, Phil. Trans. Roy. Soc. London, Ser. A, 1922,
for general & and error theory.
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PROBLEMS

20.7.1 Make 2 fow diagram for the Gregory formula which involves the machine
choice of when to stop using more differences. Discuss your reasoning for
terminating as you do.

208 COMPOSITE INTERPOLATION

For interpolation the problem of whether to use one-high-order polynomial for
the whole interval or to use a sequence of lower-order polynomials for various
intervals is exactly the same problem as when to use a single high-order integration
formuila or a different composite formula. The chief difference is that integration
is a “smoothing” operation and is less vulnerable to the inevitable wiggles of a
polynomial, and so there is more of a tendency to go to composite formulas when
interpolating. However, among other difficulties in the interpolation process,
when we shift from one interval to the next, we have the situation that there are
sharp corners.

Spline interpolation was designed to cope with this problem, and for most
practical purposes spline interpolation means cubic spline interpolation. In
cubic spline interpolation the function and the first and second derivatives are
reguired to agree at the ends of theintervals where one cubic meets the next.  Thus
we have a contintous second derivative throughout the whole range of interpola-
tion.

Spline interpolation is useful in many situations which require a smooth
interpolating function through given data. Examples include interpolating data
to drive automatic milling machines, many draughting applications where
“smoothness™ is highly desirable, and in computer science, graphical output of
smooth curves from given data,

Spline interpolation is a large, well developed field, and we can, per usual,
give only a brief introduction [2}.

20.9 THE CUBIC SPLINE EQUATIONS!

Let the ordinates y, be givenat x, (i = 1, ..., #), respectively. Leth; = x,,, — x;
denote the mesh-point spacing.  Let y(x) be an interpolation curve through these
points and define y{ and y; as the first and second derivatives, respectively, of
y(x} at x = x;. Let y{x) be expressed in piecewise fashion as
forx; s x<x i=1,...,n~2
y0) =13 (1

forx,,sxsx, i=n—1 {20.9.1)

' Much of this matcrial is takea from a Bell Telephone Laboratorics memerandum by
D. G. Schweikert,
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with the following conditions on function value and first and second derivatives:

J{x)y=w i=1,...,n—1
Jie i) =y i=2,....n
Fiax)=fix) i=2,....n~1 (20.9.3)
[ =) =1 =) i=2 ...,n—-1 (209.4)

The individual cubic polynomial fi{(x) can be expressed using the interval values
¥is Yis, and either v}, iy, OF ¥i, i+, to represent the cubic coefficients.  Both
forms yield the same yp(x), of course, but since wsing the mesh-point second-
derivative values as unknowns has some¢ minor advantages in most practical
computation, the very similar derivation of the slope form is omitted here.
Assuming y"(x) = constant in each interval means that y"(x) is linear, we

(20.9.2)

get

#x) = y(x—*;z—"’f) + y;fﬂ(x ";’ "‘) (20.9.5)

Integrating twice more and selecting the constant of integration such that Egs.
(20.9.2) are satisfied yields

fix)= yi(x%;—x) + Yu-:(x ;‘x,)

‘hiz .,I:xmz - X (xa+| - x)s]
6 h; hy
RE . Tx—x X -—x)\?
- ?yiﬂ[—r,— - ( hi ) } (20.9.6)

which identically satisfies the continuity condition {Eq. (20.9.4)] on the second
derivative. This form does not, in general, satisfy the continuity conditions on
slope [Eq.(20.9.3)]. Expandingthe LHS and RHS of Eq. (20.9.3) by differentiat-
ing Eq. (20.9.6) and evaluating yields, respectively,

oy Ve ¥ R L,
Jilx) ———hi % (2yi + yisy) (20.9.7)

[ i i h - M 1
fio ) = 171—-’1;3 LG 2D (2098)

which, when equated, produce the condition

him i ¥os + 2oy + B+ B3ty ms(""'“ i ”‘“”’“‘)

hy iy
i=2...n—-1 (2099
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which must be satisfied at n — 2 points by the n unknown quantities y/. Two
more conditions are required on the y, and these are obtained by specifying one
end condition at each end.

Specifying the end second derivatives vy and 3/ leaves n — 2 unknowns,
which can be obtained by solving the n — 2 equations of Eg. (20.9.9). The
coefficient matrix is tridiagonal, and the diagonal term is dominant, which assures
us that the matrix is never singular.  An example of Eq. (20.9.9) in matrix form
is shown for six equally spaced points, where d) = (¥4, — 23 + yi- (20D

41 0 o\fy 12d2—?~;’l
4 1 olfyil 124
1= (20.9.10)
ot 4 tflyf| 124,

00t 4]y 12d5-—%

Instead of specifying yy, we could specify the end slope yi—or a linear
combination of the two. I y| is specified, then ¥} is an unknown, and we must
find an equation involving both. Evaluating Eq. (20.9.7) for { = 1 yields the
required equation,

2,y + by = 6(”—25—”2 - y’,) (20.9.11)
1

which, when included in the above example, alters Eq. (20.9.10) slightly to the
form

21 0 0 O fyy 124,
1 410 0ly; 12d,
0 1 4 1 ofy;]_Jt2d;
00 1 4 tily 124,
00 0 1 4]\y 1245-3%

where d, = (y, — ¥, — ¥\ R)/(2hY). I y; is specified instead of y;, an equation
similar to Eq. {20.9.11) appears at the bottom of the matrix.

If the appropriate end conditions are not actually known, the simplest
choice is ¥ = 0. Another, and smoother, choice is yi = 0.5y5.

Although the spline is a * global " rather than a * local ™ curve, e, altering
a single y; or end condition affects the spline throughout [x,, x,], the dominant
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diagonal term causes such ¢ffects to become small rapidly as the distance from the
altered point increases, virtually eliminating roundoff problems. In addition,
since the solution of the tridiagonal equations involves fin arithmetic operations,
there are no computational difficultics or disadvantages in fitting hundreds of
points at a time.

The storage of the spline coefficients y,, ¥y {f == 1, ..., n) involves 2n loca-
tions compared with only n locations for the coefficients of an #-point interpolation
polynomial.

20.10 COMPARISON WITH POLYNOMIAL
INTERPOLATION

The results of the widely used polynomial interpolation are frequently perfectly
acceptable, as illustrated in Fig. 20.10.1. Generally speaking, the spline does
not have any particular advantages when used for (1} the approximationof a
well-behaved, easily calculated mathematical function {unless the derivatives are
also important) or {2) the curve-fitting of experimental data which are *“ dense.”
The term dense will be loosely defined here as meaning that the number of points,
in any subregion, is more than an order of magnitude larger than the number of
inflection points expected in the fitted curve for that subregion, and that there
are no “abrupt” changes in the expected second derivative.

0.8
0.7
0.6
0.5
04
0.3
.24
O.bp-

0OHEA 1 3 4 ; ;
). ],
0.2
FIGURE 20,101
An example of smooth polynomial interpolation.

f
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The spline function’s smoothness properties give it significant advantages
over polynomials when dealing with “ sparse” data; i.e., the number of points is
less than an order of magnitude larger than the number of expected inflection
points, or there is a large change in the expected second derivative over a small
number of points.

One of the polynomial characteristics which causes great difficulty is the
manner in which an oscillation caused by one bad point or ** difficult” region is
reflected, usually undiminished, throughout [x,,x.}. Figure 20.10.2 shows such
an example,

¢ St | "
N V

e Polynomial
e — $pline

FIGURE 20,102
Comparison of oscillation characteristics.

All but one of the six points are in a straight line, but the solid line corresponding to
theinterpolating polynomial continues oscillating with an amplitude which would
not diminish, even if there were 50 more data points in a line to the right. The
amplitudes of the oscillation for the interpolating cubic spline function (with
¥ = yi =0), indicated by the dashed line, are reduced by about 1/3 in each
successive interval.

Frequently in engineering problems the first or second derivative of the
fitted curve is of more interest than the function value. Figure 20.10.3 is an
example of sparse data for which the second derivative was of interest. Probably
largely due to the point at xs, the interpolating polynomial {Fig. 20.10.3) is un-
acceptable, giving large excursions of the second derivative and, as we shall discuss
later, an unnecessary number of them. It should be emphasized that the fifth
point was not a piece of bad data but, in fact, indicated a legitimate localized
oscillation of considerable interest.  Of course it is easy to dismiss this by insisting
that more points should have been measured in that region. However, one
cannot dismiss the feeling that something smoother can be fitted to these points.
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00
180
160
i40
120
10018~

40 60 80 H 120

FIGURE 20.10.3
Polynomial interpolation of data.

‘The interpolation spline for these data (with y{ = y; =0}, shown in Fig. 20.10.4,
demonstrates that the high-degree continuity associated with polynomials should
not be confused with the smoothness required in the typical physical problem.
We are, in fact, sacrificing higher-derivative continuity to obtain second-deriv-
ative smoothness. Where third derivative smoothness is important, we note
that the quintic spline function (Ref. 2, pp. 143~148) minimizes [(y")* dx, and
similarly for higher odd-degree splines. The resulting degradation of second-
derivative smoothness is unacceptable in the typical physical problem, but the
higher odd-integer spline functions are of interest in function approximation since
all nonzero derivatives of a spline converge to the corresponding function deriva-
tive {Ref. 2, pp. 135-143}.

E8O—

1204~

5

FIGURE 20.10.4 i y | 1 ; ;
Spline interpolation of data in o 16 40 60 80 168 120
Fig. 20.10.3. -20i—
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The possible failure of polynomial interpolation can be anticipated by look-
ing at a divided difference table (Sec. 18.2). Differences of the jth order can be
associated with the jth derivative of an interpolating polynomial through j + 1
adjacent points. Scanning a column in the difference table gives an indication
of how stable the corresponding derivative should be. If the higher-order
differences do not become smooth, polynomial interpolation will likely be unac-
ceptable. The difference table for the points in Fig. 20.10.3 is shown in Table
20.10. The strong plus-minus oscillation in the fourth-difference column is a
sure sign of trouble.

While the term smoothness is mathematically vague, there is one necessary
condition which can be formally defined and is useful here in comparing the spline
and polynomial.

The points in Fig. 20.10.1 have negative second differences. An obvious
requirement for a smooth interpolating function is to have inflection points only
where the second differences change sign.!  InTable 20.10 the second differences
have four changes of sign, while the interpolating polynomial (Fig. 20.10.3) has
eight inflection points-~four extranecus inflection points. The spline (Fig.
20.10.4) has four inflection points, satisfying this necessary smoothness require-
ment. Whilein practice the cubic spline almost always satisfies this requirement,
there exist data for which it will fail. The more general spline-in-tension {unc-
tion always stcceeds and s useful in these exceptional cases.

! B, . Schweikert, An Interpolation Curve Using a $pline in Tension, J. Math, Phys.,
45, pp. 312-317, 1966.
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21

INDEFINITE INTEGRALS—FEEDBACK

21.1 INTRODUCTION

There is a significant difference between computing a definite integral
[/ 760 dx

and computing an indefinite integral, which may be written in the form
NEL:

The result of the first computation is a single number, while the result of the second
is a table of numbers.

The main purpose of this chapter is to intreduce, after a brief survey, two
new concepts. The first concept is that of instability, which can occur when
function values that have already been computed are used to compute the next
value. This repeated use of the function values may be compared to “ feedback ™
and produces instability in the same manner. Feedback is the use of part of the
output at a particular time as input at a slightly later time. Sometimes this time
delay can be neglected, and sometimes it cannot. Perhaps the simplest physical
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example is the feedback amplifier which is widely used in control circuits. (See
Fig. 21.1.1.} 'The output voltage is the sum of the two inputs on the left times
the gain of the amplifier, which is taken as — 10%, and one-tenth of the output is
fed into the input.

Amplifier gain = - 1e?

Oufput * x
——>

FIGURE 2i.1.1

We have
(¥ +ol)(~10%) = x
or

_ 101% 0y
T 4+10 1410787

Thus the output is approximately — 10 times the input, quite independent of
small changes in the characteristics of the amplifier; that is, it is not sensitive o the
exact value of the gain.

Under some circumstances, if there is enough delay in returning the signal
from the output to the input, the system oscillates—sings is the word often used.
Such situations arise frequently in public auditoriums which have a microphone
{y) and an amplifier system output (x}. The output from the loudspeaker is
delayed by the time that it takes the sound to get from the speaker to the micro-
phone, and the result is heard by the audience uniess care is taken to controf it.
The same unstable situation sometimes occurs in adjusting a shower to the desired
temperature.

The theory of feedback systems is well developed and cannot be treated in
detail here. 'We stress the point that when we use an output result as an input to
the same process at a later stage, we run the risk of producing an unwanted
oscillation, whose period and behavior depend on the particular process.

The second new concept is an extension of the technique that we have been
using to find formulas. In the past we have used all the parameters that we had
in order to make the formula exact for as many powers of x as we could; or, in
other words, we have concentrated on making the truncation error of as high an
order as possible. In order to cope with instability and other effects, such as

- 10y
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roundoff’ propagation, it is necessary to leave some of the coefficients of the
general formula undetermined at the time we are finding the error term, and
fater select values for them which will produce suitable formuias.

The problem of calculating an indefinite integral

)= [ ) dx

may be recast in the form of a simple differential equation

Y& =fx) y@=0
In this form the integrand values are labeled ', while the answer is labeled y. We

shall adopt the differential equation approach because it blends in with later
notation when the more general differential equation

Y@ =f(xy) ya@=b

is examined. {(See Chap. 23.) This approach somewhat Hmits the class of
formulas that we find.

We shall also make a slight change in our notation. Up to this time we have
been using y(x) and y, to mean the same thing. We shall now use the subscript
notation to count; that is, we shall number the points at which we compute the
answer 0, 1, 2,.... But for reasons of clarity it is desirable to keep the spacing
of the problem at & and to let the origin fall where it may. Thus y(a + nhjand y,
are the same quantity. No confusion should arise once the convention is under-
stood, and the notation becomes a great deal simpler.

21,2 SOME SIMPLE FORMULAS FOR
INDEFINITE INTEGRALS

A simple formula for approximating one step of an indefinite integral is

Yarr =Yt iyla+n+ DA =3y + Wi

V' e f(x)

where
or
x
== " dx
¥y L y

This is clearly the midpoint formula, and it has one-half the error of the usual
trapezoid rule

h ’ ’
Ya+1 =yn'+'£(yn+£ +.Vn}

The midpoint formula also has better roundoff properties.
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A more accurate formula, which may be found by using the universal matrices
of Sec. 15.6, is

h
Yat1 = Ypt 5‘2("‘}’;% + 13y, + 13,01~ Frs2)

where the error term is
7‘335;‘:5}"5}(8) 2 0.01530°y5)8)

If this formula is used' to compute an integral, then two extra points which lie
outside the range of integration have to be computed {one at each end). If the
values of the integrand cannot be found at such points because of singularitics in
the formula, then the assumption that the integrand can be approximated accu-
rately by a polynomial is probably false. An alternative formula can be found
for the ends of the interval, namely,

h ! r ¥ r
1= Yo b 5;{(93?9 +19y7 — 5yy + ¥

Simpson's formula is widely used for computing indefinite integrals. In
our present notation this takes the form

b ’ r r
Vet = Vaus +'§(yn~"! +4yn+yn+1)

with an error term

B0

—0.01114%55%0
% S (©)

which is slightly less than the above formula.

There is one often overlooked frouble that occurs when Simpson’s for-
mula is used in the conventional manner, and although the trouble is not serious,
it can be annoying. Simpson’s formula carries the value of the integral two
steps forward, and the special Simpson’s half-formuia (Sec. 13.6) is used to start
the chain for the odd-numbered sample points. The result of this jumping two
steps ahead is that the accumulated errors at the odd- and even-numbered points
are rather independent of each other, especially as the weights attached to the
computed integrand values are different.  All this tends to produce an oscillation.
While this oscillation is due to errors being committed, and hence gives some

* We of course actually compute (24/4)y, and multiply by A/24 when we print out values
of yp.  Inthis way, while we do the same amount of computing, the roundoff effects do
not buiid up so rapidly, since the final multiplication by 4/24 does not propagate further.
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measure of the accuracy of the results, it can be very annoying at times. The
oscillation can be avoided if only the even-numbered-point chain is computed
and Simpson’s half-formula is used to produce each odd-numbered point.

PROBLEMS

21.2.1 Derive the four-point integration formulas given in this section with their error
terms.

21.3 A GENERAL APPROACH

Many special formulas could be investipated one at a time, but we shall turnto a
general approach and examine a whole class at once. In estimating the next
value y,44 of the integral, we can vse old values of the integral y,, ¥4, ..., 25
well as both new values of the integrand ., ... and old values ¥., ¥, 1, ....
We shall arbitrarily limit the present study to the form

Va1 =g ¥n+ @Vpny + 83 Va-z+ Mboiynyy +Boyn+biyaoy +bayi-2)
By
s

which uses three old values of the integral together with one new and three old
values of the integrand.  The question immediately arises, Why not try the more
reasonable approach of using integrand values symmetrically placed about the
value being computed? Such an approach would probably give more accurate
formulas, but we shall not do so for reasons that will become apparent when we
investigate the general differential equation.

We have written the equations so that the defining equations will be homo-
geneous in fi; we can therefore act as if h = 1, most of the time, and remember to
supply the / factors at the proper moment. This involves a slight change in the
meaning of £, but no serious confusion will occur in practice,

With seven parameters in the general form, we shall impose only five
conditions—namely, that it be exact for y = 1, x, ..., x%, or, what is the same
thing, exact for y =1, (x — n), ..., (x — m)*—and we shall save two parameters
for other purposes. Earlier we made the formula exact when the integrand was
1, x, %%, ...; now we make the answer exact for 1, x, x%,.... Since the inte-
grals of powers of x are powers one higher in x, we need account only for why we
have added the condition of exactness for y = 1. The consequence of not doing
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so is that ¥ = 0 will not integrate into y = constant. Using these five conditions
and taking a, and a; as parameters, we get from the defining equations

ag=1—a —a, by=45(19+ 134 + 8ay)
Gy =y by == g(—5 + 13ay +32a,)
a; = ay by =afe(l —ay + 8ay)
By =9 ~ay) E; =1(~19 + 114, ~ 8ay)
Note that the equations are linear in ¢, and a,. Each point in the a,, a, plane

corresponds to a formula—a common mathematical device for studying families
of formulas.

PROBLEMS

21.3.1 Derive the above formulas for the coefficients.

214 TRUNCATION ERROR

We have written the general form of our formula as if the influence function G{s)
{(see Chap. 16) had a constant sign (Sec. 16.5). It is necessary to examine this
assumption and find which values of a,, a4, make this true.

Using Chap. 16 as our guide, we first notice that, except for special values
of a,, @, which make F5 = 0, we have m = 5. The influence function of Sec. 16.4
has an 4 = —2h, so that the Taylor expansion is (Sec. 16.2)

2
200 = p(=20) + (x < 2y~ 28y + & ;2 AN
{x -;!2;;)3 ety 4 S 20 {x + 2h) YO~ 2%y

+L | T YOk — )t ds
410 2
If this is substituted in the general form of Sec. 21.3, we pick B = h and get
h
R = [ yU)G(s) ds
- 2k

where G(s) is the influence function. (Note that no integration is needed in
constructing it.)

1
G(9) = 5 {0 = 9% = (=)t = ai(=h = 9% — ax(~2h = 9%

~ 4hby(h = )3 + bo(— )} + by(~h — 5} 4+ by(—2h ~ K]
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Now, if G(s) is of constant sign (Sec. 16.5), then we have

R(x’):S!J.h

G(s)ds = Egh’
2h

where E, is the result of substituting y(x) = x* for unit spacing,

The problem is to find those values of g, @, such that G(s) has a constant
sign. Thus we need to find the zeros of G(s) for cach pair (a,, @,). Since thisis
difficult to do, we resort {0 a common mathematical trick and invert the problem:?
we set G(s) = 0 and examine the resulting values of g, a,. G(5) is a linear func-
tionina,, a,

G(5) = Gyo(s) + a,G,(5) + a;, G1(s)
where
1 3 1
Gl = 5 [(h 9% = (=) =3 hlh— )}~ h(=5)2
+§-h(—-h —s) 4 §(~2h - s)i]
1 h 13

6)= 3 [{-s)‘1 (k= %+ g (= 9%~ (=

13 h
-5 B(—h 353 + ‘ (—2h ~ s)i]
Guls) = 35 [(—s)‘.t ~(=2h =~ Sh= 9% = (= - 9}

4

~ 3 (=2 —s)i]

There are three intervals of 5 in which we must examine G{s):h= 5290,
O0zs2 —hand ~h = s = ~2h Inthe first interval

3 i
(h—s)*(h—s—5h+alg)=0
leads to

6
a,=3+—i;—g

which describes a family of vertical lines in the a;, a, plane. The line moves
from a, = 9to a, = 3 as s goes from k to 0 (Fig. 21.4.1).

! Carl Gustav Jacob Jacobi (1804~1851) said “*Always invert,”
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In the second interval we have
3 19
[(h T AT L Eh(h - 8+ 3 1133]

«}«a;[s"»% g(h—s)3 +%hs3] +a2(s4+f13—hs3) =0

ay

= Ri2
= Jr

oy
) ]
3o A
= = -2h
] e
| ! — ] a
-6 3 o BE! I 9 !
~ 3
\\ -
~
~,
\\
b
e o e e e

FIGURE 21.4.}
Region of constant sign for G(s), (The lines are those along with G5} = 0 for

the value s marked on the line.)

This describes a line which continues to move to the left but gradually tilts

-1
azv-_-a!z

until, at s = - A,

'This line passes through the point (},0) with aslope of 1 : 2,
In the third interval we have the line rotating about the point (1,0) and

ending up as
a; — 1
d, =
T8
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Above and to the left of these lines (see Fig. 21.4.1), we have a G(s) which has no
zeros' and hence is of constant sign.  Thus in this region we have the error term
of the form

E

= $5%8)

Qutside this region we do not have such an error term, and in view of future work,
we shall not investigate it further.

In the region the error is measured by E, (Sec. 21.3). The “equi-error™
lines are shown as slant lines in Fig. 21.4.2. 'These lines show that, other things

Ey = (-19 +11g; ~8a;)

-1

N

FIGURE 2§.4.2
Equitruncation curves. (The value of £ along the line gives the truncation error
on that finc.}

being the same, we should try to stay down toward the lower right where the
error term is small.  The slope of the lines, 11 : 8, indicates the “ exchange ratio™
between the two parameters; if we increase a, by 11 units and 4, by 8, then the
error is the same.

1 There is also a region in the lower right for which G(s) does not change sign, but both
thesize of the error term and the roundoff effects keep us from using such formulas, and
weshail ignore itinthe future.  Thereis aiso aling for which £g = 0 and where we need
a different G{s) and we can ignore it for stability reasons.
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21,5 STABILITY

We first examine the formulas by considering the trivial case
y=0
If this case does not behave favorably, then the more general case of

¥ =[x}
will also give trouble,

If we choose a point such as g, = —1 and a4, = 0 in the g, a, plane, then
the formula becomes

Fnay = zy.u - Ypwi
Now consider what happens to the solution y = 0 when a small error ¢ (which we
can imagine coming from roundoff} is put in the solution at y,. It is casy to
compute Table 21.5.1, Thus the effect of the small error grows steadily.
As another example, choose g; = 1, and @, == 1. The equation is

Yoy = =n +yn—l +yn—-2
and we get Table 21.5.2,
This time the error oscillates as well as grows.

Table 21.5.1

yo2=0
Foy=0
Yo &
¥ =28
y;i3£
¥y = &g

Table 21.5.2

Yez =0
ya=0
Yo =&
Yy g
yy=12¢
yyu= - 2E
Yy == 3
ys == —3E
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These two examples indicate that we need to examine the phenomena
further; clearly some points {g;, a,) are very poor choices,

The general form of the difference eguation that we are investigating is a
lincar difference equation with constant coefficients, and we may apply the
methods of Chap. 13. Since the values of ' are the integrand values which we
compute independently of the y values, we consider the difference eguation as
being in the form

Yos1 = @ Vp = @ Ypey ™ A2 Ppouz = Fn

where F, is a function of the derivative values y; which are the computed
integrand samples.
We first solve the homogeneous equation

Varg = (1 @) - @)Yy = @y Yoo = 3 Yyog =0
To solve this, we set ¥, = p" to get the characteristic equation
P —(l—a—a)p*~ap—a,=0
or
(p—Dp* + (e +adp+a)=0 a,#0

Let the zeros of the quadratic factor be p; and p,. The solution of the homo-
geneous equation is

Ve=Cilp))" + Cylog) + C

provided that no two roots are equal.  If two roots are equal, as they happen to
be in the two examples above, then the solution needs to be changed. Ifeither of
the roots is greater in absolute value than 1, then the solution will grow similarly to
& geometric progression as# increases {provided that the corresponding coefficient
is not zero).

We therefore wish to explore the region of the a4, @, plane for which
el < 1. Again we invert the problem and determine the boundaries of the
region. We first examine the boundary along which a root becomes equal to 1.
To do this, we set p == 1 in the quadratic factor. This defines the line

14+a +2a,=0

+a
2

Along this line p = 1, 1, a, (the characteristic roots), and the solution has the
form

a2=—

Vo= Cp +0C, + Cala)" ap 5% 1
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Next we examine where p = —1.  To do this, we set p = — 1 in the quad-
ratic factor. This defines the line

a =1
Alongthislinep =1, —1, —a,.
Next we examine where the roots become complex.  This curve is defined
by

(a +a;)* —4a, =0
or

ai=i2 az"’"az

which is shown in Fig. 21.5.1. Inside this parabola the roots are complex con-
jugates of each other and both have the modulus

ol =

Thus the region in which |g;| < 1 is bounded by the line

az=l

a
1.0 / tpt= 1 line 38 mie\l

¥,
- “2/3"
173 43
whe
y
e

i
~ 12"
/ Simpscnj

S
'S """-\
"~
\\/
o

. ¢ <
45 s o
0;\’ & Ly
@'ﬁ
/
=10 o 0.5

0 «1.5 ~1.0 ~0.5

-1 line

p=

FIGURE 2151
Stability region in ay, a; plane,
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which just cuts off the parabola where it is tangent to the other lines. These
three straight lines in Fig. 21.5.1, then, define the triangle within which the charac-
teristic Toots must lie on order for the method of integration to have an error that
does not grow as a geometric progression. OQutside this region some |p,| > L
It is easy to see that the two illustrative examples in this section correspond to
points which lie on the edge of the region and give double roots in the characteris-
tic equation; the multiple roots, in turn, give rise to the linear growth. When the
|p;] <1, we say that the method is stable; when [p,] = 1, we say that it is con-
ditionally stable (for simple roots only). The seolution of the homogeneous
equation is to be added to the solution of the complete equation. In solving the
difference equation, any isolated roundoff will start the various solutions of the
homogeneous equation, and unless the |p,] < 1, there will be generated a solution
that tends to infinity regardless of what F, does.

“Fhe unwanted solutions of the difference equation occur because we have
replaced a first-order differential equation by a third-order difference equation.
The root p == 1 corresponds to the desired solution, and the other two p; are the
unwanted solutions. By requiring the |p,| <1 we are protected against their
givingrise tolarge effects inthe finalanswer.  Forsome values of psuch that | p| =
1, bounded solutions are possible.

PROBLEMS

21.5.1 Discuss the example where @ = — 1 and a; == § and show that the computed
table agrees with the theory when the proper equation is used,

21.5.2 Do the same as in Prob. 21.5.1 fora; == 1 and a4, = 1.

21.3.3 Discuss the case of @; = 2and @, = 0.  Show that the theory and computation
agree in giving a geometric growth in the error.

21.5.4 Discuss the behavior of the error as you cross each of the three bounding lines
of stability region.

216 CORRELATED ROUNDOFF NOISE

The y, values that we compute will, in general, have a roundoff noise level 0. At
first thought the amplification factor of the roundoff noise would be taken as

N, = (@ +a® + a})'?

However, because the y,,, value is computed from the y,, ¥,-1, and y,..; values,
the noise in v, +, is refated to (correlated with) the noisein y,, y,-,, and y,-,, and
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weneed to give the matter more thought, although we still do not want N, to be
100 big.
Suppose that we have a solution of

y=0

which is identically zero, and a small roundoff error cccurs.  The solution of the
difference equation is

Vo= Cypr)! + Cofp2)" + Cy

Assuming that the method is stable, |p;| < 1,then

Y= Cy asn-— o

YLet us compute C; from the initial data

Yoz=0
y-1=0
Yo=¢
We have
G G
—s =5+ Cy =0
P:z pa* 3
C
G9,.% w0
Py P2
C1+C2‘+‘C3m8

Solving for C;, we get

3

O e
P = oy + p2) ¥ pupy

Using the quadratic factor in the characteristic eguation, we have

P+ py = ~{(ay +ay)
PP =dy

Hence

[

= = N_¢
1+ a; +2a, €

Cs

where

i
T 14a +2a,

[
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Thus, if the roundoff error ¢ is not to end up greater than the starting value ¢, then
|Nol =11 +a +2a,] 7" <1
and the smaller the better. Since we are mainly concerned with positive
1+ a4+ 2a,

we find that the condition for an isolated error ¢ not to grow is that (g, ;) lie
above the fine

This line is shown in Fig. 21.5.1 as a dashed line.

PROBLEMS

21.6.1 The theory of roundeff leading to the result was developed for a single, isolated
error. Each step will produce an error.  How, if at all, does this change the
argument ?

21,7 SUMMARY

Table 21.7 lists a number of well-known methods which fall in the general class
that we are investigating.

The choice @, = 1, a; = 0 is Simpson’s method and lies on the edge of the
stability region.

The choice a; = 0, a; = 1 is the three-eighths rule and also falls on the edge
of the stability region.

The choice a, = 0, a, = 0 is labeled " Adams-Bashforth ™ because it is used
in the Adams-Bashforth method of integrating differential equations (see Chap.
23).

Al other methods of the general form are linear combinations of these three.

Figure 21.5.1 presents the relevant information. Each point in the ay, ¢,
plane corresponds to a method of integration. First, we want to choose the
point inside the stability triangle, although we may venture onto the edge for some
cases, such as Simpson’s and the three-cighths-rule methods. Second, we want
to stay toward the lower right to have a small truncation error (Fig. 21.4.2}.
Third, we wish to stay above the dashed line to keep the amplification of isolated

error small.
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Thus, except for the annoying tendency toward oscillation, Simpson’s
formula is one of the best of the general form examined (which does not include the
first example of Sec. 21.2). The user should select his own method to suit the
particular balance of factors in each problem, and no single best formula can be
offered for all circumstances. The methods in Table 21.7 labeled 1/3, 1/2, and
2/3 are mixtures of the basic methods and are of interest in some applications.

PROBLEMS

21.7.1 Develop the theory of Secs. 21.3 to 21.7 (using only one parameter a,) for the
general form
o (g
Vegr = QoYu b 1 Ya-1 + fr(b_:yiu 4 bo¥n b Bivu_) -+ Es 3}'4_!()

and compare with known results.

Ans,
a, = 0% Simpson Gy =%
ag=1—a, I & # Py == A1y
a4y =y 1} t 1 hence
boy=(5—a)f12 o5 i W stabafity
by = (8 + 8a,)/12 el i e range
by =(=145a)/12 —+ % 0 —l<a <l
Egm —1 4 ay —1 4] --%  E; not valid
Noise amplification for
Neas (L 4 ay) 1 L0,1,0,...,1 & laa<$
N, I i V17/5 Buta, =1

higher order

* Southard and Yowell, Math. Tables and Aids 10 Comp., vol. 6, pp. 253-254, 1932,
{Clearly it is Simpson’s haif-formula see {15.6)]

21.7.2 Discuss the case of a4, = 1.

21.8 SOME GENERAL REMARKS

The reader should be careful to note that only one particular class of formulas was
investigated; other formulas are possible. For example, we couid investigate
formulas for which we used both integrand values (") and derivatives of integrand
values (y"). We would expect much better formulas in the sense of efficient
computation, since frequently the derivative is readily calculated from various
pieces of the computation of the integrand.  However, this would involve more
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coding (and more mistakes) and for the occasional problem would probably be a
poor sirategy. For a recurring problem such formulas could save considerable
machine time, and they should be investigated. See Prob. 21.8.1.

The powerful Gauss-type formulas have not been adapted to indefinite
integral calculation because of the difficulty of fitting the peculiar spacing to
consecutive steps.

The choice of E; as the error term has found wide favor in practice and
represents a peneral compromise between different factors.  Special situations,
of course, require other choices.

The main purpose of this chapter was to introduce the idea of stability and
the method of saving parameters to cope with it. 'We have not, therefore, gone
into the involved subject of how to start an integration until enough back values
are available to use the general formulas. The formulas of Sec. 21.2 can some-
times be used for this purpose.

PROBLEMS
21.8.1 Investigate the class of formulas
h‘y“‘(ﬁ)
Vasz = Yot BB 1 ¥eer + boyt) -+ B¥e_a¥he s + codf) + Ey a1
using b_, as a parameter. Note the ease of starting.
Ans,
General A Milne
solution method®
by by 1 b1 0 i t
by by ¢ ] 1 £ i
ooy (L3b_)6  —3 - 1 o -1
o (2—3b.4)6 -3} s H i 0
Es —1+2b, 1 0 —1 =} -+
Es ........... - i

*W. E. Milne, “Numerical Solution of Differential Equations,”
p. 76, John Wiley & Sons, Inc., New York, 1953, Dover, 1970,

The Gafs) changes sign for /3 < b_, < 2/3, but for thecase b, = 1/2 theerroris

F_’_ 5053 i .’is_ $3)

5 YO = 357 @
since

—_ 202

G(s)mw #0  O<s<h
and is particularly favorable.
21.8.2 Develop a method for starting an integration of the general form with due care

te questions of accuracy.
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21.9 EXPERIMENTAL VERIFICATION OF STABILITY

The reader should not become dismayed at this elaborate theoretica] development.
If a broad class of formulas is to be examined, some such approach is necessary;
but if a particular formula is under consideration, then a simple experimental
approach is often satisfactory.

Suppose that we are considering the formula

3 oz h

Yois = =Yoot 3 Yumy =57 b g (15550 + 83y, + 61y, + Tyn-2)
It is easy to substitute y = 1, x, x%, x, x* to see if they fit exactly,

With regard to stability, we simply try

Yoz =0
y-1=0

Yo =&
and compute

yy = &
J’z“"ﬁ"

_ Te
Y3 = )

...........

Inthis case it is clear that the method isunstable. A slight amount of care must be
exercised to be sure that the experiments tried actually start all the possible terms
{make each of the C, # 0 at some time onsome trial).  Usually a single trial starts
a linear combination of all the terms.

The direct experimental check for an unstable method is convincing and
readily applied. The conclusion from negative evidence that a method is stable
clearly requires some care, but often a particular formula is easy to handle.

The appreach is illustrated in the next section.

*21.10 AN EXAMPLE OF A CONVOLUTION INTEGRAL
WHICH ILLUSTRATES THE CONCEPT OF
STABILITY

Oscillation with a geometric growth in amplitude is typical of stability troubles,
and the following example shows how the various ideas can be applied in other
situations.
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The problem’ was to compute ®{¢) when the data /() were given at values of
log t = - 14.4(0.2)(0.8), and the equation connecting O(¢) and ¥ (1) was

j' Bt~ W)=t (2L10.1)
]
or the equivalent
f O - di=t (21.102)
[i]

The data §(f) were monotone increasing.

A reasonable computing form was set up and tried.  The results showed an
oscillation with growing amplitude. The period of the oscillation was fixed, and
the growth was more or less geometric, and so the conjecture was made that it was
duetoinstability. Anexamination of the computing process was made with data
which were uniformly Y{t} = I but with a single perturbation; these data gave rise
to oscillations (Sec. 21.9).

A new computing plan was sought. After some study, the following was
adopted. We set

70 =] vayde

Thus (0} = 0 and f'{r) = ¥(r). Next we introduce notation t,, ({ =0, 1,...,n)
with 1o =0, t; = 107144 1, = 1001467020 gnd assumed that () was con-
stant between #p and t;.

In order to calculate f{f), we used the trapezoid rule for integration,

Sl )) = FQ) + 3 ) + Y H 4y — 1)

since the data did not justify any more elaborate method.
We now had, from Eq. (21.10.2),

by = J-:“(D(T)‘}"(tnﬂ —- 1) dt

" LI
=Y [ 0@ty — 1y de
=0 Y1
In each of the integrals in the sum we made the approximation
fi+1 fi+1
[0t =~ D e = Byi) [ S tays ~ D e

e {t  f(sy i 1) = ftgey — 1))

11 L. Hopkins and R. W. Hamming, On Creep and Relaxation, J. Appl. Phys., vol, 28,
pp- 906-909, August, 1957,
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where 1, is the midvalue 3(t;,, +¢). Thus

n=1
Ly = "i;a@(‘wuz)[f(fnu = tip1) = f{thar = 10} + @l 2 ) Ftes s — 1)

Solving for @(t, . ,2), we got

#~1
1™ tzl‘p(t.{» yal sy — 1) = f(lhir — 1141)]
f(tn+1 - tn)

This provided a method for calculating each value ®(f,,,,,) in turn, where the
first value was given by

Oy 172} = (21.10.3)

!

S

The reason that Eqgs. (21.10.3) and (21.10.4) are successful, while a number
of other ways of approximating the integral are not, is that an error in calculating
a @O(1) (due to faulty data or even just numerical roundoff of a product) does not
grow in size in subsequent stages of the computation. To see this intuitively, we
calculate the coefficient of ®(f,_y,,) in the expression for (t,+,5).  This coeffi-
cient is

(bi,’z = (21.10.4}

_ Jltaes = by} = fllysy = 1)
f('nﬂ - ln) "‘“f(fnu - Inﬂ)
[since f{0) = 0]. We apply the mean value theorem to both the numerator and
the denominator separately.

V(s — 08, — 4, y) - Yty ~ 01Tty — tay
W(tye s — G )ty — 1) L”(’ni—i - 92)] { ] (21.10.5)

wheret, > ; >, andt, .y > 8, >1,. Thetermsineachbracket are less than 1
in magnitude, and so the error in ®(1,..,,;) is muitiplied by a number much less
than 1 insize. Thus the effect of the error oscillates and dies out rapidly.

Since the answer was in the same form as the data and bore the same relation-
ship [see Eqs. (21.10.1) and (21.10.2)], the answers were used as input data, and the
original data reproduced well within experimental error. [We risked the fact
that ®(r) was decreasing, and hence the first factor in Eq. (21.10.5) was greater
than 1 ; the second factor more than compensated for this for our data.]

In this example we see that the same phenomenon of instability occurs even
though we have no fixed characteristic equation [compare Eq. (21.10.3)]. The
general idea of feedback still applies. The above examination covered the feed-
back from only a single term; in practice it is usually necessary to make some
examination to see¢ that the additional feedback from other terms does not cause
instability.

favy =1y
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21.11 INSTABILITY IN ALGORITHMS

Iterative algorithms often show instability in much the same manner as illustrated
in the last few sections.
For example, an iteration scheme may give a sequence of y, values that
oscillate and grow in size like a geometric progression, Thus we assume that
Ya=a+bp"
where a is the “true” value. We write this for three consecutive values
Y1 =4 + bpa-l
Vn=a-+bp"
Yar1 =& + bp”*'i

Transpose gach g and divide the first equation by the second and the second by
the third to get

Solving for a we have

= Int1Fa-g J’n2
Yot = 2 + Yot
which reminds us of Shank’s method {Eq. (12.7.3)].

Note that the process will improve convergence as well as cope with geomet-
ricdivergence. After applying the method weiterate two more steps and reapply,
etc., until the error is sufficiently small. If we have a function f{#) being found
by iteration we can apply the method at each point ¢,.
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INTRODUCTION TO DIFFERENTIAL EQUATIONS

22.1 THE SOURCE AND MEANING OF
DIFFERENTIAL EQUATIONS

Our present views [10] of the fundamental laws of nature are often stated in the
form of differential equations. For example, Newton’s law
d*x
=MmMag = m-—
f dr?
is a second-order differential equation whenever the force depends on position.
As another example, consider a colony of bacteria growing in 2 medium which
furnishes an adequate food supply. When the colony is studied in the large, it is
natural to suppose that the rate of growth is proportional to the number p(f)
present at time ¢; that is,

Y0 = ky()
Thus differential equations often provide our most primitive mathematical des-
cription of a natural phenomenon.
When possible, the differential equation is solved in closed form. Text-
books on differential equations often give the impression that most differential
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equations can be solved in closed form, but experience does not bear this out.
Various analytical tools are available for obtaining approximate solutions, and
these also should be examined before resorting to a2 numerical solution.

Given the differential equation

ylle_y2

what do we mean by a solution? Setting aside the formal mathematical defini-
tion, we intuitively mean a curve ¥ = y(x)} at each point {x, ¥} of which the slope
¥'(x} of the curve is given by the differential equation. This is a local property.
Solving an equation means extending this local property to a large region.  There
is, of course, not just a single curve which is a solution, but rather through any
point {x,,¥) there is a solution of the differential equation (see the next section for
exceptions).

22.2 THE DIRECTION FIELD

The ideas of the above paragraph can be made graphic. In the x, y plane we
choose various points and compute the slope x* — y%. At each of these points we
draw a short line with the computed slope.  These lines indicate the local direction
of the solution, and by the use of a little imagination we can easily sketch in
various solutions, provided the set of points through which we draw lines is suf-
ficiently dense.

While the above method works, it is often easier to proceed in a somewhat
different fashion. We ask for the curves along which all the short-line elements
have the same slope: the isociines, lines of the same slope. In the particular
example that we are using, when we choose the slope k, we find the isoclines are
hyperbolas:

x2 - yZ we o
The direction field using the isocline approach is shown in Fig. 22.2.1.
A number of things should be noted.  If the solution curve has a maximum,

or a minimum, then it must lic on the 0 isocline. Inflection points may similarly
be located by setting y" = 0:

=0 2x - 2y

=2[x — p(x* ~ y%)]

v T+.J/+ 44
- 5
This curve is not shown in Fig. 22.2.1.
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¥

2w

H 2

A

FIGURE 22.2.1
Direction field for p* == x? w 32,

No solution
outside circle!

ye=

N e
FIGURE 2222
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A direction-field picture can often shed a great deal of light on the nature of

the problem. In the following case
y=JU=x =y

Fig. 22.2.2 shows that the solution is confined to the circle and cannot get outside,

The direction field is a simple idea, but it should not be scorned. Fre-
quently it shows the nature of the problem so that a sound approach may be made
to the more accurate numerical solution.  Several timesin the author’s experience,
the direction-field sketch has answered the original problem, and on one occa-
sion an accurate sketch prepared on a drawing board gave sufficient accuracy to
answer the problem completely.

PROBLEMS

22.2.1 Draw the direction field and solutions for 3" = —sin y.
22.2.2 Draw the direction field and solutions for ¥ == x — y3,
22.2.3 Draw the direction fleld and solutions for ¥ == x? - p2

22,3 THE NUMERICAL SOLUTION

If all that we want is one solution through a particular point, then it would be a
waste of time to draw the entire direction field. Rather we would start at the
point, compute the local direction, and then a little ahead of that compute the
slopes at a few nearby points.  And so we would proceed, always drawing only
those slopes which are near where we expect to find the solution (Fig. 22.3.1).

FIGURE 22.3.1
Crude numerical solution.
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This process can be reduced to arithmetic. We take the starting values at
point x, y,. and using the slope y; at this point, we move forward a distance &
to the next point

(X0 + ko + hyg) = (x4, 1)

Repeating this process, we go to the next point

(xl +h:y! +hy£) =(x21y2)

cte., and generate a numerical approximation to the solution of the differential
equation.
For example, using the equation

Y=+l 3=0 h=3

which has the known solution y =» tan x for comparison purposes, we easily
generate Table 22.3 which gradually drifts far from the solution, This is some-
times known as Euler’s method and is clearly bad if large step sizes are used.

A simple look at Fig. 22.3.1 shows what is wrong with this method.
When the true solution is concave upward, then the curve that we compute always
lags below because it uses the slope from the past to get to the next point.

In view of this obvious fault we propose to look a bit ahead, predict, and
then examine the slope at that point.  Using this slope, we propose to go back and
make a second, more correct, guess at how we should take the step. Ir more
detail, we use the midpoint formula to predict

Vas1 = Yu-r + 20y, (223.1)

Computing the slope at this point y,,, we then average the two end slopes as a
more reasonable choice of slope and compute the correct value by the trapezoid
formula

r + r

Fass = yu (J—’—li——i) (223.2)
Table 22.3
x Verr=sethyy =3+l kb y==tan x
0 0.000 100 0.200  0.000
8.2  0.200 1.04 0.208 0.203
0.4 0.408 1.17 0.234 0423
0.6 0642 1.41 0.282 0.684
0.8 0724 1.52 0304 1.030

1.0 1.028 1.557
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The error term in the prediction is
3
— ") (2233
while the error term of the corrector is
h!
-3 9 (2234)

The first question that occurs when we use this procedure is how to start.
Our first prediction requires knowing one old point in addition to current siope.
One answer is to use the differential equation and its derivatives to form a Taylor
expansion

2 3
Pi=yot byt gy + gy Yo+

about the starting point and from the series to compute the first point.  Since the
error term in each step depends on the third derivative, it is not necessary to
extend the Taylor series beyond terms in A* or /%

‘This pattern of prediction and then correction has several nice properties.
The difference between the predicted and the corrected values is, {from Egs.
{22.3.3) and (22.3.4),

3

n S5h
= Y60 + (0] % 5 57(0)

If we assume that y* does not change sign in the interval, then the two values are
on opposite sides of the true value (for that single step). Thus the methed pro-
vides a clue to the accuracy. H the error is too large, then the interval /i can be
shortened to ki = h{2 which multiplies the error by a factor of about §.

The reader should realize that we have been playing rather fast and loose
with our symbols. We estimated a new value by Eq. (22.3.1) which is in error by
Eq. (22.3.3). This value is used to compute the v, ,, and hence while we have
written y; 5, as if it were the true value, it is not; itis in crror by approximately the
second term in

3
16,y =5y @ % s + LED] )

1t is often proposed that we first predict and then correct, and if the two are
not close enough, we then repeat the correction several times, using the latest
estimate, until no appreciable change occurs. As a matter of principle, it is
generally better to shorten the interval than to do repeated evaluations of the
corrector formula.
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224 AN EXAMPLE

Again consider the differential equation
y o y? 41
pO) =0 O<x<l (2241

{which was chosen because we know that the solution is y = tan x, and we can
use it for a check).

To get started, we construct the first few terms of the Taylor series by dif-
ferentiating the differential equation

y=y+1 Y(O) =1
"=y Y =0
Y= 2yt 2y »"(0) =2
WY 2y w4y YO =0
Hence , \ .
yx)=0+x-1 +’iz-o+;i! -2+9—;—!’f—+~-
L
3
We shall use the crude spacing 1 = Ax = 0.2. We have
0.008

¥ =y(02) =02+ -5 = 0.203
as the first point, and (using a slide rule}
¥ =y(0.2) = (0.203)* + 1 = 1.0412
We are now ready to start using the method. We predict the next y value, where
we now write p for clarity
P2 = yo + 20y =0 + 0.4(1.0412) = 0.4165
and evaluate, using the differential equation (22.4.1):
py= L1713
Next we compute the corrector value, where we now write ¢ for clarity:
¢, =0.203 + 0.1(1.0412 + 1.173) = 0.424

Now we know that p, is in error by
e
= V(6

and ¢, is in error by
3

h FIT
- 1—2 Y82
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If y” is approximately constant in the interval, then

= sn
poc=137
Thus the error in the corrector value is approximarely
~Hp —¢)

Hence we add
i(p - ¢} = —0.002
to obtain the final value
y=c+Hp—c)=0422

We are now ready to repeat the eycle until wereach x = 1. (See Table 22.4.)
As a check we find that we have computed y(1) = 1.546 while the true value

is 1.557. Theerror0.0!1 represents a relative error

0.011 7

% 100 =—

7557 % o percent
which is fairly good, considering the spacing and the use of a slide rule. Thisis
known as the modified Euler process for integrating an ordinary differential
equation.

PROBLEMS

22.4.1 Solve numerically ¥y’ =33, 0= h=02for0<x <1,
22.4.2 Solve numerically ¥ = y* —sin® x, W0} = 0, h == nf6 for 0 < x < 2.

Table 224 NUMERICAL SOLUTION OF p'w==p* 41, (0} =0

x ¥ ¥ r 7 4 p—< £ 3 <
0 o 1

0.2 0.203  1.0412

0.4 0422 1.178 041648 1473 0424 0008 —0.002
0.6 0.683 1.466 0.674 1455 0.685 —0011 ~—0.002
0.8 1.027 2047  1.008 2016 1031 0023 —0.004
10 1.546 1.502 3.256 1.557 —0.055 —0.011

Correct valug  1.557
Error 0.01¢
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22.5 STABILITY OF THE PREDICTOR ALONE

It is sometimes proposed that the predictor formula
Ynt+t = Yoy 4 2hy, (22.5.1)

be used with no corrector following. Let us examine the stability of such a pro-
posal before we examine the whole predictor-corrector process.
Let z(x) be the true solution of the equation
e flx, 2y (22.5.2)

and let y, be the computed solution at x = x,. If the computed solution y, is put
in the differential equation, it will fit exactly, since the computed v’ value was found
from the equation. Thus we have (neglecting roundoff errors)

Ya=f(x, 3 (2253)
Set
Ep =25~ Yn

Then subtracting Eq. (22.5.3) from (Eq. (22.5.2), we get

bn = 2y Yo = (%, 2~ f(x, y))  (22.5.4)
af (x, 8)
B e sn
oy

where A is defined to be A = §f/dy and 6 les between y, and z,.

When we substitute the true solution in the difference equation of the pre-
dictor, we get an error e(x), since the true solution does not generaily satisfy the
difference equation

== Ag,

Zpey =2,y + 20z, +e, {(22.5.5)

This time subtracting the two difference equations, Eq. {22.5.1) from Eq, (22.5.5),
we get

Baty =Eny + 20l + 2, (22.5.6)

We are concerned with estimating the local growth of the errorg,. For this
purpose we may assume that e, and 3f/dy = A4 areali constants. Unless they vary
slowly, the step size of the integration is too large.  Under these assumptions, we
may put Eq. (22.5.4) in Eq. (22.5.6) to get

Eppy = Boey + 2NAE, + €,
or
Eppy — 2ANE, — &, =€, {(22.5.7)

which is a linear difference equation with constant coefficients.
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The characteristic equation of this difference equation is

PP —=24hp~1=0 (2258

Hence the general solution is

g = Cilp)" + Colpa)”  (22.5.9)
where

py = Ah+ JARE + 1
0= dh — JAR ¥ 1

if A = dfféy >0, then p, > 1; while if 4 < 0, then 1p,| > 1. In either case one
of the two terms p," or p," becomes large asn — co.  Hence the method is said to
be unstable.

Thus we see that this predictor formula, used by itseif alone, givesrise to a
solution that is not stable since one of the zeros of the characteristic equation
{22.58) willbe {p;,] > 1. But see Sec. 22.6.

(22.5.10)

PROBLEMS

22.5.1 Try solving numerically ' == vy, p{0) == 1, h== 0.1, for 0 < x < §, using the
predictor only, and compare the results with theory.

22,6 STABILITY OF THE CORRECTOR

The proposal that we iterate the corrector until no change occurs can be investi-
gated by the same method we used on the predictor.  The corrector formula

h
Yoty = Yot 3 (Vowy 4+ ¥ (226.1)

leads, by exactly the same argument, to the characteristic equation

(-2 ()

14 Ahf2 2 3
L+ Al -1+Ah~+~(Ah) (A‘:z) 4o

P=T"ann" 2

+

(22.6.2)

provided that | AR/2| < L.
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We first examine 4k/2 by examining the iteration process used on the cor-
rector.  Let ¢, be the ithiteration. 'We compute the change in the iteration each
step by writing

gy ™ O “'g [f(x, e} = Flx, ¢;13)
hof

=§'éa(ca"f-':-a)

Ak
& 5 (o1 = ¢1-9)

Evidently the process will converge if and only if the convergence factor
Ah
2
Returning to Eq. (22.6.2), we note that g is given by the first three terms of e** plus

a stight error in the fourth term,
In the simple equation

<1 (2263

V' =Ay
where to be specific we assume 4 > 0, we have
g y
and the true solution at x,, is
y, = Ceth

which is the solution by Eq. {22.6.2) (if terms in A® are neglected).

The criterion that a characteristic root | p;| & le**] <1 means instability is
thus secn to be misleading. Evidently, if the solution grows as a geometric pro-
gression, errors that grow at the same rate or less will not necessarily ruin the sofu-
tion. Onthe other hand, if 4 < 0, then the errors must die out at least as rapidly
as e'™, or they will dominate the solution being computed. The fact that the
errors are bounded is no help in the situation of a decreasing solution. Loosely
speaking, the number of adjacent solution curves that we cross is the significant
factor when we make an error.

This suggests that what we want for differential equations Is the criterion of
relative stability, which is defined as the rate of growth of the error relative te the
growth of the sofution. When the relative stability is less than 1 in size, then the
noise due to an isolated roundoff, or other, error will not grow more rapidly than
the solution.
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In view of this new criterion of relative stability, it is necessary to reexamine
the discussion in Sec. 22.5 of the use of the predictor alone. If we assume that
i4h} < 1, then the characteristic roots p, can be expanded as

an? 1

p£=Ah+~/1+(Ah)2=Ah+1+T—~8~(Ah)‘+-"
Y ARy} 1
pz=Ah——\/1+(Ah)2=Ah-—Ei+{ 2) -—g(Ah)‘+~-]
or
(ahy? n
py =1+ A+ 3 +me
(4my?

py=— [1 —~ Ah + . ] x—e" M (22.64)
The solution itself grows ase™.  From this we see that if 4 > 0, then the repeated
use of the predictor can be expected to give reasonable results; but if £ < 0, then
(p4)" will grow in size and oscillate, while the true solution decreases. Hence the
method of repeated use of the predictor is refatively unstable only when 4 <0,
(See Prob. 22.5.1.)

Returning to the iterated corrector process, we find that the characteristic
equation has only one root, Eq. (22.6.2), and the solution behaves exactly as this
root indicates; thus the iterated corrector method is relatively stable.

PROBLEMS

22.6.1 Show that with the use of only the predictor, the result of numerically integrating
‘=g, ¥0) = 1, h=0.2 for 0 < x <1 agrees with theory.

227 SOME GENERAL REMARKS

We have now given four examples of stability analysis, the first applied to indefinite
integrals, the second to a particular convolution integral, and the last two to dif-
ferentialequations. Notethat stability for integrals and for differential equations
is not the same; for differential equations there are feedback paths from the deriv.
atives which are not present in the case of integrals. The necessity for stability
analysis arises whenever old values are used to compute new values and thus pro-
duce feedback of errors,  There is no simple rule to apply in all cases, but it should
be evident that the subject of stability is closely connected with feedback, a subject
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on which many books have been written. 'We have also indicated that for differen-
tial equations the concept of stability is misleading, and relative stability is a more
reasonable criterion.

The stability analysis that we did on the simple integration system was i~
complete. We analyzed the predictor and the corrector separately, neglected any
cross-effects, and ignored the final mop-up of theerror. It is possible to write the
complete system of difference equations and construct the corresponding charac-
teristic equation, but the resulfs are very involved. Rather, we prefer to make a
few remarks ahout how they interact. The instability of the predictor has very
little effect on the relative stability of the result after the corrector is applied once.
The final mop-up also causes little trouble in regard to refative stability.

It may occur to the reader that the same argument that we used to mop up
the error of the corrected value could be used to modify the predicted value and
thus reducethe error in the evaluation of the predicted derivative which enters into
the final value, To do this, we could add to the predicted value —$({p, — ¢,) of
the last cycle.  If there is a tendency to oscillate, this will emphasize it. On the
other hand, there is no doubt that if instability and roundoff are not troubling the
computation, such a term has a good effect on the accuracy of the whole compu-
tation.

PROBLEMS

22.7.1 Develop the formulas for the integration system of predict, modify, correct, and
final value.

22.8 SYSTEMS OF EQUATIONS
A single differential equation of nth order
P =fx ¥ YY)
can be reduced to a system of n first-order equations by a simple change in notation.
Write

y=yo Y=y Y=¥=p
{n—=f}

YV mY = ¥ = Yy
and we have the equivalent system
Yo=Yy
=Yz
Vo=,

Vro1 =1 0V 0¥2s eeey Yact)
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In order to apply the method of integration to a system, we simply apply the
operations to the separate equations in parallel. The cross connections between
the equations are taken care of when the derivatives are computed; otherwise the
equations are treated separately, butin parallel. However, see Chap. 24 for other
methods.

The direction-field method is generally applicable to a single first-order
equation only, butin the case of two first-order equations in which the independent
variable x does not occur,

Y =f(»2

2 =g(y2)
dividing one equation by the other produces a first-order equation without x.
The direction field for this equation gives y versus z, and sometimes it is sufficient

to indicate the trajectory of y versus z without specifying the x for which the point
¥, z on the curve occurs.
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A GENERAL THEORY OF PREDICTOR-
CORRECTOR METHODS

23.1 INTRODUCTION

Chapters 21 and 22 introduced ideas and techniques which we now use to develop
a general theory of predictor-corrector methods for numerically integrating
ordinary differential equations. This theory includes the Milne and Adams-
Bashforth methods as special cases. Thus we are in a position to compare these
and other widely used methods within the framework of a single theory.

Predictor-corrector methods for integrating ordinary differential equations
are widely used because of the following advantages:

! The difference between the predicted and corrected values provides one
measure of the error being made at cach step and hence can be used to
control the step size employed in the integration.

2 Only one or two evaluations of the derivatives need to be computed at
each step (as compared with four for the Runge-Kutta method of Chap.
24), and on high-order systems this can save considerable computing
effort.

3 Itis easy to catch many kinds of machine failures.
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Some disadvantages are that the methods are complex to program and are
not self-starting. A method for starting will be discussed in Chap. 24.

There are three main sources of trouble ir predictor-corrector methods for
integrating ordinary differential equations. They are:

I Truncation errors that arise {rom the finite approximations for the
derivatives

2 Propagation errors (instability) that arise from schutions of the approxi-
mate difference equations that do not correspond to solutions of the
differential equations

3 Anmplification of roundoff errors due to certain combinations of co-
efficients in the finite difference formulas

The plan of this chapter is to examine a broad class of formulas in a system-
atic fashion and indicate how the choice of a particular formula is a compromise
between conflicting desires. Since the corrector formula plays the more im-
portant role in the integration of ordinary differential equations, it is natural to
examine the corrector first and more intensively.

After examining the corrector, we take up the corresponding problem for the
predictor. With families of both predictors and correctors available, we are then
in a position to examine the problem of designing a system for integrating ordinary
differential equations. We conclude with a discussion of some experimental re-
sulits.

The methods examined have a truncation error of order A* ; experience shows
that these are the most widely used. Chapter 22 developed a predictor-corrector
method of order 4%, and the intermediate theory of order A* is left as exercises.

The third-order method of Chap. 22 had no free parameters; the fourth-
order methods treated in the exercises introduce two new coefficients, one of which
is used to increase the order of the truncation error and one for stability; the fifth-
order methods in the text have still another two coefficients which are again used,
one for truncation and one for stability, and so on for higher-order methods.

In many applications the truncation error of the finite approximation to the
derivatives of a differential equation, or to a system of differential equations,
greatly exceeds the errors due to roundoff at each step.  However, in building
special-purpose computers that must operate in real time, there is great pressure
to keep the length of the numbers, and hence the basic level of accuracy, as low
aspossible. Insuch situations the truncation error may be about the same size as
the roundoff error, and the latter cannot be ignored in designing the methods for
integrating the ordinary differential equations of the problem. It also happens
with increasing frequency these days that in some problems, such as trajectories
to the moon and planets, eight- and even ten-decimal-place accuracy can produce
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significant roundoff errors, and some methods described here are then useful.
However, whole books have been written on the topic of numerical integration
of ordinary differential equations, and we can cover only a small part of the
topic.

23.2 TRUNCATION ERROR

The most general linear corrector formula that uses the function and the first-
derivative information at the last three points of the solution, plus an estimate of
the derivative at the point being computed, is

Vars = Qo ¥yt @ Yuur + @3 Yuea + BB Yopg + boyy + 0130y
Sy(5)

5!

Other linear forms could be used, but this one includes many of the common
methods and is the same as we used in Chap. 21 when examining indefinite in-
tegrals. Thechange from the treatment in Chap. 21 is that now we have feedback
through the derivative terms, as well as from old solution values; hence the in-
vestigation of the stability is more complex.

The formula as written implies that it is exact for polynomials through
degree 4; that is, it is exact for y == 1, x, x%, x%, x*. Using these five conditions
and taking a, and a, as parameters, we get, as before in Sec. 21.3,

+ by Yn-z) + Es G

ay=1—a,—a, b = #4(19 + 13a; + 8a,)

4 =a by = 55(~5 + 13a; + 32a;)
a, =da, by = 34(1 — a; + 8a,)

b"l =-3—£-x(9"'a1) E5 == %(—19‘1’ lIa, - Saz)

Five of the seven coefficients are used to reduce the truncation error; the
other two will be used to reduce the instability and roundofl errors rather than to
reduce the truncation error still further. As in Chap. 21, the difference of the
predictor and corrector values will be used both to provide an estimate of the error
and to “ mop up ” the leading error terms.

The usual method of finding the error term is to use the Taylor expansion
{Sec. 16.2),

— A 2
Y0 = ) + (= A (A) + & i Ly
(X—A)mwi - 1 x - P
+ W{m =i y( WA + Py Ly (8¥{x — 5) ds
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with 4 = —~2handm = 5. Following the steps in Chap. 21, we obtain (B = h)

Error = R(y) = f :h YOUDG(s) ds
where G(s) is the influence function
(x —syp ?
(m-1)
41G(s) = (h ~ 5)§ = ao(~)} — ay(~ N = )% = ay(—2h — 5)}
w 4h[b. y(h = )3 + bo ()% + by(~h = )} + by{—2h — 5)1]
and (see Sec. 16.4)

G(s) = (LHS -~ RHS)

(a—s)ﬁ—{(a—s)k ifa—s=0

o fg—-5<0 k>0

If G(s) is of constant sign, then there exists a & (—2k <8 < /1) such that the error
can be written as

&
Error = y(0) j G{(s) ds
~ 2k

If G(s) is not of constant sign, then there will be functions f{s) for which the error
does not have this general form (Sec. 16.7).

The investigation in Sec. 21.4 produced the region of constant sign for G(s)
(shown in Figs. 21.4.1 and 21.4.2 of Sec. 21.4}, in which the main interest lics and
for which the lines of equal truncation error are shown.

23.3 STABILITY

Following the method of Sec. 21.5, we let z = 2(x) be the true sclution, which
means that z satisfies both

2= flx, 2y (233D
and
Zppy = AgZy + 0124+ 22,2
+ (b zlyy +boz,+ byzp bzl sy Fe,  (23.32)
and y = y, be the calculated solution
Ya=f{x,,y) (2333}
Yar1=@o¥n+ 1¥no1F @ Vaz H (b yres F Bo ¥+ By Vans + bayn)

(23.3.4)
We sct

£p =2y =Y
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and subtract Egs. (23.3.2) and (23.3.4) to get
Boay = Aoty + A8yt + Ay 8yuy + H(boyehuy + Doy + Dy brE 2} T 6
(23.3.5)
while Egs. (23.3.1) and (23.3.3) give, using the mean value theorem,
E:I ﬂﬂxn s Z,,) '—f(xn ] }’n)

%, 0)
- LoD

where @ is the usual mean value. Putting Eq. (23.3.6) in Eq. (23.3.5), we get

g, = As, {23.3.6)

(1 =~ b_ (AR g = (g + bg AR)e, + (@) + by AMe, | + (ay + By AlDe, ., + e,
(23.3.7)

which is a linear difference equation.

Instudying the growth of the error ¢, , it is reasonable to assume that ¢, and
&fldz = A are both constants; in practice they vary slowly from step to step.
Hence we assume that Eq. (23.3.7) is a linear difference equation with constant
coefficients (Tocally).

In Eq.(23.3.7) only the quantity A% occurs, not r or 4 separately. While Ah
can vary widely, it is necessary to estimate reasonable values that may be expected.
To gain a little perspective, consider the equations

Y=+44y yO =1

The truncation error at each step will be taken as A°4°/40 (% is a typical value for
E;/5!; see Table 21.7). This leads to Table 23.3. The table shows that if the
truncation error is to be reasonably small for these equations, then [ A| < 5710
and for accurate solutions | Ak} < 2/10.

Table 23.3 TRUNCATION ERROR
AS A FUNCTION OF |4h]

hs},(ﬁ)
§Ah) 40
0.1 250 %1677
0.2 8.00 x 10-¢
0.3 6.07 x 10-3
0.4 2.56 x 10~*

0.5 7.88 x 104
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Of course other equations could have different patterns of higher derivatives
(probably growing more rapidly than simple powers}, and one cannot say any-
thing very specific about what |Ak] will be in comparison with E;A5y*9/51
Nevertheless, we shall adopt the attitude of |4h] < 0.4 for most equations of
interest.

Figure 21.5.1 shows the stability regionin case Ah =0. When 4k # 0, the
corresponding homogeneous difference equation leads to the characteristic
equation , \

Py fT - ap— 4y
Ak = P T b T b, {23.3.8)
This equation is more complex than the corresponding equation in Chap. 21 be-
cause of the extra feedback from the derivative terms. The solution is

&, =2 Ci(py)” 4 Calpa)" + Calps)  (23.3.9)
‘The solution of the original differential equation (23.3.1) tends to grow as
Y = Cet™"

L]

I~
;
/
P
5 Tix
A
YA
33
3
)

/i
/

"‘}‘\"T\ =58 g 1T .’I/
=2

e .
NNSa. 76,

SSS=s MU

S

B:s(;ffx::h Q\ " ™

™.

-3 -2 -1 0 1
FIGURE 23.3.1

Stability region.
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and generally it is not the growth of the error in itself but the growth relative to the
local growth of the solution which concerns us.  Thus it is not stability

lpil <1
that we want, but rather relative stability
fpe ™" <1 (23.3.10)
Oge of the roots, which we shall designate as p,, behaves as

ARy (AR (AR (Al)®
(21) +(31') %(41) *k(sts) et (23.3.11)

forsmall Ah. Thus
pse” A~ 1

and py, p, are the roots which may give relative instability trouble.
The triangle along which, for 4h = 0, the roots take on the values

fpe™#| = fp| =1
iz
— rﬁm"_—_\\
\ \—Ah'_‘"'ﬁ P————
i
== o
\\ b 16 2" '7
\ N ART /
M, \\/ ,/
\\\ _ \’1’//
=
N i
L
N L
o
06 -05 04 03 02 Y ) 0.1 02 o3
FIGURE 23.3.2

Stability region.
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becomes, for nonzero Ak, somewhat more complex. Forp = —e?* we obtain a
linear equation

g, + fa, +y=0 (23.3.12)

where «, B, and y are combinations of 4h, e'*, e2%*, and £?4". But the other two
sides of the triangle become a hyperbola. In Figs. 23.3.1 and 23.3.2 we show for
negative values of 4k one branch of the hyperboela until it is cut off by the line of
Eq.(23.3.12). While values inside the other branch would be stable, in the inter-
vening gap there would be unstable values; and so they do not seem to be useful
except possibly for special situations. These charts, Figs. 23.3.1 and 23.3.2, show
stability regions for the roots p, and p,; for large values of | 44| the root p, is far
from its required value of e*®, and the truncation etror cannot be neglected.

PROBLEMS

23.3.1 Plot the Ene of Eq. (23.3.12) for Ak > 0, and discuss the region of stability.
23.3.2 Using Prob. 21.7.1, develop the corresponding theory for differential equations.
Draw the stability region as a function of 4; and 4h.

23.4 ROUNDOFF NOISE

The theory of the propagation of roundoff noise for a differential equation is very
much like that for indefinite integrals treated in Sec. 21.6. For 44 = 0 the line
a
az = "J‘

2

is the dividing line between the region of growth and the region of decay of a ran-
dom error. Inside the stability region the noise amplification is given by (see
Sec. 21.6)

1
T l4ay +2a,

¢

When Al # 0, the division between the two regions is more complex, but it
is not worth exploring it here; we merely need to recall that it is better to be above
the line than below it.

To control the uncorrelated noise, it is well to keep

Ny =(ay® + a,* + a,’)'?

reasonably small.
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On machines that ** chop,” that is, drop the digits rather than round properly,
there is a second kind of trouble with roundoff. .If, for the moment, we regard the
various numbers as if they were mass, then chopping a positive number decreases
the mass, while chopping a negative number increases the mass. In most com-
putations we can reasonably expect some balance between the positive and nega-
tive numbers. But for a differential equation in some interval there well may be
an excess of one effect or another, and in the next interval, since the signs of the
numbers involved tend to change infrequently, there wiil be an effect in the same
direction. Thus step after step we will find that chopping pushes us in the same
direction, and the effect accumulates linearly, rather than in a customary way such
as the square root of the number of operations involved. Chopping, therefore,
needs to be watched carefully when integrating differential equations.

23.5 THE THREE-POINT PREDICTOR

The most desirable predictor to go with the corrector (Sec. 23.2) would be one that
used the information at the last three points, namely,

Yro1=AoVn+ ArVao i+ A3 Vs + MBoyy + Biyn-s
k5y(5)
+ By yp.2) + Es T

The coefficients may be found by the usual process or by setting d..; = 0. The
results are

Ag= ~8 — A, Bom”';“’
4ms op -l
Ay =4, BZ=-——-_I;"A2

E,=4°_34A2

The large value 4; = 9 means that at best we shall have a large noise amplification
Ny=(4g® + 4, + 4,9 > 9
in the predictor.
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In order to keep the three-point predictor and avoid the high noise amplifi-
cation, we could make the formula exact through only x°, leaving the error term
of order #*. 'This leads to the family of predictors

234+ 54, +4
Ag=1=A, — 4, B{,:_t.“.s.i._"_z

12
-~ 16 + 84, + 164
A1=Ai Bl= lzl 2
5= A 444
Ay = Ay Bzm—---m%imwﬁ
E4=9"Ai

If we now use the difference of the nth predictor minus the corrector to estimate
the error of the (n + 1)st predictor, we would modify p, ., by

Myys = Pusy ™ (pn - n} =k (pn+i —Pn)

‘While such a scheme is occasionally justified, it may also be a waste of com-
putation, especially when computing accurate solutions of differential equations,
and we shall not discuss it further, although it clearly has a fifth-order error term,

23.6 MILNE-TYPE PREDICTORS

In order to have seven parameters to use in searching for a suitable predictor, we
can add either one more old value of the function, namely ¥,._,, or one old value
of the derivative, namely y,.5. The first proposal includes Milne’s predictor,
and we call these * Milne-type predictors,” while the second contains the Adams-
Bashforth predictor and is named accordingly.

We therefore try first to find a formula of the form

Fnt1 = AoVt At¥aot + A2 Vacz + A3 ¥aus + MByy,

e
+Biyu-y+ Bayp-ad + E S
‘The usual method gives
17+ 4, - %4
Ag= —8 = A + 84, BOMW
14 4+ 44, —
Ay =904, By = mmimé%mm%
Ay = A, B, = ﬂgz_‘_!-____%
40 - 4
Ay = A, B, =20 44; + 724,

3
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For this formula to have the indicated error term, it is necessary that the
influence function

Gs) = (h — )% = Ao =55 — A(~h — )} = A(~2h - s)}
= Ay(—3h = 5)% = dh[By( ~ I + By(~ b — 1 + By( =2k = 5)}]

be of constant sign for A > s = ~-34.  The line in the 4,, 4, plane along which
G(s5) = 0 moves up from below to the axis A, = 0 as s goes from kto —2hk, and it
remains at A; =0for ~2h = 5= —3h.  Thus we are restricted to 4; > 0 if the
error term is to be correct.

If we try to reduce the truncation error by choosing 4, = 0, then we find
Ay =9, which is uncomfortably large. On the other hand, if we try to minimize
the noise amplification

Ny=(Ag® + A4;% + 45% + 4,HH?
we get

. 4 9 . — L1
AO"—II‘I» AI"114 AZ" IBE) A3"'%—1_

P

This is very close to Milne's predictor
4h 14
Purt = Yams + 5 Q= Yoot + 20000 + 2 BYOA6)

with 4, = A4; = A; =0and 4; = 1. The gain does not secem worth it.

Thus if we try this approach, we are led to Milne’s predictor.  As discussed
in Sec. 22.4, this may be combined in the pattern of Chap. 22 with any suitable
corrector.  Of course other choices of the parameters 4, , A, are possible.

PROBLEMS

23.6.1 Examine predictors of the form
Ve o Ao}’n e Ax,}’n—: B Azyu-z B h(BDJ"-': + Bxy;—x)

1y )
4

+ E,
using A, as the parameter.

Ans. Aa=—4—‘5A3 A1=5+4Az Az-':Az
By=4+424, Bywm2-444; Eim4-44;

fA:=1,then Ee =0and By =12,
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237 ADAMS-BASHFORTH-TYPE PREDICTORS

If, instead of using an extra value of the function, we use an extra value of the
derivative, y,4 5, then we have the form

Inrr = Ao Yot AsVa-y + Az ¥u-2

RSy

+ h(By yo + Byyney + By Yooz + By yuos) + Es T

and the values

59 4+ 194, + 324
Ao lody—dy B = 2% DA,

24
37— 54, + 84
Ay =4, Bzmwuﬁ.._._m%
""'"9"5'A;
A, =4 B, = mrsnrmn
H 2 3 54
55+ 94, + 84, 251 — 194, — 84,
BO=_-_----—~__.24 Esm___.__.___._._____s

1n this case the influence function G(s) has zeros inthe 4, , 4, plane alonga
line which starts as 4, == 9 for s = —2h and rises while tilting through negative
slopes as 5 increases, producing no serious restraints on the coefficients.

A number of cases are given in Table 23.7, including the Adams-Bashforth
predictor. The noise propagation value N_ for & — 0 is the same as for the cor-
rector and need not be repeated here.

Table 23.7 ADAMS-BASHFORTH-TYPE PREDICTORS [THE VALUES
OF Es— Ey ARE COMPUTED FOR THE CASE a;= 4,(i=0,1,2}]

Three-
Adams- High eighths
Bashforth accuracy  rule “gm “ir E 3
Ao 1 0 ¢ 1 0
Ay 0 H 0 3 b 3
Az 0 0 i t 0 1t
B, 3 3 k2 ] B¢ A
B, 3 -~} -3 = A
B, 3 $ 3 # o on
By —& -4 -} = A
s FLEN 13 223 izi 2 12
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PROBLEMS

23.7.1 Examine predictors of the form
Vorr = Aoy + A1ye_s -+ W(Bays+ Biynar -+ Bayn.2)

Ky ()
E, I
using A, as a parameter.
23+ 54 5— A
Ans. Ag=1-— i B.,m——ﬁ-—‘ Bz=-ﬁ~i
A:ﬂAx B1='w:—]“6‘“i‘§“% E.gmg“‘A;

23,8 GENERAL REMARKS ON
THE CHOICE OF A METHOD

In designing a specific method, the choice of the predictor and corrector involves
balancing three somewhat incompatible objectives:

1 Low truncation error
2 Large margin of stability
3 Protection against roundoff troubles

It is best to begin by selecting a corrector, since it plays the more important
role. Figure 21.5.1 shows the domain from which we may select our corrector.
It is clear that Milne’s corrector (4, == 1, a, = 0) is about as accurate as can be
found. Figure23.3.1shows the stability measure. If A = &f/8yis positivein the
entire interval of integration, then Milne is a good choice.  But if 4 = &f]dy can
be negative, then Milne's corrector is unstable, and we need to decide on how we
shall compromise between the two troubles, instability and truncation, which are
measured, respectively, by

EsB5y5(9)
51

No specific relationship between these two terms exists, aithough there is clearly a
tendency for both to be large or both to be small.

We shall arbitrarily select 44 = & as a safe amount of protection against
instability troubles for moderately accurate solutions for most equations. With
this choice, a comparison of Figs. 21.5.1and 23.3.1 shows that the truncation error
is about the same all along the straight side of the contour Ak = — %. Round-

off troubles suggest moving to the upper right and selecting the point (g, =2,

E‘-f—-h = Ah and
ay



406 23 A GENERAL THEORY OF PREDICTOR-CORRECTOR METHODS

a, =31)asthe appropriate corrector. In a sense, this choice is a mixture of two-
thirds of Milne with one-third of the three-eighths-rule, Milne and Reynolds!
have suggested the occasional use of the three-eighths-rule while using Milne’s
method.  The above proposed two-thirds method is a particular such mixture (at
every step as it were) and provides stability in 2 more satisfactory manner.

While we have selected Ak == — 3% as a generally safe amount of protection
against instability, it should be noted that for computing low-accuracy solutions
of equations with large negative 8f/dy, a more stable method should be chosen.
From Fig.23.3.1 it appears that @, = 0, a5 = 1% is a very stable method, but it has
obviously a fairly large (E,; = — %2} truncation error.

PROBLEMS

23.8.1] From Prob. 23.3.2, discuss the choice of a fourth-order corrector.

23.9 CHOICE OF PREDICTOR

In choosing a predictor there is a strong temptation to use the same values for the
A’s in the predictor as for the a’s in the corrector.  For one reason, in computing
trajectories to the moon or the planets, for example, we could compute the sum of
the y values (positions) by a double-precision routine and probably manage to
compute the ¥’ terms, which depend on differences of position, with single pre-
cision and at the same time achieve a large increase in accuracy. This matching
of the #’s and A’s eliminates the Milne-type predictors, which have slightly more
accuracy than the Adams-Bashforth type. We shall, however, examine only the
cases where they match, as this provides quite a range of systems, The reader is
invited to design his own methed to fit his specific case.

The difference between the predicted and corrected values of y, ., measures
the fifth derivative. 'With matching @’s and A, the y terms cancel, and we have

P11 ™ Cusr = W[ Boyn 4 Biyaey o+ Baypad Byyaos
o (BuyPryy ot Bo ¥ Byynoy 4 by yaa)]
which can generally be computed quite accurately.

PROBLEMS
23.9.1 Discuss the corresponding fourth-order theory.

! W. E. Milne and R. R. Reynolds, Stability of Numerical Sclution of Differential Equa-
tions, J. Assoc. Computing Machinery, vol. §, pp. 196-283, April, 1959,
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23,10 SELECTED FORMULAS

It is a common observation that p, — ¢, tends to be somewhat constant from step
to step so that, knowing that p, . iIs in error by
B by
51

we naturally use

E; _ERy®

-m@n“t‘n)—“ 51
tomop upthiserror, (In the first predictor step, when we lack the p, — ¢,, we use
DPa— €, =0.) A similar argument applies to the corrector where it is natural to

use

E; E 7%
Es (Pn+ L~ Cnay) R 51

as the correction to the corrector value,
Applying this to the two-thirds case as an example, we use the following
procedure:

Predict:
295y + Vo
P ,2’__13___2
+ B 191y, — 107y, _; + 109y, 5 — 25y, 3} + mmk’ 5}
72 " n—i -2 =3 2160
Modify:
Muss = Pasy —755(Ps = Cu)
Correct:
2Yn=1+ Yuo
Copy = LW
+—h—{25m’ + 91y, + 43y, + 9y ) - A By
72 nt1l ] n—1 n—2 2 160
Final value:

- 43
Vatr = Chs1 F 755 Prst ™ Cat1)

In this process we get an exact answer if »*¥(x) = constant, so that it may be called
a sixth-order method.
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It should be noted that if y, . is close to m, ., then the second evaluation
of the derivative to get y. ., need not be done.  If ¢ is the difference, then it will
result in (assuming [ Ah| = 4/10)

191 g
fl £+ 2.65] 4]k =~ 1.06¢
in the next predicted value.
Another case worth examination is the “ one-half” which is an average of
the Milne and Adams-Bashforth cases. Again arbitrarily using matching co-
efficients,

h
Pavy = ZELIE (1103, 9931, 4 69512 — 175) + s B

2
mn+!=pn+lm_1‘%"1"(pnm )
Yot Yot 9
C”+1=J'-—£——" (17mn+1+51yn+3yn 1+yrl 2)"' 80h y(”

Y1 =Cot1 + 155(Pass = Cas 1)

This has a stightly smaller truncation error than the ““ two-thirds ” method. How-
ever, N, = 2/3and N, = 0.7071, versus N, = 3/5 and N, = 0.75 for the two-thirds
method.

PROBLEMS

23.10.1  Discuss the corresponding fourth-order theory and develop specific formulas,

23.11 DESIGNING A SYSTEM!

Besides the formulas for integrating each step, it is necessary to have formulas for
halvingand doubling the interval and criteria forwhen to doso. Wealsoneed a
starting routine which we shall here assume is the Runge-Kutta method (see
Chap. 24).

There are two possible reasons for halving (or subdividing in any other way)
the step size of the integration: One is a large truncation error; the other is in-
stability, Protection against instability during a computation depends on the

! For a pood discussion see Arnold Nordsieck, On Numerical Integration of Ordinary
Differential Equations, Math. of Comp., vol. 16, no. 77, pp. 22-49, January, 1962, and
Gear {16}
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ability to estimate 4 = 8fJdy. H we evaluate the derivatives for both m,,, and

Fat1. We get
OfXasys Vot1)
T, My} = a5, Vars) z“""‘""?“tél}““ﬂ“ My = Puss) RAM Ly = Vory)

Note that an accurate estimate of 4 is not possible from this formula. The oc-
casional estimation of 4 by doing the two evaluations in a single step is necessary
in order to be safe from instability troubles if some other method of estimating 4
is not available.

If A is found to be too large for the current step size /i, then we can either
decrease A or change to 2 more stable formula,  If at the same time the truncation
error is low, then the change of formula to a more stable one with a larger trunca-
tion crror is probably better. On the other hand, if both are close to tolerance,
then A should be decreased.

We have repeatedly indicated that the truncation error is measured by

Eg m EQP D
p,,—C,,=( 5 5;) Y

Actually, this is not so in the proposed systems, since, as noted, if y** were con-
siant, then the truncation error would be zero. The true error is measured by the
change in p, — ¢, from step to step. The first temptation is to compute

(Pn+! - C,,+1) - (Pn - C,,)

and use it as a guide for when to halve the interval. Unfortunately, as a few
moments’ reflection will reveal, such a quantity is extremely dependent upon the
tocal * noise ™ in the computation (except in the case of low-accuracy computations
done on a high-accuracy computer) and does not provide a satisfactory criterion
for whento halve the intervalsize. Weare, therefore, left in the unfortunate posi-
tion of knowing that the truncation error per step is a good deal less than the
quantity p, - c,, but we do not know how much.

To find a suitable halving formula, we have y,, ¥,-, ¥, and thzir deriva-
tives, so that we canestimate y, .,/ from them while making the formula exact for
I, x, ..., x5 (which makes the error depend on y**Y). Such a formula is

Yn-12 = T55(45Y, + T2V g + Llyyoz + A(— 9y, + 36y, + 3y,.2)]
To obtain y,. 2, we can reverse the formula to get

Va-32 = Trsll1¥n + 720 + 45,2 — h3y, + 36y, .4 — 9ya-2)]
When it comes to doubiing, we can do one of the following:

I Carry extra back values
2 Restart
3 Use special formulas for two steps
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Inaddition to the extra computing involved, the difficulty with carrying back
values is that special care must be taken not to double until enough back values
have been developed from the last doubling or from the initial starting.

Most programs contain provisions for both doubling and halving the in-
terval and use two constants C; and C, to test

{Pns1 = Cuail

When halving is called for, the newly computed numbersatn + 1 are thrownaway,
the interval is halved by interpolation, and the step is tried again. If, however,
halving is cailed for on the first predictor-corrector step, then the whole start must
be redone.

Care should be taken to keep
C, > 100C,

Otherwise there is the risk that, because of chance fluctuations, the machine may
halve and double on successive steps.

Another point should be made: If machine errors are at all likely, then a
sudden jump in p, — ¢, is probably due to machine error rather than too large a
step. The above method, which throws away the step effectively, eliminates the
machine error at the cost of halving and later doubling. A special test could be
used to watch for sudden jumps, and when jumps are found, the step can merely
be repeated.

23.12 NUMERICAL VERIFICATION

A popular approach to the problem of selecting a method for numerically inte-
grating some differential equationisto use a computer to solve a number of special
cases (often chosen because they have known solutions).  While this approach is
sometimes necessary, it is seldom satisfactory.

In order to check the theory just developed, a large number of solutions to
three equations

Initial Analytic
Eguation condition solution

Y=y HW)y=1 y=e*

Y=y ¥ =1 yme";
R e 2 s T e

y 2xyt yOy =1 y gy
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were computed for 0 < x < 10 for various step sizes . These equations were
selected because the first two have essentially the *“local linearized behavior™ of
the general equation and clearly reveal instability troubles. The third has a
solution which is often troublesome to approximate by polynomials.
Only methods whose predictor and corrector had the same coefficients for
the function values ()'s) were used, except that the classic Milne's method was
also tried.
Because the evaluations of the derivatives were so easy, flat random noise
was added to simulate a higher level of roundoff noise at this point enly for half the
runs.
The results, which are too voluminous to reproduce here, can be summarized
as follows:
! The stability conditions were verified. The use of the modifier based
on p, — ¢, accentuates an oscillation due to instability, but use of
Pn—1 — Cq-y helps to prevent this tendency toward instability.

2 For moderately accurate solutions the use of the modifier and final-value
steps helped by reducing errors by a factor of about 10 in size (provided
that stability conditions were observed); that is,

TolPosr = Casr] = Py s = Yus1l

Whenever the step size and hence the errors were toc small, then these
two steps did not help, since roundoff dominated the small correction
effects.

3 Fortheequation ' = ythe three-cighths rule, in spite of its large trunca-
tion error, did very well.

4 I we exclude the unstable methods, then on an average, the Adams-
Bashforth, two-thirds, and one-half methods appeared not to differ
significantly, with perhaps some advantage to the first.

These resuits should not be taken as definitive, and further study of special
situations will probably reveal much more. The field of numerical integration of
differential equations is a very complex one, and a complete study of it does not
belong in an introductory course. Hence we shall drop the topic of numerical
verification without, we hope, giving the idea that it is unimportant.
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SPECIAL METHODS OF INTEGRATING
ORDINARY DIFFERENTIAL EQUATIONS

24,1 INTRODUCTION AND OUTLINE

The predictor-corrector methods of the previous chapter require special methods
until enough old values are built up to start the predictor. Probably the most
widely used starting methods are those of Runge-Kutta. While these methods
can also be used to compute each step, the machine efficiency is likely to be low.
The typical Runge-Kutta method requires four evaluations of the derivatives for
each step forward, while the predictor-corrector methods require one or two per
step, and at the same time both methods have about the same truncation error.
The Runge-Kutta methods often do not contain within themselves any measure
of the accuracy of the solution at each step; hence it is difficult to find out when to
halve or double the interval size. The idea of using two separate integrations at
different step sizes has been proposed, but it is so obviously expensive of machine
time that the proposal need not be taken seriously.

Whenever the system of equations of a frequently repeated problem has a
special structure, it is worth examining the equations to see if one can take advan-
tage of the special structure to reduce the amount of computation required. For
example, second-order linear differential equations (with variable coefficients)
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have enough special structure that special methods significantly reduce the amount
of computing, when compared with the time needed to write the second-order
equation in the canonicat form of a pair of first-order equations and then solve
them in their general form.

A great many special methods have been invented, and since this is an in-
troductory text, we can examine only a few of them here; thus we shall merely
show how a couple of special methods can be constructed. The derivations il-
fustrate the same general ideas as were used in the previous chapters and again
show the power of the general methods. The reader should, at this point, be able
to construct the special cases he needs to solve his own special problems.

24.2 RUNGE-KUTTA METHODS

There are many variants of the Runge-Kutta method, but the most widely used one
is the following: Given

¥ =f(x,»)
y(x,) = ¥,
we compute in turn
k! e hf(xnv yn)
h k,
by s fff(xn 30t “5')

h k
k3=hf(xﬂ+'2'syu+—2§)

k4 = I@f(xn + h: Yu + kS)
Vuo1 = Yo+ ey + 2y 4+ 20y + kg)

This process may be described in geometric terms. At the point {x,, ¥} we
compute the slope k,/k and using it, we go one-half step forward and examine the
slope there. Using this new slope (k,/h), we again start at (x,, y,), go one-half
step forward, and again sample the slope.  Using this latest slope &, /h, we again
start &t X, , ¥, , but this time we go a full step forward where we examine the slope
k,/h. The four slopes are averaged, using weights £, £, 2, 4, and using this aver-
age slope, we make the final step from x,, ¥, 10 Xp41, ¥esy. 1 f(x, ») did not
depend on y, then the averaging would produce Simpson’s formula. The method
has an error term proportional to A,

There are variants on the method as to the locations where the samples are
taken and hence what weights are assigned to them in the various steps. There
are also lower-order methods which use fewer samples per step, as well as higher-
order methods.
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Itis evident that the method throws away all old information and begins each
complete step anew, and hence is hardly likely to be as efficient as methods which
take advantage of old information. It is also evident that there is no check on
whether the step size is too small or too large, although perhaps a study of the k;
might give a clue; this is often not done.  Among other proposals to monitor the
accuracy are: (1) comparing k4 of one step with &, of the next step, and {2) using
the quantity

N
‘Z‘(ka ~ k)

N
3 (ks — k)

where N is the number of equations.

The method of deriving these equations does not seem to be used elsewhere
in numerical analysis, and so it is not worth giving here.?  The general spirit of the
derivation is that the functions f{x, y) which are on the right-hand sides are all
expanded in series in powers of &, and the corresponding derivatives are equated
to eliminate the lower powers of o, The result is that the method is exact for poly-
nomials of degree 4 (or less), but is nof equivalent to a power-series expansion
about the origin, as may be seen by solving the equation {using /i = I)

y" = sin? 2mx
0 =0
since the calculated solution will be identically zero, but the true solution is

_4r? 34 ...
y=3%

24.3 SECOND-ORDER-EQUATION METHODS
WHEN y IS MISSING

Many special situations may be investigated, and in this section we shall confine
ourselves to a common situation where we have second-order differential equa-
tions with no first derivative present. Frequently, if the derivative is present, a
simple transformation will remove it. We shall use the same methods for investi-
gating this problem as we used in Chap. 23.

We begin with the corrector for integrating the differential equation

Y=z,

! See Kopa! [29] and Ralston [491.
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which we shall assume in the form

Vas1 = Qo Yut Bs¥pey + Gy Yuuz + BB Vips + boyn+ biyVioy + bayio2)

The method of the Iast chapter would suggest saving two parameters, but a brief
trial indicates that using a, as the only parameter will take us through the stability
problem safely. Thus we can make the method exact for 1, x,..., x*. There-
sults are given in Table 24.3.

The method in the last column has a zero error term; hence it has higher ac-
curacy than the others.  But the multiple characteristic root means that the prop-
agated error g, will behave as

&, = C1 E 3 Czﬂ + anz
which is not pleasant to contemplate. In the other cases we have
&y = C1 + Czn E 3 Cg(az)“

The multiple root p = 1is unavoidable if we make the form exact for 1 and x, and
the linear growth of the error comes from an error in ¥ (which does not appear
explicitly), propagating linearly with .

The advantage of the two zero coefficients in the choice [39] a, = 0 makes
this formula very attractive.

Ky 0)
240

L I
yn+!=2.Vn“yn~l+a(yn+l+10yn+Yn—l -

This can also be written in the form

STAMAG
12 240

The symmetry makes it easy to check that G(s) # 0 for —h <s <h.

Va1 ™ 2¥p o Ypoy + hz(yl.‘ +

Table 24.3
=1 ay=—% a=0 a,=% a;=1

dp =2 + iy 1 # 2 3 3
ay = —{| +2a;) 1 [¢] —1 ey -3
a; = d, —1 -3 o + I
-f = 1’&" ”ilf ﬁ' '!xf 'I&'
b = (10 — a,)/12 H i it H =
by = (1 - 10a;)/12 E 13 3 # e 3
bz"‘“‘“z/]z }15‘ q G -7 "”"SJE'
Eg= —3+3a, -6 —3 -3 - 0

PPz, pa=h1, a; 1,1,~1 1, |, % 1, 1,0 1,13 1,11
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A convenient predictor to go with this corrector (we do not derive it here) is

4n? . 16 o s
yn+1mZyn”l_YaWS+_:;_(YR+yu-l+yn~2)+%hy (9)

or
o A 16
Fors = Wams = bams + 40 + L)1 O )
The predictor minus corrector gives
25h’y°(6)

so that the error in the corrector is about

mTl"i‘(pn'Fl - Cn+1)
while the error in the predictor is
+'":"=Jq‘(pn - (.‘")

These can be used to improve the accuracy if desired.
The characteristic roots of the predictorare 1, — 1, f, —fand give no trouble.

PROBLEMS

24.3.1 Derive the predictor equation,
24.3.2 Show that the predictor equation s a valid formula, by examining the G function,

244 LINEAR EQUATIONS

Linear differential equations occur very frequently, and in spite of the vast amount
of theory associated with them it is sometimes necessary to solve one by numerical
methods. The linear property makes them much easier to solve than the general
equation. As an example, we consider the equation

¥ = fxyy + g(x)

which is a special case of those in Sec. 24.3 (since y’ does not occur). Using the
corrector in the second form, we have

2

12

BEy®

Aty
Va1 240

A%y, = by —



24.5 A METHOD WHICH USES p, 3" AND ¥" VALUES 417

Substituting the value for each appearance of ", we have

hz
Ay, - I A (e Dn=1 + G )] = BLF %)y, + g(x)]

B? 1
82{[1 = T30 ) = BI04 100+ 35 M0
12 12
We now write
hz
[1- ] =1
so that
A2 Yu—l = hz{ﬂxn)yn + gn +'flfA2gn—1]
Thus we solve
Yn+t = 2Yn - Yn—-i + [IZU('xll)yn + n '%T%Azgﬂ-—i]

where
Y,

Y= TG BA)
This method is often attributed to Numerov [19] and is quite useful and efficient.
It should be evident that similar rearrangements of various methods to
eliminate the predictor can be made when the equation is linear, and we need not
give all the special cases explicitly.

PROBLEMS
24.4.1 Compute the solution of
Prxy=0 yO=1 y0@=0
for 0 < x < 1 and & = 2/10, using Numerov's method.
24.4.2 Show that no predictor is required for the linear equation
¥ =Py + Qx)

245 A METHOD WHICH USES y, v, AND »” VALUES

We have pointed out several times that once a function has been computed, it is
often quite economical of machine time to compute the derivative of the function.
Thus, if we have

¥ =fxy

A
_-é»;y.§-5;

then
y
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Problem 21.8.1 includes the formula (b = 1/2)

k K
Yns1 = Yut 5 (s +y;)+ ( Yasit 32D + 5 5KE)

This appears to be an excellent choice for a corrector formula.  Since only the y,
term occurs, there are no extraneous roots of the characteristic equation to pro-
duce instability. The truncation error is clearly very small, and roundoff is also
under control.

We have, therefore, to find a predictor of the general form

Ynt1 = Ao Yut AiYo-g + B(Bo ¥a + Biyi 1) + hH(Co ¥y 4 Crym-1)
The usnal process of making it exact for 1, x, x%, x*, x* produces the results given

in Table 24.5. The choice 4, = 1 has particularly attractive coefficients, al-
though 4; = 0 has a slightly smaller error.

PROBLEMS

24.5.1 Develop the details of a predictor-corrector method based on the 4, = 1 case,
including modification and final-value equations.

24.5.2 Examine the influence function for the case of 4; == 1.

24.5.3 Derive

h r r
Yarr=Yn + 557 (iﬂlym + 128pn+ 1lye-1)

( 13yns 1+ 40ys + 3yn.0)

87y ™(9)
7115

240

24.5.4 Derive, as in Prob. 24.5.3,
Yasi = Va2 "‘I’“ (7ya+1+16.h+7yn ]

1617y H8)

+i—5-(wyn+1+y._x)+ 7115

24.5.5 Find a predictor to go with Probs. 24.5.3 and 24.5.4.

Table 24.5
Ay =0 41=i Ay=1

Apg=1— 4, 1 3 ¢}
Ay = Ay 0 3 1
By=(=1+ 42 -1} -1 o
B; = (3+4,)f2 H I 2

= (1T — 4,)12 i b 3

== (T4 4;}12 5 H £
Es= (31 + A6 3 2 W
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246 WHEN THE SOLUTION IS NOT EASILY
APPROXIMATED BY A POLYNOMIAL

In general, we have been assuming that the functions which we are considering can
be approximated by a polynomial, if we use reasonably sized steps. The main
exception was in integration where we noted that the integral could be written in
the form

[ 1 dx = [ Kxdate)
b b
and if the moments

my = j * K(x)xt dx

are knownandif g(x) is easily approximated by a polynomial, then the integral can
be solved readily. Thus we approximate only part of the integrand by a poly-
nomial.

Somewhat similar situations arise in the field of differential equations;

frequently the solution we are looking for cannot be closely approximated by a
polynomial of reasonable degree, with steps of reasonable size. 'We then look to
see what part of the problem we can approximate by a polynomial and try to take
advantage of that.
As a simple example, suppose that we have
ay" +by' +ey=flx)  yxi)=ye Y=y
where a, b, and ¢ are constants and f{x) is easily approximated by, say,
fxy=pi+qix—x-y) forxy<x<x
Thus we are approximating f{x) by asequence of straight-line segments. TItiseasy
to compute a particular solution of
¥x)=Fx) =P+ Qifx — x:-y)
by direct substitution. The solution of the homogeneous differential equation
leads to the characteristic equation

am* +bm4+c=0

with roots
b+ /b — dac
e R
by e S B e Bt
m2= AR AL L ek

2a
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Hence the solution of the differential equation in the ith interval (x;., < x < x;)
starts at
Yxi-) =i
Y (X-1) = yi_y
and is given by
y(x) = Cle""“'"“‘) + C, gmx—Xe-1) g, Fx)

To determine C; and C,, we use the initial conditions (of the interval)
Vimg = Cy + €y + Fi{x;4)
Viwy =mCy +my Cy + Fi{x,..1)
We then compute the initial conditions for the next interval

Yim{x) =y,
Yialx) =y
and are ready for the next step,

If one or both of the values of m, are large and negative, then the solution is
not readily approximated by a polynomial, and by writing our solution in the form
of a polynomial plus an exponential part, we have evaded the trouble. The ap-
proach used in no way depends on approximating f(x) by linear polynomials, and
generally speaking higher-order polynomials would be more economical of
machinetime. Theapproach also does not depend on the second-order equation;
any order could have been used.

24.7 CONSERVATION LAWS

It often happens that the system of differential equations to be selved describes
some quantities that obey conservation laws. For example, the total number of
particles, molecules, or atoms is fixed (vonserved). Such systems of equations
have a form like

y;m_fi(t,yl,y;,...,y,,) i=12,...,n
and if all the equations are added (sometimes suitable multiplicative constants!
need to be supplied before adding), then we get the equation

Jr=o
which implies

1=

»=C

=1

1 1f varizbles are used as multipliers, for example to get the total enerpgy, then the argu-
ment does not apply.
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How will prediclor-corrector methods treat the conservation? If we sup-
pose that all the steps have obeyed the conservation up to the present step, then we
find that the predicted values will also show the conservation (within roundoff)
provided the right-hand sides of the equations have been arranged so that the large
roundoffs that occur are carcfully matched in the corresponding equations. And
50 it goes, step by step, with care in the evaluation of the right-hand sides so that
any large roundofl in the right-hand side of one equation is compensated for by the
corresponding equation; the system will, within roundoff, obey the conservation
faw.

This has an important consequence ; often the user of the results will assume
that if the conservation holds, then the results must be accurate.  But we have just
seen that the lack of conservation is a resuit of roundoff and does not involve the
truncation error, and so the selutions may be very much in error—it is in the nature
of predictor-corrector methods that the solution tends to obey the conservation.

24.8 STIFF EQUATIONS

We now examine another class of problems in which we do not approximate the
final answer by a polyromial but only sorme part of it.

Large negative characteristic roots are typical of what are sometimes called
“stiff equations,” The simplest form of a stiff equation is

' o
Y =f(x -é}mA <0
Such equations often arise in control systems where a rapid following of the signal
is desired. ‘They also occur in problems involving space charge as well as in flame
chemistry,

One approach to the equation is based on the situation when f/dy, though
large and negative, is slowly changing. We write (for 4 = constant approxi-
mately equal to df/dy)

Y =flxy)+ Ay — 4y

¥ = Ay =f(x,y)— 4y = F(x,y)
where, of course,

g

oF = y_ A=0
oy oy

Solving the equation with the usual integrating factor e™ 4%, we have

H(x) = Coetmm0) 4 gtz [ A8=xIF(g, y(0)] d
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We now face the problem of deriving formulas for integrals of the form
Kh) = r e~ %4(8) 48
°

which is easy to do, following the methods developed so far. The predictor can-
not use the value g(#) but can use g0}, g(—Ah), ..., as well as K0), [{~A),...,
while the corrector can use the predicted value of g(h). We leave the details to the
reader, but note that we are supposing that

fe, ) =fx -4y [y=3x)

can be approximated by a polynomial using a fairly wide-spaced set of samples,
and in many cases of stiff equations this is not so.

In the first example above we added the nonapproximatable part; in the
second it was as a multiplicative factor. In both cases we abandoned the direct
approximation of the solution by polynomials in favor of approximating some
part of the solution.

Stiff equations are the topic of many papers these days, but it seems that we
still do not understand the basic problem very well. Many of the proposed
methods which damp out the oscillation also have a side effect of producing gross
distortions in the solution being computed.! Material in Chaps. 31 to 41 present
a framework of ideas for what the author thinks is a better approach.

PROBLEMS

24.8.1 Supposethat f(x} can beapproximated by a quadratic polynomial in the interval
0 < x < k2w, and we have the equation

Y y=[(x)
Develop the above theory for numerically integrating the equation in the inter-

val. Show how to extend it step by step to 2kw < x < $kw, dom < x < 6k,
ete,

24.9 PROBLEMS WITH WIDELY DIFFERENT
TIME CONSTANTS

The nature of problems with different time constants is perhaps best understood
in terms of a concrete example. Suppose that a new chemical plant has been de-
signed. The chemical engineers have carefully examined the chemical aspects of

! For a discussion of this fault, see, for example, E. E. Zajac, Note on Overly-Stable Difv
ference Approximations, J. Math. Phys.,vol. 43, no. 1, pp. 5154, 1964, Seealso M. E.
Fowler and R. M. Warten, A Numerical Technigue for Ordinary Differential Equa-
tions with Widely Separated Eigenvalues, J5M, J. Res. Develop., September, 1967, pp.
537-541.
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the problem, while the control engineers have examined their part of the design.
It is now necessary to fill the inevitable gap that occurs when two groups of experis
work on the same project; will the combined system operate properly? For this
we take the differential equations of the complete system, chemistry and control,
and set out to solve them.

"The first thing that we find is that the contro] circuits tend to have rapid time
constants, meaning, to be specific, that typically they will respond in time intervals
of perhaps milliseconds, while the chemical engineering time response of the flow
of materials, temperature changes, etc., may take uptoan hour. Thuseach simu-
fated situation, for example how the plant will start up, will have to run perhaps an
hour or more. But there are 3.6 x 10% msec in the hour, and the number of steps
needed to integrate the equations is unpleasant to contemplate.  This makes part
of the system of equations look “stiff.”

1t often happens in such situations, not only in chemical plants but even in
solid-state physics, that the system of equations can be broken into two sets, one
with the long time constants and one with the short time constants. The short-
time-constant equations tend to see the quantities from the long-time-constant
equations as if they were constants, and thus their changes can pretty well be
ignored in the integration of the control equations. Onthe other side, the control
equations respond so rapidly that the slow-time-constant equations see them as
being very close to equilibrium. 1n this situation the control differential equa-
tions can have their derivatives equated to zero and treated as algebraic or trans-
cendental equations with no derivatives. Thus the two sets can be solved sepa-
rately.

But beware! The purpose of the simulation was to see if the two groups of
engineers overlooked any cross-connections between their two systems. Thusa
careful mathematical examination must be made to ensure that everything said
about the two time constants is in fact true, that neither is close to the other for
any set of the variables. The outside examination of this point is a valuable con-
tribution to the whole design problem, and it can be carried out with mathematical
symbols which tend to have no preconceived ideas of how the answer should come
out.

24.10 TWO-POINT PROBLEMS

We have been solving initial-value problems so far, but frequently conditions on
the solution are given at two points. For example, we may have

y=fx,y) y0)=0 yp1)=0
and want to knowy = y(x)fer0 g x g L.
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This situation may be reduced to the previous case by a trial-and-error pro-
cess. We start with

V'=fxy) y0=0 y0)=4
and try to find a pair of A values 4; and A, such that, say,

for A, LOES!
ford, y»)>40

Thus [since for most practical problems (1) is a continuous function of 1} we
can use the crude process of bisecting the known range at each trial and hence
in 10 trials reduce the range

|4 =4
by about 2'% 2 1,000. More effective ways of locating the zerc of y(1) may be
found easily. (See Chap. 4.}

Instead of reducing the two-point problem to a series of initial-value
problems, it is more efficient to attack the problem directly. An extensive theory
has been developed [13], and we shall briefly discuss only one example to show
some of the ideas involved.

Suppose that we have

y=fxy+gx) yO)=4 yl)=28
We first approximate y” by
Byr =A%, ., (24.10.0)

where we divided the interval 0 < x <1 into N intervals of size i == /N, Thus
we have
Yuss = 2+ Yumr = B LAXI, + glx,)]

or

 Va-y F Vasr— Bg(x)

I T

We have N - 1 linear equations in N — 1 unknowns, which may be solved in
many ways.

As an example, let us consider a specific case of the problem. Set
A=B=0,f(x)=1,g(x)=x,and N =4, We have

Y=y+x yO=0 yI)=0

{which has the known solution y ==sinh x/sinh 1 — x for comparison). The
difference equations are

n=1,2,..., N~1 (24102

Y2 =2y =gl +3)
V3—=2p 4y + P
~2y3+ ¥z = v(y; + %)
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or
16y, — 33, =4
16y; — 33y, + 16y, = 2
—33y, + 16y, =3

One¢ method of solving these particular equations is to multiply them by 16, 33,
and 16, respectively, and add

(16* ~ 332 + 16%)y, = }{(16 + 233 + 3 - 16)
From y, itis easy to find ¥, and y,, if we use the first and third equations in turn.

Suppose that this is not as accurate as we wish; what shall we donext? We
could set N = 8 and using the computed solution for N = 4, guess at a solution
for N =8. Then, using the guessed solution in the right-hand side of the eight
equations corresponding to Eq. (24.10.2), we could compute improved values and
repeat the process until no change occurs. This process can be extended as far
as we wish.

Alternatively, and probably preferably, we could use a more accurate for-
mula in place of Eq. (24.10.1}. We use the S, matrix of Sec. 15.6 to find such a
formula. The moments of y"{0) are (0, 0, 2, 0, 0, 0, 0} and should be written as
a column vector. This produces the column vector corresponding to twice the
third column of §,; that is,

4 2
- 54 ~27

540 270

sh5l 980 | = 145] —490
540 270

~54 ~27

4 2

which is
Byn = vh(2nes = 2TVns2 + 270041 = 4903, + 270y,g = 2Ty,_2 + 29,_3)
= Azyn——l -7y Ay, 2+ ¥ A%yy-3
Using only the first two terms, since g% A%y, _, is likely to be small, we compute
~1/12 A%y, _,

To dothis, we need some values outside therange 0 < x < 1; in particular we need
¥{(—1/4) and y(5/4). These can be found from the obvious equations

Vo1 = 20+ =Ry, +0)
Alternatively, we note that we really need only A%y, and A%y,, which can be
found from the values of y, and y, to be
Ay =0 Ay, =0
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Using the table of values,

Yo —

Y1 A B

Y2 E— —

”3 — —

Ya E—

Vs

we can compute the values of A%y,, namely A*y_,, A%p,, and A%y, , required to
improve the result.

"These values of A*y,, which were neglected in the first computation, we now
put in as correction terms on the right-hand side:

Aoy = Iy + X} iy APy

We solve the problem again, without changing the A%y, terms.  If the A%y, values
of the new solution are changed by any significant amount from the old ones, then
we repeat the process ggain. This method is called the * difference-correction
method by Fox [13] who uses it with great effectiveness.

As already noted, we are not attempting to develop an elaborate theory for
two-peint problems but rather are content to give only a slight idea of what can be
done with such problems.

PROBLEMS

24.10.1 Carry out the computation of the example in Sec. 24.10, using the difference-
correction method, and compare the result with the correct answer.
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251 INTRODUCTION

In Sec. 14.2 we discussed the four basic questions:

I What samples shall we use?

2 'What class of functions shall we use?
3 What criterion shall we use?

4 Where shall we apply the criterion?

We have used both function and derivative values as samples (as well as using
the position of the samples as parameters), but we have used only the class of poly-
nomials and the criterion of exactly matching the samples. We now begin the
examination of other criteria for picking the particular member of the class of
functions being used. While we shall continue to concentrate on polynomials as
the class of functions, more general classes will be mentioned from time to time,

In this chapter and in Chaps. 26 and 27, we examine the criterion of least
squares,and inChaps. 28 and 29, we examine the Chebyshev, or minimax, eriterion.
These are the two most widely used criteria excluding exactly matching at the
sample points {within roundoff, of course), but others do arise now and then,
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Having scen three different examples used in the book, hopefuilly the reader wili
be able to handle others when they arise.

The least-squares criterion is used in situations where there is much more
data available than parameters so that exact matching is out of the question.
Polynomials are most commonly used in least-squares matching, though any
linear family will work about as well in practice.

X

FIGURE 25.1.1

The least-squares criterion is widely used, and often believed to be the “* right
one” to use. There is a saying that mathematicians believe that it is a physical
principle while physicists believe that it is a mathematical principle. Either we
can assume the principle for selecting the particular member of the family of poly-
nomials of a given degree, or we can assume some other principles and deduce that
of least squares——something must be assumed in any case.

Least squares is very often regarded as smoothing the data, or, if you wish,
removing the noise. The least-squares polynomial is supposed to give the correct
values (Fig. 25.1.1). In order to understand when to use the principle and when
to avoid it, we shall try to give a feeling for what it does by connecting it with
other known results. Just what this kind of smoothing does will be looked at
again in Secs. 27.7 and 35.6.
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252 THE PRINCIPLE OF LEAST SQUARES

Suppose we try 1o measure some quantity x and make M measurements x; (sce
Fig. 25.2.1). 'We do not see x but only the measurements x; with errors of
measurement g;; that is, we see

X;m= x4 g f=1,2,..., M

We will regard the residuals g; as ** noise *” and call x the true value, (whatever that
may mean in a situation in which it cannot be measured directly?).

< TEEEVEEVI N
Xy Xg Xy Xgp Xy Xp o Xy LT3
i
]
|
|

Xq

FIGURE 25.2.1

The principle of least squares states that the best estimate £ of x is that
number which minimizes the sum of the squares of the deviations of the data from
their estimate,}!

M M
f(#)= i;slz = i;(m - &

In the final analysis, the usefuiness of this principle rests on how useful the results
turn out to be in practice and how easy it is to use, not on the fanciness of the
mathematical derivations.

This principle is equivalent to the assumption that the average

i M
Xq = H J“Zxxl

is the best estimate. 'To prove this equivalence, we first show that the least-squares
principle leads to the average. We regard

M
Ai8y= 3 05y = 87

' The Gauss-Markov thcorem states that if Avie =0 and cov{e,e;} =0, ther of alt
unbiassedlincarestimatesthisestimate has the least variance,  Sce Mood and Graybill
[42].
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as a function of £ to be minimized. Applying the usual calculus rule, * differen-
tiate and set equal to zero,” we get

df M _
= -zxz(xi-x)_o

1 M
therefore 2= W ‘; = X,
Thus x, = £ minimizes the sum of the squares of the residuals. We also note that
d 2f
=2M >0
P

and hence we have a minimum.
We now show the converse, namely that if we pick the average x, as the best
choice, then this minimizes the sum of the squares. We set

M
ﬂxa) bl EZX(XI - xa)z
=Y x2-2 Y x+Y
= ¥ x? - 2x,Mx, + Mx}?
= }: xlz - an2
Now if we were to choose any other value, say x, - then
S(xy) = Z (x; — %)
= z xiz —“- 2bex, o bez
Subtracting the first result from the second, we get
JExg) = f(xg) = Mix,? — 2x,x, + x,7]
= M(x, =~ x) =0
a &,
Thus

f(xb) = f(xn)

and they are equal only if x; = x,; that is, x, minimizes the sum of the squares of
the residuals.

We have now proved that the principle of the least squares and the choice of
the average as the best value are equivalent.
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The choice of the average as the best value is very common practice in many
situations, but clearlyis inappropriateinsome. Forexample,the averageincome
in & country is likely to be misleading because of the skewness of the distribution
of incomes. Likewise, if the probability distribution of the errors (residuals) is
believed to be highly skewed, then it may be foolish to use the principle of least
squares.

Probably the major fault with least squares is that a single very wrong
measurement will greatly distort the results because in the squaring process large
residuals play the dominant part —one gross error 10 times larger than most of the
others will have the same effect in the sum of the squares as will 100 of the others.
Great care should be exercised before blindly applying any result to data (as is so
often done); at least look at the residuals, either by eye or by some suitable pro-
gram, to see if one or possibly a few measurements are wildly off.

PROBLEMS

25.2.1 Find the least-squares estimate of the numbers 2, 3,2, 1, 2, 3, both ways.
Ans. x=13/6

25.2.2 Find the least-squares estimateof — 5, 5,4, —3,7,1,0,0,4, —6

25.3 OTHER CHOICES BESIDES LEAST SQUARES

Suppose that instead of choosing to minimize the sum of the squares of the devia-
tions ¢, we choose x,, to minimize the sum of the absolute values

M M
i;lsii = iZ:l]xi - Xp| = f(x)

This leads to the choice of the median (middle) value of the x, (if there is an even
number of observations M, then we choose the average of the two middle ones).
The proof is straightforward. Suppose that there is an odd number M = 2k 4+ 1
of observations x;. Consider using the middle one, x,,, as the median. Then
any upward shift of this value x would increase the k terms |x; — x| that have x,
below x,, and would decrease the k values with x; above x,,, each by the same
amount, but the shift would also increase the term |x,, ~ x|, thus increasing the
sum of all the deviations.

In place of the minimizing of the sum of the squares, another choice is to
minimize the maximum deviation. This leads to

Xinln + X max -
2 - xmidrange

which is the usual midrange estimate of the best value. This is the Chebyshev
criterion in slight disguise and will be treated in Chaps. 28 and 29.
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254 THE NORMAL LAW OF ERRORS

There appears to be a widespread belief that the principle of least squares implies
the normal law of errers, which stales that the probability of an error &; in the
interval {x, x 4 Ax) is given by
LS ek Ay
n

This belief is false, and it is worth some discussion of the topic at this point to
clarify matters. Another belief sometimes met is that the normal law is a law of
nature. ‘This situation has also been paraphrased by the remark, * mathemati-
cians believe it to be a physical law, while physicists believe it {0 be a mathematical
faw.”

One highly seductive derivation of the normal law (due to Herschel') goes
as follows: Consider dropping a dart from a height while aiming at some point 0
on the {horizontal) floor (see Fig. 25.4.1). 'We now assume (1) that the errors do
not depend on the coordinate system but only on the distance from 0, and (2) that
larger errors are less likely than smaller ones. These assumptions seem to be
quite reascnable, since the coordinate system appears to be perfectly arbitrary.

y+ay

X x+Ax

FIGURE 25.4.1

Let the probability of falling in the strip x, x -+ Ax be given (approximately)
by

Six) Ax
while that of falling in the strip y, y + Ay is

J(») Ay

? 8ir John F. W. Herschel (17921871},
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Owing to the assumption that the errors in the two coordinates are independent,
the probability that it falls in the common rectangle is then

Fx () Ax Ay
Let ug now choose polar coordinates.  Since the probability is assumed to be in-
dependent of direction, the probability that the dart falls in the element of area is
given by
g(r) Ax Ay
The two probabilities are the same, and we have

g(r) = fOf(y)

The left-hand side does not depend on 8, and differentiating with respect to @, we
have

dg(r) g af (x)

55 = 0=/ I 5 (2540)
Using the relations
Xx=1rcos§
y=rsing

we have

oA0)_o0x_
56 = 3 357 @N=9)

> ey
36 "3y 26 = f'(y}x)

Combining Eqs. (25.4.2) and (25.4.1), we have
S ) +SOY GH=») =0

(25.4.2)

or

FACIRNAS),

X0 ~ W)

Since x and y are assumed to be independent, each side must be a constant, say X,
and

IO _ g

)T 3
or, what is the same thing,
df(y)

PO _ . a) _
f() = K+ x-dx and ) K-y-dy
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Integrating the first of these, we get
K 2
Inf(x) = -2"— +C
or
Jx) = Aetr2
We assumed that large errors were less likely than small ones; hence K must be
negative, say
K= -2k
and so we have
L S =g
) = de™
Combining them, we get
g(r)y = fxf(y) = A2~ ¥4
Now the dart must fall somewhere ; hence, using polar coordinates, we find

f:“ f:g(r)r drdf =1

o0
A 2n f re ¥ dr =1
¢
~k3*r Azﬂ.'

o K°

e

A e

=1

and finally we get our result

S = L e
n

which is the normal {Gaussian) distribution function.

It should be noted that this derivation is only one way of obtaining the
normal law. The central-limit theorem, which states, loosely, that the distribu-
tion of the sum of a large number of small errors becomes normal, provides another
approach. Ineither case, it is not the derivation that matters as much as whether
or not the model helps us understand experience.

The normal law has been found in practice to be a useful model in many ap-
plications. Deviations from it usually occur from having more values in the
**tail " of the distribution when x is large than the model indicates there should be.
The reason for this is that often there is a small effect which has a wide variability.
In such cases, a mixture of two normal curves with different & values sometimes is
useful. The theory of quality controlis, in part, based on the observed excesses in
the tails.
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The maximum-likelihood estimator {42} of an unknown parameter main-
tains that we should take the value that maximizes the likelihood of observing
it. If the sample is from some probability density p(x; 6}, then the likelihood
estimator is the product of the individual (independent) observations

L{O) = p(xy; Op(xz; 8) = plxy; 6)
In the case that the errors come from a normal distribution

-'"lf":: e—'kl{x-a)z
T
then this leads to
kM -k2 -8y
L(e) = W PRt

"Thus Ieast squares can be derived from the normal distribution via the (assumed)
maximum-likelihood estimator.

PROBLEMS

25.4.1 Show that o= 1/(2k)?, where ¢ is the variance of the distribution f{x) =
(k| Ve =,

25.5 THE LEAST-SQUARES STRAIGHT LINE

Before examining the general case of a polynomial, it is worth becoming familiar
with the special case of fitting a straight line in the least-squares sense. We fit

y(x)=a-+ bx

toasetofdata(x;, ¥){i=1,2,3,...,M). Wehavetwoparametersgand band
want to minimize the function of two variables (g and b)

M M
Faby= 3 ) -y =} o

¥(x,) being the computed value and y; the measured value. This is the obvious
generalization of the material on a single parameter that we discussed before.

We have
M

Fla, b) =Y (a+ bx;— y)*

i=1
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to minimize. Apply the calculus method
dF(a, b)
da
dF(a, b}
&b
Dropping the factor 2 and rewriting, we get

=2} {a-bx;=p)==0

=23 (a+bx;—y)x; =0

aM +8Y x; =Y y,
ay x;+bY x?=Yxy,
These equations are casily solved for the parameters aand b, Thus we have
the least-squares straight line to the given data. As an easily followed example,

consider the data (for M = 5). See Fig. 25.5.1.

x ¥ x* xy
i 0 1 0
2 2 4 4
3 2 2 6
4 3 16 20
5 4 25 20
Sum 15 13 55 50
The equations for the parameters are:
Sa+ 156 =13 -3
15¢ + 55b =50 i
106 = 11
b=11{10
a= —7/10
The line is
I
y=1s {(=7+ 1ix)
To plot the line we use
¥0) = —7/10
¥(5) = 48/10
We have
x ¥x) omoog et
1 04 0 04 016
2 135 2 —~0.5 0325
3 28 2 06 036
4 37 3 —1.3 1.6
5 438 4 03 064
=0 310

check
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FIGURE 25.5.1

PROBLEMS

Fit a straight line to:
2551 x -3 —2 —1 0 1 2 3

y 4 4 2 2 1 0 0
2552 x | 25 17 32 07 03

y I 17 14 25 06 01
2553 x |1 2 3 4 5 6

y

o 1 4 9 16 25
2554 y=-e"for0,2/10,4/10,..., 1.0
25.5.5 Prob.25.54fore™™.

25.6 POLYNOMIAL CURVE FITTING

Fitting a polynomial of degree N to some data is a direct generalization of the
previous section.  Given the M measurements {observations) (x;, y,), we wish to
fit a polynomial of degree N where N is much less than M, typically atleast 10times
smaller for cubics or higher-degree polynomials. We again let the calculated
data be y(x,) where

YXy=ag +ax+ayxt 4 b agx
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and form the sum of the squares of the differences (residuals)
M
EZJ{J’()C&) —p P e Flag, a4y, 85, ..., ay)

With N + 1 parameters we have the N -+ 1 partial derivatives to equate to zero

oF M , .
g—zzz[(y(xl)_yz]x =0 J=091,-";N
aj §=3

or
gy 3l ra Y b ay Y XN =Y 1y,

For ease in notation we set

- 3 & k
‘lei =5 iZiXE =T,

The equations then become
N
Za,,S,,HmT} jwﬁ,l,...,N
=g

and are the normal equations.
The normal equations are N + 1 linear equations in N + 1 unknowns a;,

whose determinant we now show cannot be zero.  'We do this exactly as we did
in Sec. 19.4. We consider the homogeneous equations

N
Y a,5,.;=0
n=0

and show that they have only the trivial solution a; = 0 for all j, from which it fol-
lows that the determinant is not zero. Maultiply the jth equation by 4; and sum

forall j v x - o
Y Y a,a,8= Y Yaa,y xxt
=0 a=0 J=0n=0 i=0

= f: goajxi")(hioanxi”)

i=0

M
= i;))’z(xa) = )
This means that y(x} = Oand g; = O forall /. We have therefore proved that the
determinant is not zero and that the nonhomogeneous equations can be solved
for the coefficients of the least-squares polynomial.

In principle the problem of finding the least-squares polynomial is solved;
in practice it is not easy to solve the normal equations when N is very large, say
greater than 10. To see why this is so, suppose that the x, are more or less uni-
formly distributed in the interval 0 < x < 1. Then

Mo L
S, = =M dx = —me
y jglxj jox * k+1
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The resulting determinant (supressing the factors M) is the well-known Hilbert
determinant

jk=0,1,...,N

1
s
The Hilbert determinant® of order N has the value

. NN+ D1 QN - 1)
Yo (N - P

which approaches zero very rapidly and suggests what is true, that the system of
normal equations will be difficult to solve (ill-conditioned, Sec. 7.8) when Niseven
moderate in size. The following table gives some values

H,

=

1

8.3 x16-2
4.6 x 104
1.7 x 107
3.7 x 10712
5.4 x 1918
4.8 x 10~
2.7 x 1032
8.7 x 1043

NO OO 3 N Ln B L DD e

The soluticn to this dilemma is given in the next chapter, and it is not to go
to multiple precision to get an answer to a set of equations which in their very for-
mation have significant errors.

As an example of polynomial curve fitting consider fitting a quadratic

y{x) == a + bx + ¢x?

to the following data. The given data are in the two left-hand columns (M = 7)
and are chosen to make the example easy to follow.

x ¥ Xy x* xYy X x4
k] 4 -—-12 9 36 -7 81
~2 2 —4 4 B —8 16
—1 3 w3 1 3 o | 1
0 0 ] Q [+ 0 ]
1 -1 —1 1 | 1 1
2 -2 —4 4 —8 8 16
+3 -5 15 9 45 27 81

Sums 0 1 -3 28 -7 0 156

* David Hilbert (1862-1943).
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The normal equations are
Ta+ 0b+ 28c= 1
Oa+28b+ Oc= -39
28+ Ob+ 196c= ~7

It follows easily that b = —39/28. The other two equations can be written

{a +de= 1]7
a-+Te=—1/4
from which
a = 56/84
c= -11/84
and

! 2
y—-é—4(56— 117x — 11x7)

which is shown in Fig. 25.6.1.

]
-3 3

FIGURE 25.6.1
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PROBLEMS
25.6.1 Fit a quadratic to

25.6.2 Fit a guadratic to
x 0 1 2 3 4 5

y 4 7T 10 13 16 19

25.6.3 Draw a flow diagram for doing least squares, assuming a library program for
solving the normal equations. Find the residuals.

25,7 NONPOLYNOMIAL LEAST SQUARES
AND OTHER GENERALIZATIONS

If instead of fitting the data in terms of a linear combination of powers of x,
suppose we are given a linearly independent set of functions f{x) as the basis for
the representation. We have

Y(x) = ao folx) + a1 fi(x) + -+ + an fulx)
and the least-squares fit is given by
M N 2 R
‘;1 Lgeajfj(xi) - .VE] = min

Differentiating this with respect to the parameters @, {which still occur linearly) we
are led to the system of equations

M N M
Z Z a; flx) filx) = 2 Yifulx)
i=i Jj=1 =}
Using the notation of Sec. 25.6, we set correspondingly

M M
S = i;kf j(xi)fk(xl) Tj = i};.i}’if}c(xf)

and we have similar normal equations
N
Eajs_i,k=n k=0,3,...,N
J=1

The same proof that the determinant is nonzero will go through since the family of
functions was assumed to be linearly independent over the set of points x;.
If all the data are not equally reliable and it is desirable to weight the data
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by nonnegative constants w;, then again we will be led to the least-squares equa-
tion
M

‘_ZIWJ[Z a; fix) "Jh']z = min
and the normal equations will include the weights w; with nothing significantly
different. The linear independence of the f;(x;) means that the determinant will
not be zero (by the same pattern of proof).
The case where the parameters do not occur linearly will be discussed in more
detail in Sec. 27.5.

PROBLEMS

25,7.1 Carry out the derivation for weights w; = 0 and prove that the normal equation
can be solved.

258 A COMPARISON OF LEAST SQUARES
AND POWER-SERIES EXPANSION

The power-series expansion of a function y{x),

] y(“)(o)x"
yxy= ) ——

nm ni

when truncated to

N ) ]
¥(O)x

Y%} = Z T

=0 ni

gives a very good approximation near x = 0, but as x increases, the approximation
tends to get worse and worse.  On the other hand, the least-squares fit tries to find
a more or less uniform [depending on the weight function w(x)] approximation in
an interval.  And this is one of the fundamental differences: The power series fits
at a point whereas the least squares fits in an interval.

When it comes to numerical computation, it is not generally possible to
estimate accurately the derivatives at a point from the samples scattered in an
interval; the exact-matching interpolating polynomial is frequently used in place
of the truncated power series, or sometimes a least-squares polynomial,
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259 CONCLUDING REMARKS ON LEAST SQUARES

Having been shown how to produce a least-sguares polynomial, the reader prob-
ably expects the text to go on to the problems of integrals and differential equa-
tions. While this could be done, the facts are that seldom is a least-squares ap-
proximation used as 2 basis for integration. Integration itself is a ** smoothing
operation.” When there is a * noisy " term in a differential equation, it is cus-
tomary to smooth it and then use an exact-matching polynomial for integrating
the equation.

Another idea which may occur to the reader, but which has not been
adequately explored, is the following: In the exact-matching process, we have used
Eo,Ey,...,E,.y =0 and let the rest, E , E, 4, ..., fall where they may.
Suppose that we were to try to minimize

=]
m{ao, @y, ..} = Z“kExz
k=0

The exact matching used @, = 4,4 = *** = 0, but we could taper the g, and thus
allow for an improved fit for some of the higher powers at the cost of some exact-
ness for the lower powers.

This can be viewed as a proposal to fit in error space rather than in the func-
tion space. An adequate theory for the error term is not known at present.

Anexample of this proposal to sacrifice a small amount of exactness in fitting
at some value for a large gain at some higher value of & is given by the idea of
throwback, discussed briefly in Sec. 18.8 as applied to Everett’s interpolation
formula. In the particular case, we gave up a small amount of accuracy in x*
(modified A®) for a large gain in fitting x® and x*.  (See also Sec. 29.9.)
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ORTHOGONAIL FUNCTIONS

26.1 INTRODUCTION

The idea of orthogonal functions plays a central role in the development of many
branches of mathematics. We shall confine our attention to the relationship of
orthogonality to linear independence and Jeast squares, and the role that it playsin
some parts of computing. Thus we treat only a few aspects of the topic in this
chapter.

Two vectors x and y are said to be orthogonal if the components x; and y,
satisfy the equation

n
izixm =X Xy XYt oo+ Xy, =0

In both two and three dimensions this means that the two vectors are perpendicu-
lar, and since the algebraic relationship plays the same role in higher dimensions as
in two and three dimensions, it is customary to say that they are perpendicular to
each other in n-dimensional space.

Now let us imagine that the number of dimensions increases to infinity in
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such a way that the vectors are replaced in the limit by continuous functions, and
that the sum approaches an integral. We then have

j bx(t) y(t) dt =0

Thus we have the definition that two functions are orthogonal if the product of the
two functions integrated over the range is zero. We have tacitly excluded the
vector and the function that are identically zero, since they are perpendicular to all
functions including themselves. Notice that if we are going to maintain the geo-
metric language, then we have an infinitely nondenumerable dimensional space of
functions.

Sometimes it is convenient to include a weight factor w(t) > 0, and the
definition of orthogonality becomes

b
[ oxtox =0

A set of functions fi(f) is said to be orthogonal [with respect to the weight
factor w{t) and over the interval @ < x < b} if
b 0 i#]
[woroswa={ o 12
if

{ WOt =1

we say that the system is orthonormal. It is easy to make an orthogonal set ortho-
normal if it is not.  To do this, if

[ W di=,>0

then the set fi(t),’\/ 1-, is orthonormal.

We have defined the idea of orthogonality over a continuous interval.
There are analogous definitions over a finite set of points, although in the latter case
there can be at most as many mutually orthogonal functions as there are points in
the set. Itis convenient to use the continuous version most of the time and only
occasionally mention the discrete case.

26.2 SOME EXAMPLES OF ORTHOGONAL
SYSTEMS OF FUNCTIONS

Perhaps the best-known set of orthogonal functions, and certainly the one that has
given rise to the most new mathematics (including Lebesgue integration), is the
family

I, cos x, sin x, cos 2x, sin 2x, cos 3x, ...
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We first prove that they are orthogonal over the interval 0 £ x < 27, We
need to show that

2n moaspowe Q)
cosmxcosuxdx == { n m=n#
0 m#n

13

S

Zn
J‘ cosmxsinnx dx =0
]

= , T m=n#£0
L s:nmxsmnxdx:{o mEn

In the first case, using the standard trigonometric identity, we get

n

J

1 2x
€oSs Mix cos nx dx = 5}. [eos(m + m)x + cos{m — nm)x] dx
o

2n

=0 m-—-n#i
o

1 [sin(m +n)x + sin{m — n)x]
2 m-n m—n

Ifm=n #0, then we have

2n 2z
f COS mXx €O nx dx == X j [cos(m +n)x +1]dx=n
o 248

If m = n =0, then we have
2n 2%
_{ cosmxcosnxdxmf 1dx =2n
0 0

The other relations can be proved similarly.
We can see a simple use for orthogonality in the formal expansion of a func-
tion; for example, suppose for some function F(x) {0 < x < 2n)

a . .
F(x)m?zg-{-aicosx—{-bl sin X + 4, c0s 2x + by sin 2x 4 -~

2]
= ‘—123 + ¥ (& cos kx + by sin kx)
k=1
Multiply both sides by cos mx and integrate (0 < x < 2n)
2z

_[ F(x) cos mx dx = na,, (m=0,1,...
EH

(all other terms vanish due to the orthogonality).
Using sin mx in place of cos mx, we get

n
J- F(x)sinmxdx=nb, m=12,.,
o
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Thus using orthogonality, we can formally find the individual coefficicnts of the
expansion. The use of @,/2 is for convenience.

The a,, and b,, computed this way are called the Fourier! coefficients, even in
the case of a general system of orthogonal functions

b - R
[ ORGS0 dx = {2 [
if FG) = ¥ afi)
=0
then

1 b
;== f wXMF(x)fi(x) dx

are the Fourier coefficients. ’

As another example of orthogonal functions, consider the ultraspherical
polynomials defined by the differential equation
(1= xB)yi(x) = 2 + Dxy(x) + nln + 20 + Dy (x) =0  a> -1
Hf we multiply this equation by (1 — %3 y.(x), (m # n)andintegrate{(~1<x < D)
we get
d
-

1
_f” ) 7 A =Xyl dx + nn 4 20 + 1)

1
x [ (1~ 5y, (0p(x) dx =0
~1
Integrate the first integral by parts

1 1
=P = [ (= 2P i) d

+n{n +2a+1) J-_!i(l w x By (Oy(x) dx =0

The integrated part vanishes at both limits. We next write the same equation
with m and n interchanged and subtract the two equations to get

rm 22+ 1) = e+ 20+ D] [ (1 = 5,09,0) d =0

For m # n the term inside the square bracket is not zero; hence for all a > —1
the ultraspherical polynomials are orthogonal over the interval —1<x <1
with the weight factor (1 — x%)". Thus we have shown that the polynomial
solutions of the differential equation for different n are orthogonal.

This family, depending on «, of orthogenal polynomial systems includes
many special cases of importance which we will later study, o == —4,0,4,and 1.

1 Jean Baptiste Joseph Fourier (1768-1836),
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PROBLEMS

26.2.1 Complete the proof of the orthogonality of the trigonometric functions.

26.2.2 Prove directly the orthogonality of the set of trigonometric functions over
— T X T

26.2.3 For the set of functions 1, cos x, cos 2x, ... show that they are orthogonal
O<x<m.

26.2.4 For the set of functions sin x, sin 2x, ... show that they are orthogonal
(—m2 < x < nf2).

26,25 Show that for the case of & = — } in the ultraspherical polynomials the substi-
tution x = cos § produces a familiar situation,

26.2.6 Normalize the Fourier-series terms.

26.3 LINEAR INDEPENDENCE AND ORTHOGONALITY

The purpose of this section is o show that the ideas of linear independence and
orthogonality are closely related.  First, we prove that a set of orthogonal func-
tions f{x}is lincarly independent over the interval. Suppose that there is a linear
relation among the f{x) with nonzero coefficients, that is, that there exists a
relation

X))+ e fa(x) + o+ e iy =0

with some ¢; % 0. Multiply this relation through by w(x)f,(x) and integrate over
the interval. We get

o [ WA s + 6 [ wRRWILR x4

b
+ ey Lw(x)fﬁ(x)j}(x) dx =0
Due to the orthogonality only one term remains [w(x) > 0]
¢ fbw(x)jf(x) dx=¢,2;=0

and therefore ¢, = O for all /-~the assumed relation does not exist.

The converse, that from a set of linearly independent functions we can con-
struct an orthogonal set, can be shown by the Schmidt! process. Let the given
set of linearly independent functions be fi(x). We compute

f:w(x)ﬂ,z(x} dx=2,>0 wx20

! Eberhart Schmidt (1850-18%0),



26,3 LINEAR INDEPENDENCE AND ORTHOGOMNALITY 449

Then
Jo®)
Vo

defines the first orthonormal function go(x). Using mathematical induction,
we assume that we have constructed the first j orthonormal functions g,(x)
(i=01,...,/j—1). Weset

Fj(x) =Qofotayg;+ 0+ 3101 +_f}(x)

Golx) =

Now F (x) # 0, since the functions f;(x} are linearly independent and each g,(x) is
a linear combination of the fi(x) fork £ i Weneed

[ WP e dx=0 0sisj-1

But this is, by the definition of F {x},

ha+ | W)L x) de = 0

which determines the a; and hence Fy(x). To normalize F{x), we nced to
compute

L]
f WOFAx) dx=2,>0  wx)20
and then set
FAx)
gx) = -—’—(—:
N
Thus we have taken one more step in the induction.
If we have only a finite number of N samples x,,, then there are at most N
linearly independent functions
Si%m)
That there are N follows from the particular set
o omA
gj(xrrr)"""{l m-‘=j j—-l,u..,N
since no set of these N functions g,(x,,) can be linearly dependent.

Itis worth noting that in the construction process the set that we obtain is not

unique unless we choose the particular \/ 2, > O and also choose the set of linearly
independent functions in a fixed order.  Also, they obviously depend on the inter-
val {4,b) and the weight function w(x).
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PROBLEMS

26.3.1 Given Py 1, Py==x, and w(x)==1, construct the orthogonal functions
P,(x) and P3(x) over the set of points —2, —1,0, 1, 2, where P, and P, are poly-
nomials of degrees 2 and 3, respectively.

26.3.2 Given 1, cos x, ¢08* x, and w==1, construct the orthogonal functions
O x <)

26.4 LEAST-SQUARES FITS AND
THE FOURIER COEFFICIENTS

In this section we show that least squares and orthogonality are closely refated.

Theorem 26.4.1 The Fourier coefficients a; give the best least-squares fit
when a function F(x}is expanded in terms of an orthonermal set of functions g ,{x}.
To prove this we want to minimize, for an arbitrary expansion,

b M 2
# e fa w(x) [F (x) —~ Z_OC g j(x)] dx
! o MM
- fw(x)Fz(x) dx — 2;‘)(:,. fw(x)F(x)g A(xydx + i};o j)__:oc,- ¢ fw(x)gsg ; dx
- Iw(x)Fz(x) dx 2§ cyd; + )EC.-Z
=5 =0

M M
- j wx)F(x)dx = ¥ a + ¥ (@ =)

But this is minimum only if each ¢, = g, as required.

A remarkable and very useful property is that in the best least-squares fit
with orthogonal functions each coefficient a, is determined independently of all the
others, and that if we decide to change the number of functions g,(x) we are using,
then we need not redetermine any of the coefficients that we have already found.
‘We therefore examine the converse problem.

If the coefficients ¢, in a least-squares fit of a function F(x) in terms of a set
H#(x)are not to change as we change the number of y{x) that we use, then the p(x)
must be orthogonal. Set

b M 2
glcos Cpsens = | w(x)[F(x) - Yo ,u,v(x)] dx
Since g is to be minimized,
b M
% 2 / w(x)[F(x)m Yo p;},u_,-(x) dx
a i=0

de;
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or M b
fw(x)F(x),uj dx = EZBC.- f w(xpy p dx

This must also be true for M + 1 if the property is to be true for all M,

M+

[WF@r) dx =3 e | WOty dx Cuer #0

Subtracting the previous equation, we get
-]

Car+g f WX pg syt dx =0

a

for any j; that is, the y, arc orthogonal to uy, ; (and M was arbitrary).

Thus we see that orthogonal functions, the Fourier determination of the co-
efficients in an expansion, and the idez of least-squares approximation are all
bound together.

26,5 BESSEL’S? INEQUALITY AND COMPLETENESS
The Fourier coefficients
a; = f:w(x)F {x)g {x) dx
of an orthenermal set g,(x) satisfy the Bessel inequality
f:w(x)Fz(x) dx ﬁoa A wzo0
The proof is straightforward.  We write, since the integrand is nonnegative,

b M
I W()C)[F(x) e Z a;gj(x)]z dx = 0
a i=0
and multiply out:

b b M
0< f w(x)F3(x)dx — 2 f wOOF(x) Y a,9.{x) dx
a a i=9Q

8 M M
4 f ;Zo j;oaia_,- wix)g;g; dx

Using the definition of the g, and the orthogonality of the g;, we pet

b M M M
[worpmdxz2Y a? - Y a2 = ¥ o
a i=0 i=0 i

=0

for all M.

! Friedrich Withelm Bessel (1784~1846).
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In the continuous case, if the equality holds for every continuous function
F(x}intheinterval {a, b] then the infinite set of functions is said to be “complete,”
and the equality

f I,w(x)l"z(x) dx = iﬁaﬁ
] |24

is called Parseval’s* equality.

In the finite case we have, of course, no trouble in the process of interchang-
inglimits to get Parseval’s equality, and any set of N functions linearly independent
over a set of N points is complete over the same set of points.  Parseval’s equality
is an “ergodic theorem "’ ; the sum of the squares of the function is the same as the
weighted sum of the squares of the coefficients.

In Bessel's inequality the difference of the two terms is exactly the sum of the
squares of the errors e(x) (residuals)

M b N
3. w(xper= | WEOF(x) dx -yt

=
In the discret= case the integrals become sums
M

S wiede? = S we)Fi(r) - 3 a?
i=1 j=1

i=1

PROBLEMS

26.5.1 If the functions are only orthogonal, then derive the corresponding formula for
the sum of the squares of the g;.

26,6 ORTHOGONAL POLYNOMIALS

Orthogonal polynomials are a very important subclass of the class of orthogonal
functions. They are defined to be suchthat the kthone(k =0, 1, 2,.. ) isof de-
gree exactly k, and they naturally have all the properties of orthogonal functions
plus those peculiar to pelynomials.

It is easy to show that the kth orthogonal polynomial y,(x) has exactly k
real, distinct toots in the range of integration. Let us suppose that r <k.
We form the product of the distinct, odd-multiplicity zeros

pER=x—x)x—x) (x—x) r<k

! August von Parseval (1861-1942).



26.6 ORTHOGONAL POLYNOMIALS 453

b
[ epnde=0  wxzo

because p{x) can be writtenasasuomof yy, y4.. .., ¥, and y,(x) is orthogonal to all
of therm. But this is impossible since the integrand does not change sign in the
interval. Hence there are & real, distinct roots in (g, b).

The orthogonal polynomials y,(x) satisfy a three-term recurrence relation
of the form

@ Yisr (%) + (B — X0} + ey () =0, k=1
To show this, we set
Y =axt oo a>0

(The choice of «; as any particular positive number is a matter of convenience
only.) Then

A Veer = XV
is a polynomial of degree k, provided that we choose @, = oo, ;. Hence
Vst = XV =N Ye + Vg Yooy + "+ Yo Vo
We multiply by wix)y,(x) and integrate. We obtain

b
[ @y = 2y dpe) dx = 3 2

Form=0,1,...,k, y,is orthogonalto y, . ;andform=0,1,..., k — 2, xy,is
a polynomial of degree less than k, and hence is orthogonal to y,. Thus y, =
Yy = =Yg =0, Form =k — I, theabove cquation becomes

? g Oy y
—J. WYXy~ 1) dx = "I Wyl —— Yk ComiPimy +00 ) dx
a a 1%

Uy y
. ek N SR
% % = Thw1Apey
Using the three-term recurrence relation form, we see that
oy 1A

#0
O Ay

O = Y-y B
For m = k, the above equation becomes

b U
[ Waxsiss = xydyedx = = [wxpl dx mpd= = by
a L]
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Thus we can write

Oy
— Vi1 ™ ¥¥% =2 Vi Ve b Vo1 Veeg
Op+1
o1
Oy L
. — X e e o
%HJ’kH (3 + )y + Py lk—lyk 1

Several important results follow from this formula. We first show that the
k zeros of y£x) are separated by the k — 1 zeros of y, _,(x), provided that w{x) = 0.
The proof is by induction.  As a basis for the induction, we have yo(x} = 05 >0
and y,(x) = o {x + ;). Weknow that y,(x) has a real zerc in the range of inte-
gration, since

b
f w(x)po(x)}y(x)dx =0  hencea < —y, < b

We now assume by the induction hypothesis that the zeros of y(x} are interlaced
by those of y;..,(x). Atthe zeros x; of y,{x), the three-term relation becomes

%y % A
%ert Yenfx) = % Ao Ye-a{x)

At the top of the range (x = b) both y, . ((b) and y, _,(b) are of positive sign, since
we chose the leading coefficients &, > 0 and since all the zeros of the functions lie
inside the interval. At the largest zero of y{x)) = 0, y,.(x;) is still positive;
hence y,.q{x;) is negative. At the next smaller zero, ¥, has, owing to the in-
duction hypothesis, changed sign; hence y,, {x) is positive. Andso it proceeds;
as we pass from zero to zero of y(x;), yi-,(x;) changes sign; hence y, . (x;}
changes sign. Thus we have shown that the zeros of y,(x} interlace those of
Ves (%), except for the smallest zero of y,,.,. But since we have just shown that
yie {0 has k + 1 real, distinct roots in (g, &) the last zero of yy +(x) is smaller than
all those of y,(x), and the induction proof is complete.

There is another important consequence of the three-term recurrence refa-
tions. Once we know the coefficients of the recurrence relation as functions of &
and know yo(x) and y,(x), we can then compute the y,(x), one at a time, by this
relation rather than by the cumbersome Schmidt process.  See Sec. 27.2.

Orthogonal polynomials have another rather obvious property that we have
already used, namely that an arbitrary polynomial Fy(x) of degree N can be
written as a sum of orthogonal polynomials P,(x) of degrees O through . The



26.7 THE LEGENDRE POLYNOMIALS 455

process for doing thisis straightforward.  Wemerelylookat the coefficients of the
highest powers both of the given polynomial Fy(x) and of the corresponding or-
thogonal polynomial Py(x) of the same degree, and we form a suitable multiple
KP,(x)ofthe orthogonal polynomial so that when this is subtracted from the given
polynomial Fy{x), the highest power cancels out.  'We then repeat this process on
what is left, Fyy. ((x), which is a polynomial of lower degree. Enough steps get us
to identically zero. Thus what we have subtracted is the orthogonal polynomial
representation of the given polynomial.  This is illustrated in the next section by
using a particular set of orthogonal polynomials.

2677 THE LEGENDRE! POLYNOMIALS

One of the most commonly occurring sets of orthogonal polynomials is the
Legendre polynomials P,(x), which are the ultraspherical polynomials with o == 0
(see Sec. 26.2). Thus we have

1 1] m#n
J‘WEPM(X)PH(X) dx = {2}(2:1 +1} men

where we have not derived the normalizing factor 2/2(r + 1). The three-termre-
currence relation (Sec. 26.6) is

(n+ DPs(x)— (20 + DxP(x) + 0P,y {x) =0

This can be used to generate the Legendre polynomials (see Fig. 26.7.1), using

Py=1

Py =x

sz%(a,x-xmz):”zz"“‘

P, _; (Sx 3x22— 1 2x) _ 5x3;- 3x

JP‘-.=‘—11 (7x5x3; . 33x22“"' 1) - 353‘4“;0362 +3

ete.

t Adrien-Marie Legendre (1752-1833).
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Po(x)

Pyix)

Pyx)

Py xy

Pyix)

FIGURE 26.7.1

To convert a given polynomial, say

F(x)y=10x% 4+ 3x* 4+ Tx - 9

to a sum of Legendre polynomials, we subtract 49,

subtract

subtract

and subtract

10x* +3x* + 7x—9

4pP; = 10x? — 6x
3+ 13x—9
2P2 = 3x2 -1
13x 8

13P, = ~13x

""spom "‘8
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Thus
F(x) = 10x% 4 3x% 4 Tx — 9 = 4P,(x) + 2P,(x) + 13P,(x) — 8P,

Other widely used sets of orthogonal polynomials are the Laguerre,! L, {x)

w 0
[[etnean={), %
(b DL = 041 = DL ) +nlyy () =0 Lo=1 L,=1-x
xLi+ (1 —-x};+nl,=0
and Hermite? H,{x)

o f0 m#n
J'_we H,(x)H{x)dx = {2ﬂn!ﬁ me=n

H,y{x) = 2xH (x) + 2nH,.(x)=0 Hy=1 Hy=x
H; —2xH, +2rH,=0

Many other relations can be found among these functions in standard texts.

26.8 ORTHOGONAL POLYNOMIALS AND
GAUSSIAN QUADRATURE

The orthogonal polynomials are connected with Gaussian quadrature(Chap. 19).
To see this, consider again the problem of finding a formula of the form

[ 1 s = Fwist

where this is to be exact for all powers of x up to 2N — I. Thus the formula
should be true for an arbitrary polynomial £,y (x); that is,

1 N
f_lfm——:(x) dx = ;:‘stmn(xi)
Now consider dividing f5y..(x) by the Legendre polynomial Py{x):

Saw-1(x) = gIPMx) + 1(x}
where the two functions g(x) and r(x) are polynomials of degree at most N - 1.
The integration formula becomes

1 I N N
[ goPxxrdx+ [ rxydx= ¥ wiglPulxd + ¥, wir(x)
-1 “ =1 =1

! BEdmund Nicolas Laguerre {1834-1886).
? Charles Hermite (1822~1901).
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But since Py(x) is orthogonal to all lower Legendre polynomials, it is also orthog-
onal to any polynomial of degree less than &, and the first of the integrals vanishes.

On the other side of the equation we can get rid of the first summation if we
pick the sample points as the zeros of the Legendre polynomial Py(x). Wethen
have left the two terms

i N
j _rdx= i;w;r(x,)

and we are reduced to determining the weights w, in the standard case of known
sample points x;. From the uniqueness of the Gaussian quadrature the two re-
sults must be the same.

Notice how this parallels the earlier derivation which found the x;so that the
defining equations for x¥, ..., x> ! were satisfied, and then having found the x;,
we were reduced to finding the weights from the first N equations.

In an exactly similar way, the zeros of the Laguerre polynomials are the
sampling points for the corresponding Gaussian guadrature formula

T dx = S s

while the Hermite polynomials are related to the integration formaula
N

|7 e prax = T wistn

i=1

For this approach to Gaussian quadrature, see Mineur [41].
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LEAST SQUARES: PRACTICE

27.1 GENERAL REMARKS ON
THE POLYNOMIAL SITUATION

The major use of the least-squares method is when the coefficients to be determined
oceur in a linear fashion, especially as coefficients of a polynomial. We shall
therefore take up the polynomial situation first and then pass onto the other cases.

Aswas indicated in Sec. 25.6, the determinant of the normal equations tends
to be very small; hence the solution for coefficients is likely to be uncertain. Itis
necessary to distinguish, however, between two things: the accuracy of the coeffi-
cients and the smallness of the sum of the squares of the errors. When the
determinant is small, the coefficients may be poorly determined {that is, the curve
is ill-defined by the data), but still the sum of the squares of the errors can be close
to the minimum. Alternatively, it may be that the direct approach to finding the
curveis at fault. Generally speaking, when there are up to five or six coefficients
to be determined, the direct solution of the normal equations is usually satis-
factory, but above this there is likely to be trouble.

The theory of Chap. 26 indicates that the expansion in orthogonal poly-
nomials is a substitute for the direct solution. However, experience shows that
if the orthogonalization is attempted by means of the Schmidt process, then the
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same difficulty arises in a different disguise. In the Schmidt process, the con-
struction of the mth polynomial is done by first subtracting all the components of
the vector X, that is, {x;, x;™, ..., x4, which lie in the direction of the pre-
viously determined polynomials. The result is apt to be small when m is fairly
large, and it is this remainder that is normalized as the Iast step in the Schmidt
process. It is the cancellation that increases the errors, not the dividing factor
which is usually much smaller than 1.

Loosely speaking, the trouble may be expressed by the remark that for
large # and x >0 the vector x" points in about the same direction as does
x 1 x~% etc. Thus the equations leading to the Hilbert determinant are
almost linearly dependent; hence the determinant is smali and the accuracy low.

A novel and effective sohution to this dilemma is offered in Sec, 27.3.

27.2 USE OF THE THREE-TERM
RECURRENCE RELATION

If we insist on using the orthogonal polynomials, then we can apparently avoid the
troubles mentioned in the last section by using the three-term recurrence relation
of Sec. 26.6 to generate the orthogonal polynomials.!

We write the three-term recurrence relation in the form

Pofx) =1
Pi(x) = xpo(x) — 2y po(X)
Dir 1 () = xp(x} — ot B(X) ~ Brsiby () k=1

where ;.1 and B, are to be determined.
We first determine o;. We know that

| wepopi(s) dx =0
Hence
b
J- w(x)x dx = {f rw(x) dx

We now suppose that we have py{x), py(x), ..., p(x) and that they are orthogonal
to one another. We need to compute p, . 1(x), the next polynomial of the set.

t G, B, Forsythe, Generation and Use of Orthogonal Polynomials for Data-fitting with
a Digital Computer, J. Soc. Ind. Appl. Math., vol. 5, no. 2, June, 1257; M. Ascher and
G. E. Forsythe, SWAC Experiments on the Use of Orthogonal Polynomials for Data
Fitting, J. Assoc. Computing Machinery, vol. 3, no. 1, Jaruary, 1938,
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We require both
[W&Prs 1 (Iplx) dx = 0
and
[ W11 (IPe- () dx = 0

These suffice to determine &, +; and §,4+;. Using the definition of gy ;. (%), we get
after some rearrangernents,

[ o 25) dx = ey [WORPE) dx 4 By [WEIPRIP-1(x) dx
JWOPIP~ 1) dix = iy [WOIPURIPY-1() X + By [W(x)pi () dx
Since p(x) and p, —,{x) are orthogonal, we have

_ S weoxp 2 (x) dx

B T ) () dx

= § wOspdX)pe - 1(x) dx
H T wpi -1 (x) dx
The denominator of the f;., equation was computed during the previous step

when o, (x) was determined ; thus we have three integrals to compute on each step.
That py 4, {x) is orthogonal to all p,(x){i < k — 1) follows from the equations

Prows(%) = xp(x) = 4 1 P(3) — Bt 1P 1(%)

since, on multiplying by w(x)p,(x) and integrating, we have

[ WP 5) i = ey [WERPLIP) dx = By [W(0Ipe- (X)pi0) dx = 0

The last two integrals are zero because of orthogonality, and in the first xp{x)isa
polynomial of degree less than k; hence the integral is also zero.

‘When we try to construct polynomials over a discrete set of points x,;
{(j=1,..., N), the integrals are replaced by sums. If we attempt to construct
more than N polynomials [that is, above py..,(x)], then the equation determining
oy fails, as it should.

PROBLEMS

27.2.1 Orthogonalize 1, x, x*, x* over the interval 0 < x <1, using the three-term
recurrence method.
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27.3 THE CONSTRUCTION OF
QUASI-ORTHOGONAL POLYNOMIALS

The direct approach to the least-squares fitting of polynomials leads to a system of
normal equations which has large nonzero terms in places off the main diagonal
and which is often hard to solve. The use of orthogonal polynomials leads to
equations for which all the terms off the main diagonal are zero; hence the solu-
tion of the equations is trivial.

If we attempt to construct some orthogonal polynomials by the Schmidt
process (or by the three-term recurrence relation) and do not determine them
accurately, then the resulting equations to be solved have large terms on the main
diagonal, while those off the diagonal are proportional to the deviation from
orthogonality. If these are not large, then the system of equations is fairly easy to
solve.

This observation suggests that we try our hand at constructing some guasi-
orthogonal polynontials without doing much computation. Insofar as we make
them orthogonal, the terms off the main diagonal of the system of normal equa-~
tions will be zero, and insofar as we miss orthogonality, they will be that far away
from zero.

Further meditating on this question suggests that the fundamental property
we should try to keep is the interlacing zeros. Hence we choose po{x) = 1 as the
first polynomial. The second we take as a straight line of convenient slope but
with a zero near the median of the set of points.  We next pick a quadratic whose
zeros are on cach side of the straight line. And so we proceed; at each step we
choosethe zeros of our next polynomial so that they are separated by the preceding
polynomial and also leave room for the next polynomials. Unless we try to
determine a polynomial whose degree is near that of the exact-matching poly-
nomial through all the points {and this is rarely if ever the case) there is enough
freedom to select the zeros at convenient places to make the polynomials have
convenient coefficients and thus lighten the burden of subsequent calculation.

Experience with this method shows that it is very effective; usually the off-
diagonal terms of the system of equations are fairly small, and the equations are
easy to solve.

As a very simple example, where we have picked one unequally spaced
point to avoid complete triviality (though gquite commonly the data are equally
spaced), considerdata x = -1, ~1/2,0,1/2,1,2.

We pick

Pyo==
Py =x
Pr=(x+x=—1)=x>—fx -}
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-1 —1

i
B3 rea b 0 i
e bk Sk bk Bk
1
B b x5 e
e OO o b (0 ek

ZPoz(xt}“G

Y PexdPy(x)= —1—34+0+4+142=2
SPMx)=1+i+4+14+4=6=12

S P x)Py(x)=1+0-1-3+0+4=%

VP (x)Pyx)=—14+04+0—34+0+5=33=14%
TPy = 40+ 44442323

The matrix of the unknowns (numbers from the quasi-orthogonal polynomials)is

6 2 3
2 A B
3 A

Teo judge the size the off-diagonal ¢lements, we need to normalize the
quasi-orthogonal polynomials. This amounts to multiplying the ith row and the

ithcolumnby 1/ \/ ;. Whatamounts to the same thing, we compare (g, 2 with
ay aff .

s

%

.
n

3

(g, =4 <6-13/2=39
{a,5) =81/4 < 6-31/4 = 186/4
(a33) = 275{16 < (13/2)(31/4) = 806/16
While we did not discuss the iterative method of solving linear equations, it
should be fairly clear that if the main-diagonal terms tend to dominate the off-

diagonal terms, then the equations can be solved easily—if no other way than by
solving the ith equation for x; and iterating until convergence.

PROBLEMS

27.3.1 Bxamine the matrix of the quasi-orthogonal polynomials (1 <x <D w=1,
Py=1,P = x, Py = x* — 1/4, Py = x{x? — 9/16),
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274 ON THE DEGREE OF THE POLYNOMIAL TO USE

A problem that arises regularly in least-squares fitting is what degree polynomial
to use. The Bessel formula (see Fig. 27.4.1)

2 M 2 it ul 2
D(Ny= Yo =3 FGx) = 3 hia

gives a handy measure of the quality of the £it, and plotting this quantity as a
function of the degree N of the polynomial being used gives a clue.

D'y

—

FIGURE 27.4.1 T R R S

A better clue of when to stop in the process of fitting more and more terms
in the least-squarcs approximations can be found from following the usual
statistical practice of examining the residuals—in particular, examining the num-
ber of sign changes in the residuals,

Consider first the extreme condition of having only *‘noise” left in the
residuals (see Fig. 27.4.2). Suppose that the residuals are random and indepen-
dent of one another. By using simple probability we then expect that a given
residual will be followed by one of the same sign half the time and one of the
opposite sign half the time. Thus we expect to see about half the number of
possible sign changes.  If the number of sign changes is different from the number
expected, either too low or too high by several times the square root of the number
of possible changes, then we suspect that there was some kind of **signal™ left
and that our assumption of pure noise was wrong,

Residuals

—

\lA; L o AN
V\/

FIGURE 27.4.2 Mainly noise
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At the other extreme of no noise but all signal (see Fig. 27.4.3), then we
expect (at least for the typical orthogonal system of functions) that the residuals
will have about one more sign change than the last function we fitted, and a
couple of extra sign changes above that will not worry us.  The reason for this is
that most orthogonal function systems have the property that the kth function has
about k& sign changes (this is exactly true of the important class of orthogenal
polynomials; sce Sec. 26.6).

Residuals

Mainly signal

FIGURE 274.3

What we shall see in the residuals, of course, is probably a mixture of the
two extremes, both some signal and some noise (see Fig. 27.4.4). The noise
oscillations tend to increase the number of sign changes near the crossings due to
the signal; and the more sign changes we see, the less we expect to reduce the sum
of the squares if we fit a few more orthogonal functions.

Runs of constant sign often provide a more powerful test than the sign
changes themselves—the runs reveal more structure. Furthermore, it is very
easy on a computer to get the number of runs of each possible length by using an
indexregister. If'theindexregister is advanced one count each time the sign stays
the same for the next point, and if when the sign changes the contents of the

FIGURE 27.4.4 Noise pius signal
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index register are used to determine the address whose contents are increased by
I, then the result is that the number of runs of length x are in [ocation x (an initial
count of 1 must be used for each run when the index register is reset after each use).

Thus we ask, What is the total length of the k + 2 Jongest runs? (We are
assuming that we have fitted a polynomial of degree & and that the remainder will
have k + 1 zeros.) If this total length is approximately the length of the entire
interval, then we know that the crossings are confined to the neighborhoods of the
zeros of the relatively noise-free remainder. If the intervals are broken up by
noise, then the sum of the k + 2 longest intervals will not come near to the length
of the interval,

This theory is a ** down to carth ™ theory and is not given in the usual statis-
tical courses. Thetest that is currently in statistical good graces is quite complex,
has some dubious assumptions (all tests must make some assumptions), and prob-
ably is of less use to the practicing scientist (who is not highly trained in statistics
and is therefore not in a position to appreciate what the orthodox test means). If
you do understand advanced statistics, then by all means use it if it seems appro-
priate.

275 NONLINEAR PARAMETERS

Tt frequently happens that theory supplies the form that some data are to fit, and
the data are to be used to determine the coefficients of the form, by the least-
squares criterion.  For example, suppose that the given form is

yx)=a+ be™
and we are to determine g, b, and ¢ such that for the data (x;, ) (i =1, ..., N}

i yi—{a+ b =min=m (27.5.1)
i=1

When we differentiate with respect to a, b, and ¢, respectively, and set the results
equal to zero, the equations are difficult to solve.

Suppose that we plot the data and make some guess for the value ¢ = ¢,.
‘We now determine the @ and b in the usual way. We can then compute m{c)
from Eq. (27.5.1).

Next we try some other likely value of ¢ = ¢, and again compute m = m(c,).
An examination of these two values

c mic)
;:”““ m(ey)
€z mic,)

will suggest {by linear approximation) a new value of ¢, say ¢, .
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In this way we can approach the minimum value of m(c).! The details of
the strategy for searching will be discussed in Chap. 43. It should be evident,
however, that we shall use a great deal of machine computation as compared with
the situation where all the parameters to be determined occur linearly.  The more
parameters that occur nonlinearly, the very much more the computation required
to find the least-squares fit. Experience shows that when the number of non-
linear parameters reaches four or five, the process can be exceedingly painful and
slow.

27.6 LEAST SQUARES WITH RESTRAINTS:
CONTINUATION OF THE EXAMPLE IN SEC, 9.10

In the example in Sec. 9.10 we fitted an exact-matching polynomial to 11 data
points x = 0(0.1)1, using Newton’s interpolation formula. The success of the
computation resulted in new laboratory equipment being built and much better
and more extensive data being gathered.

A visual examination of the new data suggested about a sixth-order poly-
nomial, and a plot of the logarithms of the values near x = 1 produced a slope
near 6, thus tending to confirm the impression. With no further thought, a
least-squares polynomial was computed, and the results were what one would
expect-—stupid, thoughtless computing produced foolish results! The poly-
nomial began with a small positive value at x = 0, when the experiment clearly
would give zero, and went slightly negative for a short distance, which was physi-
cally impossible.

The obvious remedy was to omit the constant term of the polynomial.
Discussion with the physicist revealed that we could net expect the curve to be
tangent to the x axis at x = 0, and so we could not leave out the x term. This
more carefully considered computation produced an acceptable polynomial, and
the rest of the computation was straightforward, as before. _

Another obvious way of approaching the problem of fitting the data at
x = 0 would have been to give the value there a large weight, say 1,000, where the
other data points had weight 1.

Many variations occur in placing extra conditions on 2 least-squares fit,
For example, suppose that we require the solution to take on two specified values,
one at g and one at b, and are using orthogonal polynomials. We may use the
classic method of Lagrange multipliers. If the values at « and b were zero, we

¥ We could try fitting & quadratic and using its minimum if we wished.
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could use a weight function (x — a)*(x — b)? and construct the corresponding
orthogonal polynomials P,(x). Then the polynomials

Q) = (x — a)(b — )P (x)
are orthogonal polynomials with weight factor w{x} = 1 passing through zero at
x=gand x = b,

PROBLEMS

27.6.1 Show that in the orthogonal-polynomial approach a straight line may be
subtracted from the data first, to reduce two conditions f(g) = A and f(5) = B
to f(a) = f(b) == 0.

27.7 SMOOTHING BY LEAST-SQUARES FITTING

Instead of using a single polynomial to fit all the data, it is often necessary to use
a composite formula, as it were, and fit a least-squares polynomial locally.
Typically an odd number of consecutive points is used to fit a low-ordér poly-
nomial, and the value of this polynomial is taken to be the *““smoothed value ™ at
the middle point.  For example, suppose we smooth by taking a least-squares fit
on five equally spaced points, using a quadratic. We have, using the points
x=-2,-1,0,1,and 2,
2
fla, b, o)=Y (a-+bx;+ex?—y)
i='=2
to minimize. The normal equations are
Sa+0b+10c=Y y 17
O0a+ 106+ 0c=) x,¥
10a+ 0b+34c=) x}%y; | —5
Multiply the top equation by 17 and the bottom by —5 and add to find g, the
value of the quadratic at the midpoint x == 0,
(85-50a=17%y, -5 x>y
| 2
a=z :Z'—z (17 - 5%

=3y 12y 4 1Ty + 12p, — 3y,
35
Thus we have a formula for smoothing the data (except for the four end values).

To get formulas for the end values, we have to find both b and ¢ and evaluate the
guadratic at x = £1 and +2.
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PROBLEMS

27.7.1 Find the formulas for the four end values.
27.7.2 Carry out the smoothing {or a straight linc y = a + bx.
Ans. HyoatYer Yot ¥ty
27.7.3 Smooth, using seven equally spaced points and fitting a straight line, a quadratic
and a quartic.
27.7.4 Discuss the fitting of an even-degree polynomial for the above method of
smoothing.

27.8 ANOTHER FAULT OF LEAST-SQUARES FITTING

We have already discussed (Sec. 25.2) the fault that one or more extreme values,
quite likely gross errors, play a dominant role in shaping the least-squares function
that is selected from the family of functions.

Another fault with polynomial least squares is that the error curve tends to
have very large errors at the ends of the interval. This comes about because it is
in the nature of polynomials to go to infinity for large values of the argument, and
therefore the error is likely to be large at the ends. Indeed, supposing for the
moment that the expansion in Legendre polynomials is rapidly converging, then
the error for some finite degree is approximately the first term neglected and will
therefore look like the (¥ + I)st Legendre polynomial {even if the Legendre
polynomials are not used in the fitting process). A study of the plot of the first
few polynomials given in Sec, 26.7 shows this end effect clearly. The remedy for
this effect is to weight the end values relatively heavily; indeed, the correct weight-
ing in a certain sense is given by the Chebyshev polynomials of the next two
chapters.
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CHEBYSHEV APPROXIMATION: THEORY

28.1 THE DEFINITION OF CHEBYSHEV POLYNOMIALS

The Chebyshev! polynomials T,(x) can be defined in many ways. Perhaps the
simplest is
T.{x) = cos(n arccos x)
To see that these are polynomials, recall de Moivre’s? theorem
cos nd + i sin nd = (cos & + i sin 6"

Expanding the binomial and taking the real part, we get

n/2
cos nf = Y C(n, 2k)(~1)* cos"~ 8 sin**g
k<o

But using
sin®* @ = (1 — cos® 6)*
we get
cos nf = polynomial of degree n in cos §

£ The T'{x) notation comes from the spelling Chebyshev (1821-1894) used for his name in
French, Tchebychef.

2 Abrahamde Moivre (1667-1754). OFhim Newton late inlife said *“Ask M. de Moivre,
he knows these things better than 1 do.”
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Now writing
B =arccosx or x=coséh
and using
cos(arccos x) = x
we get the result.
Notice that
Ty(x) = T (x) = Ty (%)
which is often useful in simplifying identities.
A second approach to the Chebyshev polynomials is via the ultraspherical
polynomials defined in Sec, 26.2 with ¢ = —1. 'We have from there the orthog-
onality relations

f‘ LD v o m -
-1

-
and the corresponding differential equation
(1 = X)TIx) ~ xTix) + n*T,(x) = 0
A third approach to the Chebyshev polynomials is to use the transformation
§ = arccos x

and recognize that the Chebyshev polynomials are the trigonometric cosine
functions in disguise (see Fig. 28.1.1). We can show directly that the set of
functions {cos mx}0 < x < =) are orthogonal. We have

f cos mf cos n# dé = ;: f [cos(m + m)E + cos(m — n)f] d&
] ]

1 [si 8 i - i
_1 [ in{m + #) + sin(m n)B] m o n
2 m+n m - o
0 m#n
e 71',’2 m=n$ 0
n m=n=10
L ]
FIGURE 28.1.1 x

The Chebyshev sample points.
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Transforming back from 6 to x, we get

wdX

1-x

df =

1

[} B, I S
\/l—x 3 m=n=0

Thus we see that the first definition, the ultraspherical polynomials with
= —1/2, and the Fourier cosine series all lead to the same set of polynomials.

PROBLEMS

28.1.1 Show that T.{TW{x}} = Tulx).

28.1.2  1If g(x) has the inverse function arc g(x), then the functions f.(x) = g{n arc g{x)}
satisfy fn{ filx)} = frslx).

28.2 CHEBYSHEV POLYNOMIALS OVER
A DISCRETE SET OF POINTS

We have regularly faced the problem of replacing a continuocus interval by some
set of points. It is an important fact, which we will prove in Chap. 31, that the
Chebyshev polyromials T,{x)} are orthogonal over the following discrete set of
N + 1 points x,, equally spaced in 8,

2 (N - Dr

B"-—no,N)Nl---, N y
where (see Fig. 28.1.1)

x; == c0s §;

We have
i N1 i 0 m#FEn
~ Tm(ml)Tn(_I) + E ’I;n(xi)n(xi) + T:"(i)?;(l) = NJIZ At == R ‘ié{)
2 =2 2 N m=nm=0

"The T,,(x) are also orthogonal over the following N points ¢,, equally spaced in 6,

n 3n 5:'1 (2N-1)1z
B 7 gy M—— 2

IN2IN2 2N
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and
t; = cos 8
N 0 m#n
Y L)L) ={N[2 m=n#0
=i N m-—--‘n..—'..o

The set of points ¢, are clearly the midpoints in 8 of the first case.
The unequal spacing of the points in x; (or 7,) compensates for the weight
factor

w(x) =

i
JI=x

in the continuous case.

28,3 FIRST PROPERTIES OF THE
CHEBYSHEV POLYNOMIALS

The Chebyshev polynomials have a number of exceptional properties. First,
they are orthogonal polynomials and therefore have all the properties of orthog-
onal polynomials. In particular, they have the three-term recurrence relation

Tora(x) = 2xT,(x) + T y(x) = 0
which is really the following trigonometric identity in disguise:
cos{n + 1)@ + cos(n — 1)@ = 2 cos 8 cos nf

It is important to note that the coefficients of this equation do not depend on n.
sing this refation, we construct the first few Chebyshev polynomials

Tolxy=1
Nix)=x
To(x)=2x* — 1

Ty(x) = 4x° — 3x

To(x) = 8x* — 8x% + 1

To(x) = 16x° —20x° + 5x
It is easy to see from the three-term recurrence relation that Tp(x) == 25~ 1x% 4 - -+
and that the T, are alternately odd and even polynomialis.

Second, the zeros of T,{x) interlace those of T, ;{x) as is also obvious from
the cosine representations.



474 23 CHEBYSHEV APPROXIMATION: THREORY

Third, it is easy to go from a general polynomial to a Chebyshev expansion
and back. Suppose we have the polynomial

o + @ X + @ X2 4 0 4 ayx”
=ag + x{a, + -+ [ay-2 + x(ay-, + ayx)} -}

The inner parenthesis is
dy-y+ayx =ay_ Ty + ayTy

Multiplying by x, we get
x(ay—; + ayx) = ay-T; + ay[H{T, + Ty)]

a a
= "é"YTo'i'aN-—xn ‘1'—2{!7"2

Suppose in general that we have at some stage of converting from powers of x to
Chebyshev polynomials

{ """" }=bQT0+b1T1+b2Tz+"'+bkn
Multiply by x and use
XTm 3Ty + 3Ty

Pictorially {see Fig. 28.3.1), if the top line has the coefficients at one stage, then we
have the lower line at the next stage. Notice that after N stages, ay x" goes to

a
E’“u“ri”"i Tu(x) + lower terms

Studying this process carefully shows the basis for the claim that generally
an expansion in Chebyshev polynomials converges much more rapidly than the

FIGURE 28.3.1



284 FURTHER PROPERTIES OF THE CHEBYSHEV POLYNOMIALS 475

corresponding power series. It also shows that the sums of the coefficients in
the two representations are the same!

To get from a Chebyshev expansion back to a polynomial, we can reverse
the steps starting on the right.

PROBLEMS

28.3.1 Compute Telx).
28.3.2 Prove that

Tangs(—2) = —Tarss(x)
and
Tyl —x) = Talx)
28.3.3 Convert
P x4 x* 4 x*+x*
to Chebyshev polynomials.

Fo T T, 13
Ans. ?+~Z+Tz+‘-z* +‘§- T
28.34 Draw a flow diagram for converting from a polynomial to Chebyshev poly-

nomials.

28.3.5 Draw aflow diagram for the reverse of Prob. 28.3.4.

28.3.6 Show that if the three-term relation has coefficients independent of », then they
are essentiafly the Chebyshev polynomials.

284 FURTHER PROPERTIES OF THE
CHEBYSHEV POLYNOMIALS

The fact that the Chebyshev polynomials are the cosines in the disguise of

X =cos f

means that they have another set of remarkable properties.

First, the polynomials are equal-ripple in the sense that the alternate maxima
and minima are of the same size—exactly 1 in fact (since the maximum of cos & is
1}. See Fig. 28.4.1.

Second, the orthogonality both over the continuous range and over the sets
x; and t; of discrete points comes from the corresponding orthogonality of the
cosines, which we will prove in Chap. 31. The importance of this should be
appreciated because it means that in a very natural way we can approximate the
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Ty

o1 o

FIGURE 28.4.1

continuous case by simply doing the discrete case.  This property is not enjoyed
by the other classical sets of orthogonal polynomials; one can make a set of
polynomials orthogonal over a set of points in the interval -1 < x < 1, but they

will not have exactly the same analytic form as the Legendre polynomials.

Third, at the sample points which are the zeros of the Nth Chebyshev
polynomial, there is an aliasing effect (see Fig. 28.4.2) in that at the sample
points, the polynomials of higher order look like lower-order Chebyshev poly-
nomials. We can show this directly from the Chebyshev identity that follows

from the trigonometric identity
cos(m + NI + cos(m — NI = 2 cos m0 cos N6
or
T+ (%) + Toye p(%) = 2T (X) Ti(x)
Holding N as fixed, at the zeros of Ty(x) = 0, that is, at

1f—=
COSNB,&“G ek'—'-ﬁ[—i“'i'kﬁ] k-—I,Z,...,N

we have
Tranlxd = — Ty nlxe)
For m = N we have
Ton(x0 = —To{x) = —1
and in general it will follow that
Ti(x) =0 Tulxd =1 Ton(x) =0 Tep{xgy= -1 ete
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I

FIGURE 284.2 Aliasing /

Tt should be evident that any order Chebyshev polynomial can be reduced,
at the sample points x, , which are the zeros of Ty(x), to an equivalent Chebyshev
polynomial with order j(0 <j < N). Figure 28.4.2 shows the reduction in a
graphic form. Imagine the line of the index numbers of the order of the poly-
nomial being folded like a ribbon, as shown in the figure. Then each index can
be reduced to the smallest index, as shown in the figure.

The identity

Tm(x)q:u(x) = '}[Tm-in(x} + Tm—-n(x)]
has a second valuable use. It means that, similar to logs, products can be re-
placed by sums. Thus it is easy to multiply two series in Chebyshev polynomials
~—ithe products that arise are easily expressed as Chebyshev polynomials.

PROBLEMS

28.4.1 Draw a flow diagram for multiplying two Chebyshev expansions to get a third
expansion.

28,5 THE CHEBYSHEV CRITERION

Chebyshev showed that, of all polynomials p,(x) of degree n having a leading coeffi-
cient equal to 1, the polynomial

T.(x)

-1
has the smallest least upper bound for its absolute value in the interval —1 < x < 1.
Since the upper bound of | T,{(x}} is 1, then this upper bound is 1/2*"1,

The proof of this remarkable property follows from an examination of the

difference {see Fig. 28.5.1)

Buei) = 353 ~ 2,0
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which is a polynomial of degree n — 1, since x" drops out. From the fact that
T,(x) is cos n@ in disguise, we see that in the interval T,(x) takes its extreme value
n + 1 times, alternately positive and negative. If the extreme value of p,(x) is
less than that of T,(x)/2""L, then at these n -+ | extreme points ¢, ,(x) is alter-
nately positive and negative; hence it must have n real zeros between these
extremes. Since ¢,.,(x) is of degree n — 1, we conclude that ¢,(x) = 0 and

T(x)

n = 2n-1

}—¢,-, o3)

FIGURE 28.5.1

This property is of great interest in numerical computation. ¥ some error
can be expressed as a Chebyshev polynomial of degree n, then any other error
which is a polynomial of degree # and which has the same leading coeflicient will
have, inthe range —1 < x < 1, a greater extreme error than the Chebyshev error
representation. Thus the expression Chebyshev approximation is associated
with those approximations? which try to keep the maximum error to a minimum,
This is sometimes called the minimax principle. Least-squares approximation
keeps the average square of the error down, but in doing so isolated extreme errors
are permitted; Chebyshev keeps the extreme errors down, but allows a larger
average square error.

As a simple illustration, consider the problem of interpolating in the inter-
val -1 < x < 1 with an exact-matching polynomial of degree n. "The error term
(Sec, 14.6) has the form

(x = %) (x = x3) -+ (% = X, WD)
(n+1)!

i Chebyshev approximation should not be confused with Chebyshev integration; he had
many good ideas, some of which have been named after ki,
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I we want to minimize the maximum error due to the factor
(x — xx — Xz o (0 — Xpay)

we can choose as sample points the zeros of T, ,(x) = 0. Thus we have for the
part of the error that we can controf easily the equal-ripple polynomial which has
the least maximum error.

In a sense the Chebyshev polynomials show how the fundamental theorem of
algebra collapses as the degree of the polynomial increases. One interpretation
of the fundamental theorem of algebra is that the powers of x are linearly inde-
pendent over any interval, and to be definite we pick the interval -1 s x < 1. By
picking the nth Chebyshev polynomial divided by 2°~* we get a polynomial of
degree n with leading coefficient I, which is a reasonable way to normalize the
polynomials when considering linear independence. From the fact that | T,(x}]
< 1 in the interval, it follows that

[Tl !
Son=it S5

~I=gx<1

and for, say, n == 21, we have linear relation among the first 22 powers x* (k = 0,
1,2, ..., 21) which is less than 107% in the whole interval. If the noise level of
roundoff is considered to be 107°, then we can go to n =31, In general for
degree n we have a noise level below which a linear dependence among the powers
of x occurs.

28.6 FURTHER IDENTITIES

We have already produced a number of identities among the Chebyshev poly-
nomials. Because they are both orthogonal polynomials and the trigonometric
functions cos nx in disguise, they satisfy an amazing number of relations, many of
which are useful. The three-term relation shows how to multiply a Chebyshev
polynomial by x (see Prob. 28.6.3 for an extension), and we have shown how to
convert products of Chebyshev polynomials to sums of Chebyshev polynomials
s0 that two Chebyshev series can be easily multiplied to get another Chebyshev
series.
1t is natural to ask how to differentiate and integrate. We begin with

T+ :(x)} = cosf[{n + 1)arccos x]
1 d{T, . (x)} - —sinl(n + Darccos x}

n+l dx -1 —x*
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Write the corresponding equation for » — 1 and subtract to get
1 dT () 1 dT,.x)] _ sin(n + 1)8 — sin(n — 1)@

n+l dx n—1 dx sin @
or
T;(x) = 4T,
T(x) =T,
Tix) =0

Thus we have the formulas for the differentiation of Chebyshev polynomials,
We can use these formulas to find the formulas for integrating Chebysheyv
polynomials:

FTu(x} Tooi(x)
J‘T,,(x)dx=§[—?;—i—l——~—n—f—i—]+c nz2
le(x)dxmz:z%z-l-C

[Tmax=Tw+cC

PROBLEMS
28.6.1 Show that

Tie
55;:—‘1= AT2nt Tanea+0 0+ Ta)} 4+ To
Tia
S = XTanet + Tapma + 2+ 1)
28.6.2 Show from Prob. 28.6.1 that
T ami
..,f.;(gximho To-2r1

28.6.3 Show that
XFT(x) =
28.6.4 Prove that

Tosn+ O, DTsi—z + Cll, DT pipaa -tk Tay
Zl

M= 2T0dx) — 2Topz+ £ T

t
=(=D' ¥ (=Dl
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28.6.5 Integrate

S Tuwz
mrDmtD mm =D e D=5 "

f T, (x) dx = c

287 THE SHIFTED CHEBYSHEV POLYNOMIALS

It is often convenient to use the interval 0 < x <1 instead of the interval
—1 < x < 1. For this purpose the shifted Chebyshev polynomials

) =T,(2x - 1)

are used. Thus we have

T (x)=1

THx)=2x~1

TH{x) = 8x* = 8x +1

THx) = 32x — 48x* + 18x — 1

THx) = 128x* — 256x* + 160x* — 32x + 1
and 1= T1¢

x =TS + 1Y)

x% = LTS + 477 + T3
% = 10Ty + 15T + 675 + T3
x* = 153575 + 56T + 28T + 8T + TH

More extensive tables are given in the National Bureau of Standards.!
The recurrence relation for the shifted polynomials is

Thx)=x =)L)~ T (x) T =1
or
or XTHx) = 315 () + 4T(x) + 31,0 (x)
where
TF(x} = cos[n arccos(2x — 1}] = T,(2x — 1)

* Tables of Chebyshey Polynomials S.(x) and C,(x), Natl. Bur. Srd. (I1.5.}, Appl. Math.
Ser. 9, 1952,
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PROBLEMS

28.7.1 Discuss the conversion from polynomials to shifted Chebyshev polynomials and
back, corresponding to Sec, 28.3.
Find the formulas corresponding to

28.7.2 Prob. 28.6.3

28.7.3 Prob. 26.8.1

28.7.4 Differentiation

28.7.5 Integration

2876 THX)THx)



29

CHEBYSHEV APPROXIMATION: PRACTICE

29.1 ECONOMIZATION

If a function can be represented in the form of a rapidly converging expan-
sion in Chebyshev polynomials, and if we truncate the expansion after the term
Ty-4(x), then the error will closely resemble the first term neglected, namely,
ay Ty(x). Ttis a folklore belief that Chebyshev expansions are among the most
rapidly converging expansions there are for functions. This is clearly false in
isolated cases; for example, consider an expansion in Bessel functions with
coefficients of the expansion being, say, 3,2,1,0,0,0,0,0.... If this function
were expanded in Chebyshev polynomials, then arbitrarily far out there would be
nonzero coefficients.  On the other hand, an examination of the process that we
gave {Sec. 28.3) for going from a Taylor series

N
f®) =% a,x"
n=0
to a Chebyshev expansion

»
) = 35, T)
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has
N N 5
dy = n
LY
but
ay
by = FF=1
and
ap -
by-y = 57\?:';

so we might expect the Chebyshev series to converge more rapidly than the
Taylor series.

Lanczos' observed that if we expand a function in a series of Chebyshev
polynomials, and if we truncate the series, then the remainder will look a lot like the
first Tyy(x) that is neglected. He further observed that the error E committed in
dropping the terms beyond T),..,{x) is bounded by

LIEDHEN

He called this process * economization.”

Economization or processes closely allied to it are widely used in numerical
methods because we tend to prefer a minimax bound to a least-squares {or any
other) bound. The Chebyshev equal-ripple error is often closely approximated
by the error of the economized representation, and both have a sum of squares of
the error that is by definition at least as great as the least-squares fit (within
roundoff, of course). On the other hand, the Chebyshev error of the least-
squares fit is greater than that of the Chebyshev fit (again by definition). Howdo
the respective errors compare? It can be shown that in a certain sense the Cheby-
shev approximation has a sum of squares proportional to the sum of squares of the
least squares fit.  On the other hand, the least-squares fit has a Chebyshev error
that is a multiplier of the Chebyshev minimum fit and grows with N, the degree
of the fit. Thus as a general rule when in doubt about whether to use a least-
squares or a Chebyshev fit: if you choose the Chebyshev fit and are wrong, then
the error is a fixed multiplier (somewhat larger than 1) times the least-squares
error; but if you choose the least squares and should have picked a Chebyshev,

! Cornelius Lanczos (1893~ ).
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then you can commit a large error, and the higher the order of the approximating
polynomial, the (probably) higher percentage error you will make. To see why
this is so, you need only to look at the typical least-squares fit. Assuming that
the error is very like the first orthogonal polynomial dropped, say the Legendre to
keep the two cases comparable, we see from Fig. 26.7.1 that the polynomial shoots
up at the ends of the interval very rapidly, thus producing the large Chebyshev
error. The Chebyshev polynomials on the other hand are reasonably close to the
orthogonal polynomials over most of the interval.

The field of Chebyshev approximation is now highly developed, and we
refer the reader to textbooks on the subject by Fox and Parker [14] and by Snyder
{53).

The obvious use for Chebyshev approximation is in the library routines for
evaluating the special functions such as sine, cosine, logarithm, exponential, etc.,
where customarily the routines are uniformly accurate (Chebyshev) throughout
the range (as measured by relative accuracy).

Another usg that seldom seems to occur to users is in a problem where there
is a block of heavy computation with one number as input and one number as
output. Clearly this can be viewed as a table, and a Chebyshev approximation
will often greatly speed up the evaluation. Indeed, in real time problems it may
be the only way to save enough time to complete a full cycle on time.

29.2 ON FINDING A CHEBYSHEV
EXPANSION (ECONOMIZATION)

Evidently the problem of finding a Chebyshev expansion is central to finding a
Chebyshev approximation. While the error in the economization process may
not be exactly equal-ripple, it will generally be very close, and in any case it will
furnish a very good first approximation (Sec. 29.10).

In Sec. 28.3 we showed how to go from a Taylor series of a corresponding
Chebyshev series provided the Taylor series was truncated at some place for which
the error caused by the dropped terms was negligible. As an example of this
process of conversion to Chebyshev and subsequent economization, consider the
following trivial example (trivial so that it can be followed easily). Suppose we
use

2 3 4

x ]
In(l+x)=x- Tt3Ty {(approximately)
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We will consider the interval 0 < x < 1, and so we use the shifted polynomials
Ti(x) (Sec. 28.7). We have

X ml(TJ "+ Tj*)

-3‘5— ——(31}, +ATY + TP
x:!
3= (101"0* + 15Ty + 6T + T
x4
-7= -5..-5(351:, + 5677 + 287F 4+ 8Ty + T

or
Il +x) = 55T + 8T —thly - thTy ~ v T
In this approximation we know that [T} <1 {0 gx < 1), and so if
we drop both T#(x) and T3(x), the additional error is bounded by
1 1 11
e o e T ——
192 512 1,536
Indeed, also dropping the T3{x) would leave the additional error less than the
error {1/3) due to dropping the cubic in the power-series approximation.
We see that the additional error due to the economization is indeed much

as we said it would be. Thus this example, although unrealistic, shows the
desired effects.

29.3 THE DIRECT EVALUATION
OF THE COEFFICIENTS

The orthogonality relations enable us to compute directly the coefficients of a
Chebyshev polynomial expansion,

f0=2+ 5 a1

We know that
Tlx)

a=2] JO

The change of variable to # makes the relations into

a = ;25 f: J{cos Hcos k6 do
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and these can be evaluated by a variant of the Fast Fourier Transform (FFT)
(Chap. 33).

For example, consider finding the Chebyshev polynomial expansion of ™%,
We have from the definition

2 " ~tGgos —
- fo e cos k0 d0 = 2I{)

of the modified Bessel function of order k and argument ¢ thatif weput t = 1, we
have a, = 21 (1), and

e = Iy(1) + 221&(1)71(@

Even if we do not know the analytic form of the integrals, for some functions
they can be evaluated numerically if necessary.

For the Chebyshev expansion in terms of a discrete set of points x;, or t;,
we have

fx = -§~ Z A Tfx)
and using, say, t;,
2 N
A= ﬁj}__;l SUupTdep

What is the relation between the coefficients 4, of the discrete expansion
and the a; of the continuous expansion? The aliasing discussed in Sec. 28.4
(and again in Sec. 31.6) shows that if we have for the continuous expansion

fer =2+ § anie

and compute the coefficients of the discrete expansion

An = 2 ICIT0)

L2 Ja .
% L3 + § i)

we get

A ™ oy~ By = Aoy o+ Qe + Qayym+ 0y m=1,2,.. , N1
Ao i,

”i’“'zo""aZN+a4N—aéN+ m =0

Note that the formula for 4, agrees with the one for the general m.
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If the series converges rapidly, then this aHasing effect is small; if the con-
vergence is slow, then the finite approximation may be far fromthe continuous one.
For rapidly converging series the finite sums give ideal formulas for computing
the integrals that arise in the continuous case.

294 A DIRECT METHOD

Another methed for finding a Chebyshev expansion so that the error resembles
Ty(x) is to evaluate the function at the zeros x; of

Ty(x) =0
and then simply find the polynonial through these points, using perhaps divided
differences (Secs. 18.2 and 18.3). The method is obvious and need not be dis-
cussed further.

29.5 THE CHEBYSHEV EXPANSION OF AN INTEGRAL
In the next case suppose we wish to represent some infegral

X <

[fwai= 3 a0
To be specific, suppose we try
arctan x == f dr
14

1t is awkward to differentiate a Chebyshev series, but it is easy to integrate. So
we begin by writing

1
P4 x?

= ¥ BT
k=0

But it is clear from: symmetry that only b,, terms will appear (by, 5, == 0}, and so
we write (see Prob. 28.6.2)

1

1 e kZ by Ton(x)

1=(1+ xz)kZDbu Tylx)
bag To(%) + bo x*Ty + z Bak x* Tlx)

2 Tax(x) “1" [To + T3] + Z (Tzk 2+ 2Ty + Topaz)
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Sinice the T,(x) are linearly independent, we may equate coefficients.
few equations are

To! 1=b0+?.22+%§
Ta: 0=b‘+%’-+%+%§

Except for the first two equations, the rest have the form

bZ(k-—i) 3 bz(k‘f'l} —
-T" + ibzt + -'T = {

The first

If we can satisfy these and have two parameters left, we can {probably)
handle the first two equations. These difference equations have the characteristic

equation
PP+6p+1=0
or
pr= =342/ 2% ~0.172
pr=—3-2/2~ 5828
Hence

b = Cilp)t + Crlpa)
Unless C; == 0, the original series will diverge; thus we have

bzx = C;(p,}" k= 1, 2, 3, van
We have left the two equations

S
2 4
0be, 3t b
2 2 4

with b, and C, as parameters. In more detail
4= 6bo + Clpl
0 =25, + (6p, + 7, 1)C;

Thus we can find b, and C, and determine the series for 1/(1 + x*). But
p% +6p = —1. I is now easy to integrate this term by term (Sec. 28.6) to get

the Chebyshev expansion of arctan x.
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296 LANCZOS' ¢ PROCESS

The idea behind the 7 process introduced by Lanczos is that instead of approxi-
mately solving the given problem, we can perturb it slightly and solve the approxi-
mate problem exactly. While the two processes sound different, they come down
to the same thing in the long run. Still, we shall start with Lanczos’ approach
and later take up the more direct process.

Given, say, a differential equation

Pay=0 W=l O0<x<l

which we cannot solve in & polynomial form (the solution being ™), consider,
instead, solving the problem

¥ +y=1THx)

where 1 is to be found. 'We see that if ¢ is small, then we have perturbed the dif-
ferential equation only slightly. To keep the computation easy to follow, we set
n = 4 and try

P =gk bx + cx? & dx® b ex?

We get, equating coefficients of the like power of x,

btawz
204 b= 32t
3d + ¢ = 1601
4e 4 d = —256t
e= 1287

The initial condition fixes ¢ = 1. Hence, in turn, we obtain
b=1—-1

.,,1“33’
T2

4

d=-§({i601.‘+ 337~ 1)23531?——}

2 6

1 — 3537

=)

e = 1287 = (1 — 1,8891)
i

" 4,561

1 i
=3 (——2561 + =52 (1 - 1,889

T
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Thus the error that we have put in the original equation is

T3(x)
4,961

)
4,961

and for this equation we have an exact solution

4960 2464 , 768 . 128
2961 * Y Ese1* Tase1 ™ T age

as compared with the series solution

4

ye=1-

2 xS xt&
R A T
yul=xtg =gty
whose maximum error is about
1 H
51120

¥n this case it is easy to compute a bound on the error due to the addition
of the Chebyshev term to the differential equation

¥ +y=1Tix)
Wx)m e 5]+ re‘*j THOW dO
4]
ForO0sxxgt

ly—e7l =

Te* J' THO) do
1]

_ e 0.665 e
<o fe a0 =1(1 - S porm 13 X 10

We have illustrated the T method with a simple example. Lanczos’ book
[33] gives a much more extensive discussion of the method. However, the main
idea is the same; we slightly alter the problem and obtain an exact solution of the
new problem. Since the alteration is in the domain of the physics of the original
problem, we can usually understand the change more readily than some approxi-
mation made in the middle of some numerical computation. The t method
iHlustrates the importance of carefully answering the fourth basic question, What
accuracy 7

PROBLEMS

29.6.1 Apply the r method to
” . y (0) =
xy" 4y 0 {y.(0)=1

forOg x5 1, usingn=4,
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29.7 THE DIRECT METHOD FOR
DIFFERENTIAL EQUATIONS

Often the function we want to expand in a Chebyshev series is defined by a dif-
ferential equation. Again this can often be used to get the expansion directly.
For example, again suppose we have the simple differential equation

y=-y yO=1 -1<x<1

Itis usﬁaily preferable to suppose that we have the expansion of the derivative of
the function

From Sec. 28.6 we can integrate

We equate coefficients
I ':5'9'"'—'(3'
T,:  -a _.55“...523
(R Y
T, as _563-%&
T,:  —a, =fg§_%§

The general difference equation for the coefficients is
@yy — 2kay — @ =0
and has two solutions, one growing with & and one decaying. From Sec. 13.8 we

see that we want to start at the top end and solve downward. If, as before, we

want only through T, we set a; = 0 and tentatively a; = 1. As the result of
computing step by step
a3 = '—804

a
az e 6("’6: - a3)
a
ay = 4(‘&5 e az)
a
aa = (“'2—2 haad ai)
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we will find that usually at x =0
ayTo+a;Ty+a, T, #1
but that by making the obvious scale factor change an 4, (and also a4, a,, a,, ag),
we will satisfy the initial condition.
An examination of this process will reveal that it is equivalent to the 7 process
of rigging things so that the final equations are satisfied, since there we added the
term we needed to produce an exact cancellation for the last power of x we used.

298 THE EVALUATION OF CHEBYSHEV EXPANSIONS

A Chebyshev polynomial expansion may be evaluated in a direct fashion. The
method is based on the three-term recurrence relation

Tewr = 2T — Ty

If, in some fashion, we had the first two values, then each iteration would produce
the next Chebyshev polynomial.

Let us examine the process more closely.  Suppose we have three locations
A4, B,and C. What we do is multiply the contents of B by 2x and from this sub-
tract the contents of C, and put thisresultin 4. We then shift Bto Cand A to B.
Imagine that x is fixed and that B and C both have zeros in them. Then each
iteration produces more zeros.  Butif we wereto add to Bthe quantity xandto C
the quantity I, then we would start to generate the Chebyshev polynomials step by
step, and after k steps we would have T, ,(x).

If we put in ayx and ay instead of x and 1, we would have after N -1
iterations exactly ay Ty(x). If after the first iteration we added ay_,x and
ay.y in B and C, we would end up with the sum

ay Tylx) + ay - Ty 1 {x)

And in general, if at each step we added in the two numbers corresponding to the
term a, that was appropriate, we would end up with the sum of the Chebyshev
series. Often this process is preferable to converting to a polynomial in x and
then evaluating the result.  The roundoff effect in the polynomial case may be
more severe than in the direct evaluation.

29.9 THROWBACK

The aliasing of the higher polynomials at the zeros of T,(x) suggests that instead
of throwing away all the higher terms of a Chebyshev expansion, as is done in the
economization process, they should be ““ thrown back ™ (Sec. 18.8) via the aliasing
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relations. Thus while we still cannot be sure that the error curve is equal-ripple,
we can be sure that the error curve has the proper zeros when we drop the Ty(x)
term.  We will not pursue this further.

29.10 LEVELING THE ERROR CURVE

We have scen that we can find a Chebyshev polynomial expansion for many
functions, but that when we economize it we do not get the exact equal-ripple
error curve.

There are two broad approaches, with many refinements to each. The
first looks at the positions of the zeros of the error curve and the values of the
maxima between them and at the ends.  In view of these maxima the zeros are
moved a bit to form the next approximation. Evidently if a maximum or mini-
mumm is larger than the others, the adjacent (or nearest, if it is in an end interval)
zeros are moved a bit together under the reasonable assumption that this will
decrease the size of the peak. Each cycle consists of carefully computing the
error curve and finding the size and approximate location of the extremes. From
this the motion of the zeros is found. Usually a few iterations suffice to level the
curve at least by a factor of 10.

The second approach is more mathematical. Having again located the
extremes, both amount and location, the coefficients are perturbed one at a
time to sce how they alter the extremes {in the Chebyshev polynomial case these
amounts can be found from the polynomials themselves). Then a set of simul-
taneous linear equations are set up with arbitrary changes in the coefficients so
that the result (if it were ali linear)} will exactly annihilate the inequalities of the
peaks. Repeated trials will again level the curve {most of the time).

Another approach to leveling the error curve is to use the sigma factors of
Sec. 32.7.
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*RATIONAL FUNCTION APPROXIMATION

30.1 INTRODUCTION

Up to this point in Part II we have assumed that between the sample points the
function behaved as a polyromial. In this chapter we shall assume that the func-
tion behaves as the quotient of two polynomials, which is usually called a rational
Junction. Rational functions have the two fundamental properties of still being a
rational function under both fransiation and scale change of the independent
variable.

Rational functions have a number of properties that are frequently needed
foran approximation leading to the analytic substitution of a new functionin place
of the given one. Most noticeable is the fact that rational functions can approxi-
mate functions having infinite values y, for finite values x,. Another feature js
that they can approximate straight lines, especially the x axis, for large values of
x;, which is something that nontrivial polynomials cannot do.

Inside a computer, rational functions are rapid and easy to evaluate; hence
they are often used to provide a computable approximation to some of the more
difficult functions. Forsuch purposes a Chebyshev type of minimax fit is likely to
be needed.
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The theory of approximation by rational functions is in a confused, rapidly
evolving state, and we shall give only the simplest approach. One reason for not
going farther is that in computing, the average person is not likely to do many
rational approximations in a year, and more efficient methods, which save a few
seconds on a fast computer, do not seem to be worth the time in an elementary
course.

30.2 THE DIRECT APPROACH

Suppose we have either a function from which we can compute some samples
(x;,¥,) or the samples themselves, and we wish to fit a rational function to the data.
Thus we want

y=f(x)%%%

where N{x) and D(x) ate polynomials.

The first step is to decide which polynomial forms totry. In one particular
case, plotting

log y, versus log x;

forsmall x; > 0 produced a slope of approximately 3, from which we deduced that
we should try

For large x the original data fell on what appeared to be a straight line of positive
slope. This determined that the degree of N{x) should be 1 greater than the
degree of D(x). Letthe degree of D(x) be k. Then

aaxa+a4x4+"”+ak+lx**!
1+b|x+bzxz+"'+bkxk

Itremainstochoosek. Itishard tosay just howto choose k, except by noting the
number of parameters that will be available and by comparing that (subjectively)
with the “ complexity” of the data.

When £ is chosen, we then know the number of parameters M. Note that
we must fix one coefficient because only the ratio of N(x) and D(x) eccurs;
hence one coefficient (known to be nonzero) must be chosen as a fixed number.*

y=fx)= (30.2.5

! In practice, it is usually best to select 1 as the highest power either of the numerator or
of the denominator, since this saves one multiplication when evaluating the rational
function.
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We cither sefect or compute the appropriate number M of samples, located where
they seem to be most important. We then have

D(x}y; = N{x)) f=1,..., M
as a set of M equations to be solved. In the example we have from Eq. (30.2.1)
Vit byxy + byxly e+ byxlty,
= (I x,’ + a¢x,‘ + 4 ak“xfﬂ (30.2.2)
fori=1,2,...,2k-1.
These are linear equations in the unknowns 2, and b, and can be solved by a
library routine.
The point is often raised that such a system is of high degree. Asfarascan
be determined, seldom does the number of unknowns exceed 10 or 12, and thus the

solution involves no more than a few thousand operations; this is hardly serious
on a fast machine, if it is to be done once in a problem.

30.3 LEAST-SQUARES FITTING BY
RATIONAL FUNCTIONS

Often there are more data points (x,,y} ({ = 1, 2, ..., M) than parameters in the
rational function we wish to fit. In such cases one approach is te find a least-
squares fit. We want, therefore, to find the coefficients a, and b, such that

& N(x)1?
min = ‘Z,’ [y(x;)—- x ]

The unknown coefficients occur nonlinearly in the normal equations, and this
makes them difficult to solve. One way around this is to note that we can write
the expression we wish to minimize in the form

M3
min = ‘Z m [D(x)y(x) — N(x)P

=1
‘We now set about finding an iterative solution to the following problem:

M

min, = B A
* iz:l Dszz(xi)

[Du(x)p(x) = N(x )P k=12 ...

where we take, if nothing else is known, Dy =1. The unknowns now occur
{inearly in the normal equations.

In the usual course of events the convergence is rapid. However, as is
always possible, the iterative loop with the feedback may cause an instability. If
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instability occurs, an examination of the nature of the trouble together with com-
monsense, will usually produce a method for dampening the instability; hence the
elaborate theory of the general case is not worth going into here.

30.4 CHEBSYHEV APPROXIMATION
BY RATIONAL FUNCTIONS

As indicated in Sec. 30.1, frequently a rational function is used as an easily com-
putable approximation to a transcendental function.  When such an approxima-
tion is to be used many times, either in some frequently recurring problemorina
special-purpose computer, then a Chebyshev equal-ripple (or minimax) approxi-
mation is likely to be desired.

We begin by choosing a set of samples x,, perhaps the zeros of a suitable
T(x), and we compute the corresponding y;.  From these we find the correspond-
ing rational function of the appropriate form (as in Sec. 30.2).

We then plot the error curve by computing the error at many points. For
intervals where the error is large, we want to move the sample points closer to-
gether, and where the local extreme error is small, we want to move the samples
farther apart. With this new choice of sample points, we repeat the process.
Seldom are as many as 10 trials necessary to come guite close to an equal-ripple
error curve. The speed of the approach to the equal-ripple error curve depends,
among other things, on the method used for respacing the samples.

We offer here no proof that this heuristic method will work, but experience
indicates that a number of such simple schemes work reasonably well. A little
“low cunning’’ in arranging the computation is usually necessary to avoid the loss
of too many figures.

30.5 RECIPROCAL DIFFERENCES

In Secs. 30.3 and 30.4 we used iterative schemes which require a number of trials,
each of which involves the solution of the system of linear equations, This sug-
gests that we examine the possibilities of systematizing the solution.

Following Milne [38], we consider the special case

_dg 4 ayX + 8y X+ ax’
T by + byx + byx?

which uses six data points {(x;,y) i =1, ..., 6}. Multiplying, we get
Gy —bo ¥+ ax = byxy 4+ a3 %2 w by x y by x> =0
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Using the method of Sec. 14.3, we can easily see that the determinant
Ty x xy x x*y x
Loy, x x %% x%n x7°
I oy: %3 Xays %20 X°y: xt=0

is the required solution,

We propose to reduce the order of this determinant step by step in a syste-
matic, sensible way. Intheory, we first reduce the second rowto the form 1,0, 0,
0,0,0,0. We multiply

1 Column 1 by y, and subtract from column 2
Column 3 by y, and subtract from column 4
Column 3 by y, and subtract from column 6
Column 5 by x; and subtract from column 7
Column 3 by x, and subtract from column 3
6 Column 1 by x, and subtract from column 3

LT N FL R S

After expanding by the second row, we divide:

7 Rowlbyy—y
§ Rowlbyy, -y
Row 3 by y3 — ¥

3 Row7byys—»

This division can lead to trouble if any y; = y; (i % 1) or even if they are
close. In practice, the lineto reduceto 1,0,0,0,0,0, 0 should be chosen with this
division process in mind and with the intent to avoid large cancellationsin y; — yy
(and hence division by small, inaccurate numbers).

We now write

X — Xy

x—'xg
= py(x, %)
y—ye 5TV ey

and the determinant becomes

= py{%;, X))

1 pdx, %) x xpxx) X Xpyx, x)
1 opy(xas 5} Xy Xpy(¥2, %) % X%pi(xa, xp) =0
1 pslxg, x1) x5 Xgpa{xe, X9 -"?6:Z xﬁzpl(xs s %1)

which is of the same form as before except that it is of sixth order,
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We repeat the process.  Multiply:

Column 1 by py{x;, x;) and subtract from column 2
Column 3 by p,(x;, x;} and subtract from column 4
Column 5 by p,{x;, x,) and subtract from column 6
Column 3 by x, and subtract from column §
5 Column 1 by x, and subtract from column 3

FSRPURE S B

Reduce the determinant and divide:

6 Row1byp(x, x} — py{¥2, %)
7 Row 2 by pi(x;, x1) — py{x5, %)

Again a wise choice of the row in which we produce 1,0,0,0,0,0can helpto
keep accuracy. If we write

U = JC - xz
T opxx) — py(xs, )

we get
e X xt, X

Uy Xy Xally X,
u4 X4 X4U4 X42 = 0

— ok ek

Uy Xy XSus x5
1 wg X5 Xgltg Xg
Thequantity p,{(x;, x;} was clearly symmetric in its variables. But this is not true
of the quantities that we have labeled #;. It is customary to use the symmetric
quantities
X — Xs +y
(r =~ 2y = ygd = (xg ~ x)f(xz ~ 1) !

_ X — Xy

= G0 =30 — G — a0 — g0
- Xy — Xy +
I Y gy Ry e R

and call them
P20x, Xy, X3)

but the symmetry is of little value in practice. Continuing this process, we reduce
the determinant to second order which is then trivial to handle.

We shall not go further in this highly developed field but merely refer the
reader to standard books such as Milne [38], Milne-Thomson {40}, and Ralston
[491.
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Fourier Approximation—
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31

FOURIER SERIES:
PERIODIC FUNCTIONS

31,1 ORIENTATION

Part Iwas concerned with the fundamentals of computing and a number of various
algorithms. Part II concentrated on approximating infinite operators like inter-
polation, integration, and differentiation by using polynomials. Numerous for-
mulas were found, but the essential content of Part Il was the methodology of
finding formulas, as well as the rich variety of possible formulas. InPart Il we
use this methodology, but we use a different class of approximation functions;
instead of polynomials we use sums of sines and cosines. In Chaps. 31 to 33in
Part JII we use discrete sums of these functions, in the form of a Fourler series, to
approximate periodic functions, while later we use a continuous, noncountable
number of the functions, in the form of a Fourier integral, to approximate more
general functions.

Because the Fourier series and integral tend to be ignored in modern mathe-
matics (though they gave rise to a great deal of mathematics), we have to develop
the mathematical manipulations we need. To keep the material within reason-
able bounds the more formal mathematical rigor will be ignored {34, 35, 64].
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It is recommended that Sec. 1.6 be reread ar this point, and possibly all of
Chap. 1, so that the material discussed in Part I1I will be seen in reasonable
perspective.

By using Fourier approximation instead of polynomial approximation we
avoid the many troubles of polynomial approximation that we have frequently
mentioned. Not only does the Fourier model provide an alternative technique
for finding formulas, and hence sometimes different formulas, but it also gives an
alternate way of interpreting the same formulas found inPart II.  Chapter 35re-
examines many of the results obtained in Part II and shows how the alternate view
can often, but not always, shed a great deal of light on what the answers mean.
Thus we have a new tool for fulfilling the purpose of the book as expressed in its
motto, The Purpose of Computing Is Insight, Not Numbers.!

The frequency approach of Part I1I is very powerfulin the planning stage, be-
cause it often enables us to make very accurate estimates of the spacing of the
samples necessary to obtain a given accuracy. Inthe computing stage, it likewise
offers not only many of the old formulas, but also others that are cssentially new
and which may well meet the needs of the problem better. Probably most im-
portant, in the interpretation of the resufts back to the physical problem, the fre-
quency approach can interpret in a new light not only the numbers, but aiso the
details of how the computation went, such as the physical meaning of the tight or
loose spacing of the samples. Finally, it often provides very powerful ways of
verifying the physical model in many of its aspects, thus reassuring the proposer of
its validity and shedding new light on the original source of the computing. We
can therefore put into practical use the theory we have learned.

The author has wondered for more than 20 years why the textbooks and
mathematically inclined computer journals have almost totally neglected this fruit-
ful and valuable approach to computing. The answers seem to be (1) that the
Fourier series and integral are seldom taught in mathematical circles except as
special cases of gencralizations that rob them of any physical meaning, and this
ignorance tends to be followed by contempt for the knowledge; and (2) the Fourier
approach puts much emphasis on the connection between the problem and the
method used, and therefore the method cannot be studied in the vacuum of pure
mathematics. As aresult of this neglect the reader who wishes to follow up on
this approach and find out what is new is referred to the engineering journals
like the JEEE Transactions on Computers and the Transactions en Automatic
Control,” plus textbooks on topics such as automatic control {54] and digital
filters [32}.

Yt is sometimes suggested that the motio be revised to, The Purpose of Computing
Numbers Is Not Yet in Sight.
2 IEEE, 345 East 47th Street, New York, N.Y,, 10017,
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31.2 THE EFFECT OF SAMPLING--ALIASING

Most computation is done with equally spaced samples. Let this spacing be
chosen as the unit (of time); thatis, k= At = 1. Section 1.6 gave one description
of this effect, namely that due to the sampling, some forward rotations will appear
as backward rotations. A practical application of this effect is the stroboscope
which flashes a light at slightly less than the period of some rotating equipment
being viewed. As a result the equipment appears to be rotating at a very slow
rate; the closer the two rates, the slower the appearance of rotation.
This effect can be understood from a simple trigonometricidentity. Corre-

sponding to the sinusoid

cos {n(n + &)t + ¢}
there is another sinusoid

cos [n{n — e}t — ¢

which has the same sample values at the equally spaced sample points as can be
seenin Fig. 31.2.1. The equality of the sample values follows from

cos{n(n + &)t + Pl cosfn(m — )t + @] = —2 sin (uatksin(net + ¢) =0

where bothnand £ are integers. Thus the sampling process confuses the two dif-
ferent frequencies a{n + &) and n{n — e)—both appear as if they were the same
frequency.

It is customary to refer to this confusion as aliasing,! that is, various fre-
quencies adopting the name of one particular frequency, which is usually chosento
be the lowest positive frequency of all those which are aliased. It is obvious that
aliasing is a consequence of sampling at equally spaced intervals and cannot be un-
done once the sampling occurs.

>

I nw i
e=1/2
¢=0

[..

¢ d

-1
FIGURE 31.2.1

i Apparently introdyced by J. W. Tukey {1915- ).
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Inasense, the aliasing of the Chebyshev polynomials in Sec. 28.4 was that of
the cosines in the disguise of

x=cosd

More generally, aliasing also occurs in polynomial sampling, though it is
not usually recognized as such. Consider polynomial approximation based on
n sample points x; (i = 1, 2, ..., n). The polynomial

A(x) = (x = )% = x3) (¥ = x,)

plays a central role in the theory. Let P, (x) be any polynomial of degree m (we
may think of m as being greater than n though it need not be). When we divide
P (x) by n(x) we get a quotient O(x) and a remainder R{x), thatis,

Pr(x) = Qx)n(x) + R(x)

This expression is the obvious generalization of the remainder theorem, namely
at the sample points x;,

Pm(‘xi)=R(xl) (i=I!2:"'!n)

and due to the sampling one function cannot be distinguished from the other if all
we have are the sample values.

If we imagine doing this for cach x™ (m =0, 1, ...} we have the corre-
spondence

X" R (x)
Now for a Taylor’s series expansion of any analytic function f{x)
()= L anx" = 3 anRo()
and at the sample points

Fx) = 3 Rals)

The summation is the interpolating polynomial of degree n which we would get if
we passed an interpolating polynomial through the given samples (neglecting
roundoff, of course).
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31.3 THE CONTINUOUS FOURIER EXPANSION
In Sec. 26.2 we used the Fourier series as an example of a sct of orthogonal func-

tions. We showed by direct integration that

2x 2 m=pn=0
J. cosmxcosnxdx=1{ n m=nz#0
0 0 m#n

2n
f CO8 mix sin ux dx =
¢

n 0 m=n=0
f sinmxsinnxdx = {n m=ng
@ 0 m#En

and hence if
F(x}=£2‘-’ +a,cosx+ b sinx+acos2x+bysin2x + -0
then the Fourier coeflicients are given by
1 2n
a, = — f F(x)Ycos kx dx
iy
1 2r .
b, = - J'O F(xysinkx dx

We also showed that (1) these Fourier coefficients give the least-squares fit to the
function, and (2) that then Bessel’s inequality

Zn ) aoz N s M
fo F(x)dx-—n[T-g- ¥ (ol + b, )} =¥ e'z20
k=1 i=1

gives a measure of the goodness of fit.
1t is well known that any reasonable engincering function (see Fig. 31.3.1)

Reasonable Functions
FIGURE 31.3.1
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canbeexpandedina Fourierseries. Therate of convergence of the series depends
on the discontinuities in the function and in its derivatives (see Chap 32 for more
details); but we must remember that the function is assumed to be periodic and is,
as it were, wrapped around a cylinder (see Fig. 31.3.2).

S

ﬂ"'"b\

-

\
<
!
/

)

e

~
< /

{

FIGURE 31.3.2

Any interval of length L may be used; in particular, it is often useful to use
~Lji2<x s L2insteadof 0 5 x < L.

PROBLEMS

Find the Fourier expansions for:
3131 y=x —~lsxsl
3132 y=1—x% -1l
333 y=e~ O0gx<L

i b<x<n

3134 y={0 < x<2n
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314 THE COMPLEX FORM OF THE FOURIER SERIES

It is often convenient, especially for theory, to write sin x and cos x in their
equivalent complex forms. Using the Euler identity
e = cos x 4 isin x
we replace { with —i
e"™¥=cosx—isinx

and add and subtract these two equations to get

. Ex e ix
Sin X = 27

eix + e“ix

COs X = “““‘5‘-‘-—*

In this notation (k an integer) we have

o
F(x) - Z ¢ e(Zni,'L)kx
k=—o

where the discrete set of ¢, is found by the simple formula
1k ;
s e ~{2niflYkx
=7 J-o F(x)e dx
The orthogonality condition which determines the form of the ¢, is then easily

proved by direct integration

L 0 m+k#0
(2RifLYkx (2niflimx -
fo ¢ € ax {L mt k=0

Comparing the two forms of representation, we find

a";'b" k>0
ck= ﬂ‘—-;ib—k k<0

2y

- k=0

2

PROBLEMS

Expand in the complex Fourier-series form:
3141 y=2x — X

_f1 0<x<h
314.2 y—-{o t<x<l



510 3} FOURIER SERIES: PERIODIC FUNCTIONS

31,5 THE FINITE FOURIER SERIES

Tt is a remarkable fact that the sines and cosines are orthogonal over both the con-
tinuous interval and sets of discrete, equally spaced points covering the period.
This isextremely important because in computing we arc usualily given only samples
of the function at a set of equally spaced points. This means, inturn, that we can
find the coefficients exactly (except for roundoff) in the discrete sampled problem,
instead of approximately in the continuous model by numerical integration.

We will consider only an even number 2N of points. Lef the 2N sample

points be (see Fig. 31.5.1)
L 2L 2N - DL

Xy Qe — L,
4 2NT2N 2N
or more shortly,
== p=0,1,...,2N~1

FIGURE 31.54 t

We want to show that the 2N Fourier functions

2% n 2n 2n
1, co5 — T X, COS L2x,...,cos»wf(N-—3)x,cos»£«Nx

2n 2
Sin — T X, smzf?. Xy ey sin—E(N—-J)x
form an orthogonal set of functions. This amounts to showing that for0 < kand
m<N
- 0 k#m
2N -1 I L L
Z (zkﬁ-g) (-Z—Iztmﬁvﬂ)ﬂ N k=m#0,N
= 2N IN k=m=0,N
N 2r , Lp\ . {2n Lp)
;2‘:‘0 cos(L kZN)Sm(L 13 0
- 0 k#£m
2N-1 2 L
Y n( nkfl—p)sin(?—?-t ——B)= N k=m#0, N
pwo L 2N L 2N 0 k = M= 0’ N
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In fact we shall prove more, namely that when
k+m=0, +2N, 14N, ...
the orthogonality conditions have special features.
We begin simply by examining the series

IN~1 -1
Y e@nilkxe = N gnikriN  for integer k
p=0 peQ

which is a geometric progression with ratio

r = "IN
The sum of the geometric progression is
1 o 2y
=0 r#l
1-r
2N r=1

The upper sum is true because r2¥ = ¢** == 1, The lower value is true because
thenr =1, Theconditionr = I means k = 0, +2N, +4N,...
We next show that the set of functions

e(ZallI.)kxp

is orthogonal in the sense that the product of one function times the complex con-
jugate of another function summed over the points x,, is zero, that is, that

ZEle(zm',fr.)kx‘,e—(lni,ﬂ'.)mxp = 0 {k—m| #£0,2N,4N, ...
i~ IN  |k=m]=0,2N,4N, ...

This follows immediately from the above by writing the product as
2Nt
Z e(Zm’fL}(k—-m}xp
p=0
and noting that & — i plays the role of k.
We now return to the “ real functions ™ by using the Euler identity
e =cosx+isinx

The condition for the single exponential summed over the points x, becomes two
equations (the real and imaginary parts separately)

milcosgka _{o k#0, +2N, £4N, ..,
Ao LTTPT 2N k=0, 2N, £4N, ...
AN~

Y, sin%kx‘,x() forall k

p=0
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Atlast we are ready to prove the orthogonality of the Fourier functions over
the set of equally spaced points x,.  The first of the three orthogonality equations
can be written, by using the trigonometric identity

cos a cos b = 1 [cos(a + ) + cos(a — B)}

2N~} k r k r
2::0 [cos a{ +m)ﬁ+cos 7l um)N]
{0 |k —m] and |k + m| #0,2N, 4N, ...

Ol e

N |k~ m]or |k+m|=0,2N, 4N, ...
2N lk—m|and [k+m|=0,2N,4N,...

For the restricted set of functions we are now using, namely,

2n 2n
is TET Ky ey N-1 » —N
cos T X cos ( }x, cos T x

2z 2n
sin — X, ..., sin— (N — Dx
in T X, in I ( }
k4 m=0,2N, 4N, ... cannot occur unless k£ = m = Qor N. Thus, we have the
required orthogonality of the Fourier functions over the set x,,.

The orthogonality in turn leads directly to the expansion of an arbitrary
function F(x) defined on the set of points x,,,

N-1 2n 2r Ay 2m
F(x)._—i— 2 (A,‘cos-ka—i-B,csmz—kx)+--2~»c051-Nx

where

NS 2n
}: F(xp)cos—kap k=0,1,...,N

ZEH ZI'-*

N1 2r
Z (xp)sin}:-kx,, k=12...,N-1

The function F{(x) is often given at 2N + 1 points, but still for 2N intervals,
and it is assumed that

F(O) = F(L)
If this is not so, then it is customary to use

F(O) + F(L)
2
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as the value of F(0). In this case the formulas for the coefficients 4, and B, are

1 JF(Oy F(L
k=Kf{ g)-i- E F(x )cos-wkx, (2)]

1 2N=1
By = - Z F(x,)sm

These are effectively the trapezozd rule for numerically integrating the correspond-
ing integrals in the continuous interval.

There is a second set of equally spaced points that we need to mention,
namely,

L L i
TINTIN (” + )
which are midway between the x, points (recall that x, = 0is the same as x, due
to periodicity).
Repeating the steps briefly, we see that the sum
I 0 r#l
’z‘:u LBRRLY o {ZNeﬁmN 1
as before. Hence, the rest follows as before, except for the special treatment of
the end values in the summations for the coefficients.
How accurate is the finite Fourier expansion in reproducing the original data
{within roundoff)? The set of functions is orthogonal; hence they are linearly

independent and form a basis that spans the whole space. Thus, within roundoff,
the expansion reproduces the data exactly.

PROBLEMS

Find the finite Fourier expansion for:
31.5.] Thedatax(@=0;x()=1;x(A=2;x(Pp=3; N=2,
3152 Thedafax(D) =1, x@P=LxD=—1;xF=-1;N=2

316 RELATION OF THE DISCRETE
AND CONTINUOUS EXPANSIONS

1t is reasonable to ask, What is the relation between the two expansions we have
just found, the continuous and the discrete? Let the continuous expansion be

3 2 .2
F(x)m%cz +k21 (ak cos—gx + by sin -LEX)
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withlowercase letters for the coefficients. We pick x,, == Lp/(2N)for convenience,
H we muitiply F(x,) by cos(2r/L)kx, and sum, we get

2N=1
Z F(XP)COS kx —-NAkwN(ﬂ'k‘l”azﬁ rt Gayep )

Hence, the coefficient we calculate is
o
Ap=a, + zi(aznrmwh + Bam+r)
e

which expresses the (uppercase) finite Fourier-series coefficients in terms of the
{(lowercase) continuous Fourier-series coefficients.
Simitarly,

0
By =by + Z BaNm- + Banmerd
For the special constant term A4,, we have

o
Ag =y 2 Z;”zwm
e

Thus, various frequencies present in the original continuous signal F(x) are
added together due to the sampling. This effect is called “aliasing” and is
directly attributable to the act of sampling at equally spaced points; once the
sampling has been done, the effect cannot be undone (from the samples alone).

These relationships between the coefficients of the two expansions, the
continuous and the discrete sampled, show clearly the aliasing of the frequencies.
If we represent the frequencies as points along a line running from zero to infinity,
we can represent the aliasing by folding the line back and forth onto itself. The
first frequency at which a fold occurs is called the folding frequency, or the Nyquist?
frequency,andis k = N. Subsequent folds occur at this same frequency spacing.
All points on the curve (shown in Fig. 31.6.1) above the same location on the

— - A i

#
N 2N 3N aN Feequency

{Folding frequency)
IN-k IN+ K AN-k 4N+

FIGURE 31.6.1
Aliasing of frequencies.

* Named after Harry Nyguist (1889~ }, & famous scientist in electrical engineering.
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frequency axis appear as the same frequency owing to the effect of sampling, and
once we have sampled, we cannot again separate the different frequencies that
have been aliased together, At the folding frequency itself, we are sampling at
the crucial rate of 2 samples per cycle [and sin nt = 0, cos nt = (—1) where
t == an integer}.

31,7 THE POWER SPECTRUM

Up to now we have concenirated on the coefficients of the Fourier-series expansion
of a periodic function. However, the coeflicients themselves are often not physi-
cally significant because they depend on the choice of the origin. To see this,
consider that

2n
a :;-r fo fcos kt dt

1 2n
by =~ f F(Osin kt dt
T dp

and under a shift of coordinates of a distance s [f({) is periodic]
t=t+s

we would compute the primed coefficients 4; and b;.  For g we have

in
aﬁ:if JE+ scos ke dt
o

i 54 Zm , , d ,
== j Flcos k(' — ) dt
Due to periodicity this is the same as
2n
ay = -:; f St cos kt' cos ks 4 sin kt' sin ks) dt’
0

= g, cos ks + by sin ks
Similarly
by = ay sin ks — b, cos ks
Thus the coefficients of the expansion depend on the origin we pick for the
periodic function, and usually this is of no physical significance.
However, the nonlinear expression
(a)? + (B)Y* = a,® cos® ks + 2a, b, cos ks sin ks + B2 sin® ks

+ ot sin? ks — 2a, by cos kssin ks 4+ b2 cost ks =t + b7
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The quantity a2 + b2 is invariant under translations, and is therefore
much more likely to have physical significance than the individual coefficients,
This quantity {or its square root) is usually called *“ the power at frequency &, and
a plot of

ﬂkz -+ bkz
as a function of & is called the ** power spectrum.”
From Sec. 31.4 we had for the complex form of the expansion

f(n___,_ i ckezma
ke —§

¢ = ‘2‘6" k>0
Ckmg&":";"ié!f k<0

So that
4| = dlc,l? =al+h?

le] + le—sl =l + 82

For many purposes it is the power spectrum we care about; but let us be
clear: there is & loss of information in going to it.  For each pair of terms we get

or for real functions f(f)

a, cos kt + by sin kt
b ,
= Cos kt + B gin ka)

VT 5 (\/a +b a2 + b2

=Ja? + b costkt — ¢)
where we have picked ¢ so that
a, b
— == 008 —EEG
‘\/akz + b '\/akz + b

Thus the power spectrum does not include information about the phase angle ¢.

= 5in ¢

31.8 INTERPOLATION OF PERIODIC FUNCTIONS

Part II developed the theory of polynomial approximation, and we now face the
problem of developing a similar theory for the Fourier-serics approximation of a
continuous periodic function.

While the problem may be discussed for unequally spaced sample points,
and some results arc known, both theory and practice are usually based on equally
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spaced points. For 2N equally spaced sample points the interpolation problem
is solved by using the finite Fourier series to estimate the function between the
sample points.

As in Part I, once we have the formula, we next want to know the error of
the approximation. The error can be divided into two parts: that due to taking
only a finite number of terms in the series and that due to the sampling effect
(aliasing). We have alrcady studied the effects of sampling, and we now examine
the effect of taking only a finite number of terms of a Fourier series.

If the continuous Fourier series is of the usual form, then substituting the
formulas for the coefficients, we get for the first 2N tesms, where we take one-half
the last cosine term as we would for 4 discrete series, and one-half the last sine
term, since it is not idcnticalIy zero in the continuous case,

1 2N 1 N~}
Yaull) = 5 J'O y(s){i + kz cos ﬁ kt cos T ks + sin ﬁ kt sin — ks]

1. \ 1
+ ~2~ sin i sin 75 + 5093 i Cos ns} ds

1
= y(s){ + ): cos % k(t — s)] +5cos 7t — s)} ds
In order to sum! the quantity in the braces, we muitiply by
, T
sin i-j-v(t - 8}
and get

; {sm —(t ~§)

+~szn-—(i+ ) - §) — sin

. T .
+ _sm p (2 +§)(f e §) - 5in

. L R L T T

-3)e-o]
f-3)o-]

+ sin§( -1+ )(: s)-—sin%(N-—-l-—é)(tws)]

Zia ZEa

+ sin QEN" (t « s)cos n{t - s))

! We could clearly use the methods of Chap. 11 to sum this series more elegantly, butitis
likely thas the reader has forgotten such details by now, and so we shalf use the more
clumsy but familiar trigonometric methods.
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Because of cancellation of each term on the left by the term on the right one line
lower, all that we have left is two terms

1{. [=n 1 .7
3 {sm [ﬁ (N - E)(t - s)] + sin 3N {t — s)cos n(t — s)}
We now expand the first of these terms in the form
. ] , 7
sin n(t — s)cos N {t — 5} — cos n(t — s)sin EX'(‘ £}

and because of cancellation of the second of these terms with the second term that
we had left, for the braces in the integral we have finally
sin 7(1 — $)cos{n/2NY(t — 5)
2 sin{w|2NXt — 5}

Thus

sin (t — s)cos(n[2N)(t — 5)
2 sin(n/2N)(t - 5)

Since p{s}is assumed to be periodic, we can shift the limits to any interval of length
2Nandsett—s=:

N
=5 [ 59

sin nff cos[(n{2N)0]
sinfN{=/2)0]
This form is deceptive ; the more samples 2V we take, the longer the interval. In

practice, of course, the range of pericdicity is fixed, and we change the sampling
interval A1, Thus we set

1 N
=55 [ -0 do

t=2Ns
0 =2N¢

to get the form
)= [ 30 = @in@ee) S8

where the change in the meaning of y,4(*) should not cause serious confusion,
If y(1) = 1, then we have

12 cos ng
i WJ‘U sin(2zN¢) prry de
Since the variable of integration is ¢, we can write
cos ng
¥ = j ., y(S)Sm(MN@ e
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and subtract from this y,x(5) to get

e2s6) =50) = 32x(®) = ||| 16) = (o = $fsinCa) 22

¢

Thequantity inside the bracesis often called the kernel, K(¢). Clearly K(0) =

For large N, sin{2Nnd) oscillates rapidly while the term cot n¢ dampens (mody-
lates} the magnitude of the oscillation until at ¢ = +1/2, K(3:1/2) =0. The
envelope of the modulation is cot =¢, and

K(¢) = K(—¢)

If the function y(x) is smooth, then the major contribution to the integral, as far as
the kernel is concerned, comes from the immediate neighborhood of ¢ = 0, say
from —1/2N to 1/2N, between the first zeros on each side. Thus the error in the
approximation tends to be a local property (see Fig. 31.8.1). As Nincreases, the
peak becomes higher and narrower, and the side lobe (local peaks) oscillations
tend to cancel out.

FIGURE 31.8.1

1 See Ref. 64, p.50, where it is called a “modified kernel.™
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I, on the other hand, there are rapid changes in y{(x), then the tendency of
the damped oscillations to approximately cancel out and thus contribute only
small amounts is no longer present, and sudden changes in y(x) remote from the
point of interpolation can produce errors.

Note that the integrand involves the function rather than a high-order
derivative as in polynomial approximation.

PROBLEMS

31.8.1 Wehave approximated trigonometric functions by polynomials. Approximate
¥ty =1 —t9)? (=1 <t < 1) by a Fourier series using N == 3, that is, samples
at f = —2/3, —1/3, 0, 1/3, 2/3, 1, and interpolate for the value at £ == 1/2.

31.8.2 In this section we have developed the equivalent of Lagrange interpolation;
examine the equivalent of Hermite interpolation which matches the function
and derivative at cach sample point. Ans.  Not possible

31.9 INTEGRATION

As in Part I, having examined the question of interpolation and its errvors, we
next turn to the problem of integration. If the coefficients of the continuous
Fourier series of y(f) fall off fairly rapidly as n — o0, then the A4, coefficient of the
finite Fourier series gives a good estimatc of the integral

iN
J’ ¥() dt = Na
0

since
2N -

1 o
ﬁ Z (f)'“-“ﬁao +22 aZN.i
I=3

0:

Thus the error involved in estimating the integral from 2N equally spaced, equally
weighted samples is

o
2N E al.Nj
J=1

and represents the inevitable aliasing due to the discrete sampling.
For periodic functions the formula for integration which uses 2¥ equally
spaced, equally weighted samples corresponds to the following:

Newton-Cotes, because it is equally spaced
Chebyshev, because it is equally weighted
Gauss, because 2N samples give exactness for 4N functions
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Let us illustrate the accuracy of this formula for integrating periodic
functions by a pair of examples. Consider the two elliptic integrals

x/2
I =j0 ST =k sin? 6 do

I, = e (I
* f lwkzsm ¢

where |k| <1isaparameter. We can imagine expanding the square root as a
binomial. If k% is small, then the series will converge rapidly. Converting the
powers sin®"g to multiple angles

eid e-.[o I 1 ‘
( 2i ) = (22n)(i-2u) [ezue — C(2n, 1)82("” 138 4. .. 1

= (22"_}——————-)(!_—————2—,1—) fcos 208 —C(2n, 1) cos(2n — 2)8 + -+

we get a rapidly converging Fourier series. Thus for small k% we expect accurate
answers; for k* near 1 we do not expect accurate answers.

As an experiment, we chose sample points at 0, 30, 60, 90°, although to get
periodicity we had to assume six points in the interval of periodicity, 0 St < n.
Thus we actually computed only four sample points, one of which (8 = 0) was
trivial. The result (compared with those from a table) are given in Table 31.9.

Table 31.9 ELLIPTIC INTEGRAL

I k%)
k? Fifeale)  iftable) Brror
ki=} 146746 14673
k2= 1.35064 13306
k* = 121099 12111 0.0001

ELLIPTIC INTEGRAL /,(k*)

k? I(cale) [Iu(table) Error

k*=3 1.68575 1.6858
k= 1.85410  1.8541
k=3 215789 21565 0.0014
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This example shows two things. First, it is-often possible to make reason-
able estimates of the size of the coefficients of a Fourier series; hence we can
estimate the error of the computation before starting it.  Second, the method of
integration which uses 2N equally spaced, equally weighted samples gives very
accurate results for periodic functions.  This approach has been used to compute
the Bessel function Jy(x) from the formula

Jo(x) = % f:cos(x sin @) dop

PROBLEMS

31.9.1 Evaluate J,(1/2) from the integral form, using six samples.

31.1¢ THE GENERAL-OPERATOR APPROACH

In Sec. 15.4 of Part II, we described a general method (third method) for finding
formulas whichwercexactfor 1, x,...,x" Inthesame way we can find formulas
which are exact for

{(N—-Dn

i, cos il t, cOs 21:! cos 3“: cos 1, cos mt
—t, =1, — 1 ... T n
! N N N ’ N !

sin — 1 sinz———nz sin?’fr sin(—j!———mt
NTTNTNTTT N
Such conditions are the natural ones to apply to a function that is periodic and for
which we use 2N equally spaced samples.
Let the result of the Hnear operator L operating on the function f{f) be
L{f}, and let it be expressed in terms of the set of 2N equally spaced samples of the
functiont=0,1,2,...,2N - 1; thatis,

LU0 = wo fO) + wy f(0) 4+ =+ + won- JGN — 1)

Forl cosﬁm cosz—nm coswm €OS M sinfm sinK(N“ l)m
NN N ’ TN ’
the defining equations are:
M,
= Wg + Wy + 1wy + b Wy
M,
.S 2z 2N -1
= 3y b 39y COS v + w3 cos v 4+ v 4wy COS 7
My
n 4z N-—1
= W + Wy COS ~ + Wy COS W et Wan oy COS 2

..................................................................
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My_s
- {(N-12=n CN-DIN-1)n
= Wy + Wy COS T F Wy CO§ ot e 00 ok Wy g COS e
N N
My
= |y — Wy + 1y —rt e gy
Mgy
. I . 2m . (2N - D=
= 0+ 1wy sm—ﬁ + 1 sin W o Wy oy SIN N
Mn.y
N-—1 2N -1 , RN-—IN-1
zo-i—;pi sin( }7: an}n + .t+"‘2N"1 Sln(_-—-_'%i(r‘m_f_

Thus the matrix of the unknown weights w; is

1 i 1 1 7]
1 cos r €os 2n cos 2N -1
— By 4
N N
- (N = 1)2n (N — DN = Dn
1 cos n N cos N
i -1 H -,
] sin — sin 2_n sin 2N -1
N N T
-1 N -1 - -
0 sin % sin 2n sin W
. N e
Because of the orthogonality relations
N-1 i nm
—k — =
:;zo cos — k cos Né, ., mn#0,N
Wl omm nm
5_0: sm—&—kcos—N-—k-—O
IN-1
by sinwﬁ?ksin%k = N3, ,
v}
N-F AIN~L
Y 1= Y cos®nk=2N
5 ]
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the inverse matrix is the transpose of the matrix except that two of the columns,
the first and the (N — 1)st, corresponding to the functions 1 and cos mm, have
been divided by 2.

3 1 1 3 0 0
N-1 LT , N1
I cos— cos T -} sin— sin n
N
- 2 -
3 cos 2 cos NN ! 2n i sin — sin 12::
1 COSZN—i?t coa(n————N-})}(va—I)n —% SQBZNI;:In siu(—————-wwN";vl}(Zle)n

Here we have produced the postmultiplier inverse, while in Sec, 15.5 we
produced the premultiplier inverse; they are, of course, the same, but in cach case
it is harder to think about the other inverse. Interchanging the order of the two
matrices gives a different set of orthogonal relations, which, at times, can be useful.

This general approach of using the third method may be illustrated by an
example. Suppose that we wish to estimate the first derivative of the periodic
function at the point t = 0. To be specific, suppose that we examine the case
N = 3. ‘Thecomponentsofthe “ moments™ M are, using 1, cos(n/3}, cos(27/3),
cos nt, sin(z/3M, sin(2x/3)t,

7 2n
0,0,0,0, 35
‘The inverse matrix times the moment vector gives

1 2 2 1 0
1 I -1 -1

——
L B w ]
—
]

__.-—/

0 0
S NE
1 -1 -1 1 /3 -/3}{o -—}-/:—;R
HHf1 -2 2 ~1 0 0 6 I=4 O
S Mt IR NEEVARRVER | I -\éin

11 =1 =1 =3 —ﬁ/ -233} \—\/5:;}

The fast vector is the weight vector; thus the formula is

f'(0) = .,_\,I[%EE B -7 + £ - ¥O)]
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PROBLEMS

31.10.] Using the matrix of the iHustrative example, find a formula for £7(0).
2
31.10.2 Using the matrix, find a formula for estimating f . ) J: £ de dr.

31,11 SOME REMARKS ON THE GENERAL METHOD

In the case of polynomial approximation, it was efficient to use the general matrix
approach. In the case of approximation with a Fourier series, it is not. The
difference is due to the fact that we can find the Fourier expansion of a function
with much less iabor than performing the matrix multiplication to get the weights
(see Sec. 31.5).  Once we have the Fourier coefficients of the function, it is casy to
multiply them by the moments to get the final answer. Thus if we have the Fou-
rier series

a, Nzt - ay N-i
N=— a, Cos — ki + -~ cos nf + b, sin — ki
f=75+ X accos Gkt +tcosat+ ¥ bysing

applying the operator L('), we have
N-1

Lfl=2Lm+ 3 akL(cosikr) + 2 1 (cos )

2 K= N 2

b, L{sin &

— Kt
+ Zr{in k)

o Nt ay Nt
w-émMg“}“kZlakMk'i"—z"MN“E‘J‘zlbkMN.g.k

The reason that we can find the coefficients easily is mainly that the sines
and cosines are orthogonal and can be found independently of each other. Thus
the inverse-matrix approach, while of theoretical interest for Fourier-series
approximation, is not of much practical importance.

It is necessary to point out again a distinction which first arose in Sec, 21.3,
which covers indefinite integration. Whether we make a formula such as

y=[ fedx

exact for f(x) =}, x, 2% ... orfor y = 1, x, x*, ... makes a difference. As was
pointed out in Sec. 21.3, exactness for f(x) = 1, x, x%, ... is the same, for this
formula, as exactness for y = x, x%, x%, ... since the integrals of powers of x are
powers of x one higher. We found it convenient at that time to add the condition
of exactness for ¥ = | and thus restore the equivalence of the two choices.
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For the Fourier-series approach, if we first approximate the integrand and
then integrate, the terms cos kx and sin kx go into each other, but the constant
term 1 goes into x.  Thus the equivalence of approximating the integrand or the
solution by a Fourier series islost.  'We must, therefore, decide before we start on
what part of the problem we are going to approximate by the set of functions we
are using---approximations at various stages of the problem are not necessarily
equivalent. In practiceitis usual to know properties of the input function or the
output function, and hence these are the ones usuvally chosen for the approxima-
tion.

This effect of nonequivalence will be seen again in Chaps. 39 and 40 on
exponential functions where, upon integration, the exponential e** goes into
itself {within a multiplicative constant} exeept a; = 0.
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CONVERGENCE OF FOURIER SERIES

32.1 THE IMPORTANCE OF CONVERGENCE

The rate of convergence of a Fourier series is important for two reasons.  First it
enables us to estimate in advance the sampling rate we will need to use in the
computation to avoid the errors that arise from the inevitable aliasing due to
sampling the function at equally spaced points. As we shall show, this rate can
be reasonably well estimated from the appearance of the function—the singulari-
ties along the real axis control the rate of the convergence, rather than, as in the
polynomial case, the size of the higher-order derivatives, depending on the loca-
tion of the singularities in the complex plane.

Second, we shall examine methods for improving the rate of convergence,
so that either lower sampling rates can be used or a higher accuracy can be obtained
using the same rate. ‘Thus a great deal of machine time can often be saved.
We shall give two approaches to this important topic, one applicable before
numerically finding the Fourier coefficients 4, and B, and the other after they are
found.
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32.2 STRAIGHT-LINE APPROXIMATION

Many times the function we wish to use can be approximated by a sequence of
straight lines. We examine two cases: first the lines are continuous (remember
that the function is periodic and that the two end values are the same point), and
second the function is approximated by a broken straight line. 'We shall suppose
that in the ith interval the function is approximated by (see Fig. 32.2.1)

Fxy=aq,+ Bix  xii<x<x
=12,....,K

FIGURE 3221

/\
i
! 1

t i

-

a,‘=if F(x)coskxdxm- Ef {0 + Bx) cos kx dx

T=T Yxiag

sin kxi* =t sin kx
m;‘;[(awmx) =l - ]

Due to continuity the integrated part drops out, and we get

We have in the first case

Xt -1

cos kx =
ap = - -
k izl ¢ kz Xp ey
1et M, be the maximum of the |f,]. Then
M2K 2M, K

<= a
Similarly for the b,. Thus the series converges like 1/k2.
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In the second case, the broken straight line, the integrated part does not
drop out, and we have convergence like 1/k.

Thus we see that the behavior along the real axis tells us the rate of conver-
gence.  For practical purposes the converse is true; if the coefficients fall off like
1/k, then there are one or more simple discontinuities; if they fall off like 1/k?,
then there are no discontinuities.!

PROBLEMS

Find the rate of convergence of the Fourier series for
0 O<t<rm

3221 F{) = {l a<i<dn

3222 Fiy=t —n<t<T

3223 Fy=1{t —nw<t<w
0 O<t<a

3224 F(¢) = {l a<t<ir

32.3 FUNCTIONS HAVING CONTINUOUS
HIGHER DERIVATIVES

If a function has a continuous first derivative and, except for a finite pumber of
places, a continuous second derivative, then we can proceed as in Sec. 32.2
except that we integrate by parts twice

x x
a = é J'“F(t)cos ktkt= — %{ J-_.F’(t)sin kt dt

the continuity causing, as before, the integrated part to cancel out. Thus the
assumption of straight lines is not essential to the argument of Sec. 32.2. We
again break up the range into picces in which F"(z) is continuous

ay = — f F(t)sin ki dt

rzk =0 Y.y

- f F*(t)cos kt dt
180 tren
M, K
k’ 2K =7

where M, is the maximum of [F"(f}]. We treat by similarly.

) £ =5

t . Raisbeck, Order of Magnitude of Fourier Coefficients, Am. Math. Monthly, vol. 62,
pp. 149154, March, 1935,



530 32 CONVERGENCE OF FOURIER SERIES

If the coefficients fall off like 1/k2, then the Fourier series converges every-
where since
My
kZ

The same pattern clearly applies to functions having continuous mth
derivatives, except at a finite number of points, the coefficients fall off like 1/&™
If it has a continuous mth derivative, the coefficients fall off like 1/k™*! (m an
integer).

|a, cos kt -+ by sinkt] < 4

PROBLEMS

Find the Fourier series for:

ter — t} 0
3231 F(r)m{._f(__‘) 0 t>
3232 F{)y=1—¢t}n* —r i<
32.3.3 F(r}=x(1 — x*) —1=x <]
32.3.4 Discuss the rate of convergence of

YEy=30 - 10+ T 1S

324 IMPROVING THE CONVERGENCE

Given a function to expand in a Fourier series, we examine the discontinuities in
the function and in its derivatives. Suppose, for example, we have the common
case of a discontinuity in the function at the ends of the interval. This disconti-
nuity will control the rate of convergence and make it rather slow. If we were
to subtract the function (see Fig. 32.4.1)
yx)=a+bx

with the value of b picked 5o that the difference between the given function F(x)
and y(x) is continuous at the endpoints, then the convergence of the result would
be more rapid.

y=a+bx

Biscontinuity / Fix)

= *

FIGURE 32.4.1
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Andthisis a general approach. We can subtract simple functions, typically
polynomials but not necessarily only these, so that the difference has as much
smoothness as we wish, and hence the resulting Fourier series will converge as
rapidly as we please—thus minimizing the aliasing troubles that occur due to the
sampling rate used. For this purpose we need some standard functions with
various singularities.

As an example of such a standard function, suppose we have the function

¥{1) = t/2n - <l <R
which has a discontinuity of unit height at t = n. It is casy to see that
W) = —y(~1)

so that the @, = 0. The coeflicients of the sine terms are

1 R 2,700,
by = Ef_ﬂy(t}sm ktdt= - J'o 77 sin kt dt

——ir( cos kt)
_7t2 k 0

= ;576 [(~TDcos nk] =

H L3
] t
+ o= -{c cos kt dt

(=t
kn

Hence

1/, sin2t  sin 3t sin 4t
y(t)=; sint — )

2 3 4
This series converges to y(f) for all values of ¢ except at the discontinuity {f = 7)

where clearly it converges to zero {the average of the two values 1/2 and —~1/2
which are the limit values as { = x or t — — 7 from the origin). See Fig. 32.4.2.

y{n

12

4
R\

~1r

——————————— -2

FIGURE 13242



532 32 CONVERGENCE OF FOURIER SERIES

If we set
tmt' —g4 1t

we transhate the discontinuity to t' = a. In place of the original series we have
(dropping the prime on #) for a function y(f) having a unit jump at t = a

) (___ l)k— 1
¥ = - 2 sin[(kt — ka) + kx]
T k
Ll )" ! & sin(ka - ki)
—_— i — = 4
= Z sin(kt — ka)cos kn = - kg{ T
1 & sinka 2 cos ka
= cos kt — — in kt
n kzx n kgl sin

In this Fourier series the coefficients again fall off as |/k.

if we now consider a function with a finite number M of simple disconti-
wuities and with straight lines between the discontinuities, then if the discontinuity
att = q,;is of size y;, we take the appropriate linear combination of the expansions
{including possibEy an a, term)

y(1) == (h sin ka ‘cos kt— ¥ cos ka; sin kt)
=k
cos kt M sin kt
= - sin ka - cos k
4 J:Zl (2 Yisie ) 7 k};l (i;y, a‘) k

where we have formally interchanged the summation processes,
Similar expansions can easily be found for functions having other types of
discontinuities and need not be given here.

PROBLEMS

32.4.1 Find an expansion for a unit discontinuity in the derivative at f = a.
32.4.2 Do the same as in Prob, 32.4.1 except for the second derivative.

32,5 THE GIBBS PHENOMENON:?

In order to understand better what happens at a discontinuity, we begin with the
special case of a rectangular wave H(¢) of period 2r (see Fig. 32.5.1). If we
compute the partial sum of the first 2n terms, the cosine terms are alf zero, and

we have (in the continuous case)
{ 2 u 1
Hy (1) = 5 z T sm(?_k in

I Much of this is taken from a Bell Telephone Laboratories memorandum by R. G.
Segers.  See also Ref. 33,
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n (e

o pe——

]
|

FIGURE 32.5.1

Gibbs {in 1899) pointed out that the partial sum H,, overshoots the functionby a

certain amount (see Fig. 32.5.2). More precisely

Hz,,(%) —+1.08949 - -- as 1 - 00

Indeed, not only does H,,(f) overshoot the function H{#), but it also tends to
oscillate about H{t), and the oscillations decrease slowly as we move away from

the discontinuity,

H(f

f\ O, /\Hz"(t)

[

FIGURE 32.5.2
The Gibbs phenomenon.

In order to ¢xplain the phenomenon, we write the expansion as

" 4
H, (1) == -1— +-2- E f cos(2k — Dx dx

I

4= f z cos(2k — 1)x dx

dx

It

1

2

1 1 /fsin2nx
2 t fo sin x

where we have used

sin 2nx

2sinx

3 cos(2k — Dx =
k=1

>t
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From this it is clear that the maxima and minima occur (for 0 <t < n) at
the points where the derivative of H,,(f) = 0, namely,

dt % sint
which gives
M

L omm v w5 2..«,2”""‘“
5 m==1,2, i

and that they alternate. The size of these has been computed by Carslaw [7].

What is true for thisspecial function s clearly true for more general functions
since the discontinuity can be regarded as coming from a rectangular wave added
to a smooth function,

32,6 LANCZOS' ¢ FACTORS

As our second approach to improving the convergence, we propose to replace the
rapidly oscillating function H,,{#) by a smoothed function

— n tta/2n

Hu(=={ = Hy(s)ds

T vtwnian
where we have averaged over one complete oscitlation of H,,(1) centered about 1.
We now find the effect of the smoothing.
Using the earlier expansion of the function H,,(1), we get

— n trmiInfy 22 1 B
H, () = ; f‘_ . [5 + - kgl T sin(2k - 1)s] ds
nln 2 n -1 t 3+ 2n
- ‘I_t [ﬂ + ‘J; x§1 (2k - 1)2 COS(zk - I)S l—n/Zn]

1,28 1 snlCh-DE2IL o

Tt R k=1 Ok = Dm2n

If we compare this with H, (1), we find that we now have the extra factor in
the expansion
sin(2k — D{nf2n)
Uaguy = ot
(2k — 1){(n{2n)
for each term in the summation.

The effect of this factor g, is to reduce the limiting value of the maximum
overshoot from 0.08949 to 0.01187 and the first minimum from 0.04859 to
0.00473, etc. Thus the Gibbs phenomenon has been greatly reduced by put-
ting in the ¢ factors which arose from the smoothing of H,,(f) over a short inter-
val of length n/n.
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32.7 THE ¢ FACTORS IN THE GENERAL CASE

We have studied the special case of a rectangular wave; we now show that the
weight factors g, are the same for any Fourier series.
Let f{) (0 <t < 2nm) be integrable, and let

1 2=
a,‘=—f flcosktdt  k=0,1,2,...
ndg
1 X3 B
b,‘=;fo fisinktdt  k=1,2,...
be the Fourier coefficients’

f{D=—= + RX (a,cos kt + b, sin kt} + —2* cos nt

In the previous special case we had frequencies up to 2n; this time we have chosen
those up to # only, and so averaging over the interval (¢ — n/n, t + =/n), we get

=5 f " ds
n {ag2n ol ( sin ks cos ks) ctain g osinns '*"‘f"]
= ] e — by e =
2n {2 n +:g§=:1 Tk Tk Jleem 200 feemm

ag  nlfa T, T , 1:)]
T — e el e k e~
> + 5 {k [sm k(t +n) sin (r -
- ﬁ [cos k(t + E) —COs k(t - E)]}
k n n
e [smne+ ) —sinn(e-7)]
+ -2 |sinnlt+~§ —sinnlt—~
2n n n

n—1 kn b k
m%’-;-%;kﬂ(k 2cosk:sm-;l~+vig 2smktsm~;;£)

a . AR
+ =2 2 cos af sin —
2n n

_% "i‘ sin(krn/n)
2 =1 knfn

(a, cos kt + by sin kt)

£ If we use the conventional form without 172 the last term, the result is the same.
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the last term @, having a zero coefficient. Using the same o factors (notice we
now are using n in place of 2n)

sin{kn/n}

ak(n) = kn / n

we get, as before, the smoothed values
aD -1 .
Fut) = 5+ Y ou{ay cos kt + by sin kr)
k=1

Notice that o,(n) is a function of n and that

sin{un/n) -0
nrin

o) =

Thus 1o smooth the series, we merely apply the o, (n) factors (which taper from
&g = 1t0 g, = 0) to both the sine and cosine terms, The effect of the s factorsis
to greatly smooth the truncated Fourier series.

32.8 A COMPARISON OF CONVERGENCE METHODS

Besides the o-factor method of Lanczos there is the well-known Fejer method of
using the arithmetic means of the partial sums. Fejer’s method completely
eliminates the oscillation, while Lanczos® method greatly dampens it. As a
result, Fejer’s method pays a large price in producing, for finite n, a slow-rise time
for the partial sum near the discontinuity. Fig. 32.8.1 shows the appropriate
comparison of the

Fourier series
Fejer sum
Lanczos o-factor curves

for a 12-term approximation {0 a rectangular wave. The advantages of the o-
factor method are clearly apparent.

Fig. 32.8.2 shows the rapidity with which the o-factor method approaches
the rectangular wave as a function of n. Thus even for moderate n the “rise
time "’ of the curve is very short.
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32.9 LANCZOS' DIFFERENTIATION TECHNIQUE

It is sometimes necessary to differentiate a Fourier series,  But if we do s0, we
usually get what is not wanted in the physical problem, namely, a large high-fre-
quency oscillation.

Lanczos [33] introduced a practical approach, namely, that when we
differentiate a truncated Fourier-series approximation, we use

J(t + nn) — [t ~ n[n)
2nfn

as an estimate of the derivative of f(f) at the point ! (instead of the usual limit
process involved in taking the derivative which has dubious physical significance).
Note that the same 7 appears both in the formula and in the order of the truncated
series

S = ‘—;9 + }: {a, cos kt -+ by sin ki)
k=1

S+ mpn) — [t ~nfn_ f: [ak[cos k(t—-—;“—n) — cos k(t; )]

2nfn K=

+bklsiﬂ k(—’—“t ) — sin k(—-‘——')l}"‘
n 3 2n
= E (--ka,, sin kt + kbk €O3s k‘)ﬂ'k

Thus the same o factors as before, put in the formally differentiated series, give the
appropriate result.

32,10 SUMMARY

We have given two methods for improving the convergence of a Fourier series.
The method of singularities subtracts out the troubles that cause the slow con-
vergence before the series is evaluated. Thus the numerical computation on the
difference has a rapidly converging Fourier series, and the aliasing that arises
from the sampling does not cause serions trouble. The analytical results from
the analytical expansions supply the other coefficients and keep the aliasing from
falling into the lower frequencies.

The second method of o, factors applies to series after they are known and
damps down the Gibbs phenomena at discontinuities. It is chiefly applicable to
analytical expansions, such as those we derived above and used to subtract out the
singularities.
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THE FAST FOURIER TRANSFORM

33.1 THE DIRECT CALCULATION

The Fourier coefficients of a function F(f), and more often the power spectra, are
used in many applications. The coefficients may be found directly from the
formulas

in
ﬂ=§L.ﬂmmknk k=0,1,2,...

}21 .
M=EL Fi)sinktdt  k=1,2,3,...

From Sec. 31.8 we see that the equally spaced, equally weighted samples provide
an excellent way of evaluating these integrals in case they cannot be done in
closed form. They are effectively the Gaussian quadrature formulas and have,
therefore, the corresponding accuracy associated with such formulas.

Another approach to finding the power spectrum of a function is to take the
equally spaced samples (with the consequent aliasing) and fit a finite Fourjer
series to them. A little thought shows that these two, apparently alternate,
approaches are equivalent.
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The problem of aliasing appears more complicated than it is in reality.
Suppose, for example, that the function has a discontinuity at the ends of the
interval. This could be removed by subtracting a straight line, If then we do
the sampling, there will be less aliasing due to the sampling than before because
the series now converges more rapidly.

On the other hand, suppose we sample first and then from the discrete
samples remove the (same) straight line. The numbers we operate upon are the
same in the two cases. How do we reconcile this with the claim that once the
aliasing occurs it cannot be undone? The answer lies in understanding properly
**the aliasing cannot be undone.” Clearly, if we have a frequency above the
folding frequency and then sample, it will appear as if it were in the band, and
we cannot krow that it is not the frequency inside the band. On the other hand,
we may at times do operations that cause further aliasing, and it can happen that
sometimes these operations undo an carlier aliasing—it is simply that without
further information there are aliasings that we cannot know will be undone,

332 INTRODUCTION TO THE FAST
FOURIER TRANSFORM (FFT)

‘The fast Fourier transform was rediscovered and adequately publicized by Cooley
and Tukey,® though it had been discovered a number of times before, and was to
some extent understood in the general literature. The explicit recognition of its
importance is one of the few significant advances in numerical analysis in the
past few decades. Much has been learned about various aspects of computation,
but no other recent discovery has so profoundly affected so many different fields
as has the fast Fourier transform.

For N samples the direct calculation, as indicated in the previous section,
would involve approximately N* multiplications and N? additions. The fast
Fourier transform has, under suitable circumstances, reduced the number of
operations to something like N log N. For N small, say around a hundred or so,
the change is not tremendous, but when N is around 10,000 as it is in many
applications, the effect is to reduce the computing to below 1 percent of the direct
method and to make what were totally impractical computations now a matter of
routing processing,

The fast Fourier transform is still as of 1971 in a state of rapid evolution
with numerous papers appearing cach year. Thus the treatment we give must be
limited to the basics, and cannot be definitive. Before committing oneself to a

L3, W, Cooley and J. W, Tukey, An Algorithm for the Machine Calculation of Complex
Fourier Series, Math. of Comp., vol. 19, pp. 297301, April, 1965,
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farge project using the fast Fourler transform, an examination of the current
literature should be made (probably the IEEE Transactions on Electronic Compu-
ters should be examined first).

333 THE CENTRAL IDEA OF THE
FAST FOURIER TRANSFORM

The fast Fourier transform is based on a method of factoring the transform into
the preduct of two transforms—a product in the sense that one transform follows
the other.  As a result of the factoring, if we have M data points and if M can be
factored into

M = GH
then in place of M? multiplications and additions we get approximately
MG + H)

operations of each type. Repeated applications of the factoring leads to the
following result. If

M =mm, - m,
then we will have approximately
M(my +my + - +m)
operations. In the most favorable case, when M is a power of 2, say 2, we have
M2k)

operations, where k = log, M. Thus we have approximately M log M opera-
tions in place of M2 operations. In other cases, where M has many small factors,
somewhat the same effect of greatly decreasing the number of operations happens.

1t is easiest to demonstrate the way the factorization occurs in terms of
complex notation, where M = GH and the coefficient is given by

Cp = Clk) = - Z F(x e 2rit=s

1 GHEIF( ) ~ 2nikLp/M

using x, = Lp/M(p=0,1,..., M —1). For convenience we set L = I.

The heart of the method is writing the two indices & and p in a suitable way.
Divide k by G to get
k o= k_lG 4 ko



542 33 THE FAST FOURIER TRANSFORM

Similarly divide p by H to get

p=pH +p,
where, of course, kg < G, ky < H, p, < H, and p; < G. With this notation the
formula becomes (the double sum covers the same numbers as the original
single sum)

1
C(k;G"i“ko)ﬂ%p 0 50
920 py=

- _1_wa e-—zm.,po,'oﬂ -inhpm’b'[ Z F( PO )G—inkongG]
GH Po=0 L 0 G GH

where we have used the fact that

H=1 G~
o1 ! (PxH + Po) —2xi(k G +ko)(pr1 M + po)/(GHY
GH

e-" 2xikip = 1

and suppressed those terms.

The square brackets effectively contain the Fourier coefficient of the expan-
sion of 1/H of the samples, phase shifted po/(GH). There are H such sums to be
done, one for cach p,. Let us label these sums

- 2nikopy |G
e(ko po 2 F(G GH)

pL=0

and we have

C(k G + kp) = — Z c(ko PJe — 2nifko/(GH) +ki/H]po
H e
which are the coefficients of a second Fourier expansion, this time of the Ck, , po),
and there are H terms to be evaluated in the sum.
A count of the operations shows that they are proportional to

GH{G+ H)
as claimed.

334 THE FAST FOURIER TRANSFORM IN PRACTICE

At first it was believed that using the factors of 2 as often as possible was the best
way of implementing the fast Fourier transform. Then it was realized that when
there was a pair of factors of 2, it was best handled as a factor of 4, because of the
fact that the values of the trigonometric functions were¢ all Os and 1s. Thusit
was advocated that the ¢ (or H) be taken as 4 whenever possible, and if there was
an odd number of 2s, then only one stage should use a factor of 2. Clearly the
factor of 4 uses only additions and subtractions.
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More recently a radix-8 fast Fourler transform has been recommended.
However, the situation is still in a state of flux and the final word is notin. For
further references see the sources cited below.*

Because of the importance of taking Fourier transforms, the fast Fourier
transform has been implemented in hardware directly in a number of cases, and
is reasonably available. The hardware implementation makes further spectacu-
lar improvements in speed (and cost) of the computation.

315 DANGERS OF THE FOURIER TRANSFORM

The fast Fourier transform calculates (within roundoff) the same quantities as
does the direct method, so that the troubles we shall discuss are not functions of
the fast Fourier transform but rather of the Fourier transform itself.

First, there is the ever present problem of aliasing (Secs. 31.2 and 31.6).

Second, there is the problem of leakage due to the use of a finite length of
record, The effect on a single spike is that it is replaced by a (sin x)/x ripple, and
on a continuous spectrum, a large peak tends to “leak out” into the nearby
parts of the spectrum (see Sec. 34.8),

Finally, there is the picket-fence effect. Each value of the sample spectrum
acts like a spike, and the sum of the (sin x)/x terms, each shifted to its proper place,
gives the spectrum the appearance of a sort of picket-fence effect of equally
spaced ripples. This is noticeable if other than the properly spaced frequencies
are computed.

These effects will not be discussed in the text at greater length because of the
theoretical difficulties involved, We mention them here only as a matter of
caution.

336 FOURIER ANALYSIS USING 12 POINTS

Because the fast Fourier transform is often so obscure when first seen, we give the
classic, closely related 12-point case for the Fourier series. In this example the
reduction is made to follow from the periodicity of the trigonometric functions,
which is in fact what the fast Fourier transform actually uses. Butsinceitisin
the real domain, it may be easier for some to follow—for others because of the
clumsy symbolism it may be harder!

1 G. D. Bergland, A Guided Tour of the Fast Fourier Transform, JEEE Spectrum, July,

1969, pp. 41-52. W. M. Gentleman and G. Sande, Fast Fourier Transforms—For
Fun and Profit, Proc, FICC, 1966, pp. 563-578.
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The special case of 12 points (N = 6) is of interest because it occurs fre-
quently and is easy to do, even by hand! We have

11 1
6a, = ¥ [f(x)cos—kx
r=r) 6

11 T
6b, = Y f(x)sin —kx
x=0 6
1f we break up each sum into the ranges 0 to6 and 7 to 11 in x, and in the second
range put x == 12 — x', we get

[ 5
6a,= ¥ f(x)os-kx + 3 f(12 ~ x')cos = kx’
ey 6 - 6

s 5
6b = 3 f(x)sin= kx — 3 f(12 = x)sin = kx'

x= 6 xe=f 6
This suggests writing

@ fQ) f@ Q) f@ 5 SO
Jan a0 f@ f® fM

Add s(0) 1) (2 s(3) s s(5) s(6)
Subtract 1y 2 (3 4 w5
6a; = i s(x)cos Ech
= 6

6= Y t(x)sinzkx
=1 6
We again break up the range into two parts, this time 0 to 3 and 4 to 6, setting
x = 6 - x' in the second range.

3 n 2 1t
64, = Y. s(x)cos z kx +(=1* Y s(6— x")cos z kx'

x=0 x'=0

3 7t 2 n

6B, = 3 t(x)sin = kx — (~1)* ¥ #(6 ~ x)sin = kx’
= 6 =1 6

This suggests writing

s(0) s() s s (D {2 3

56} 5(5) s(4) 15} 14
Add W) w(D 8@ WD 20) pQ) 20
Subtract {0} ) o2 (1) q(2)
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‘The result, when written out, is
6ap = u(0) + u(1) +u(2) +u(3) = [u(0) + u(3)] + [u(l) +u(2)]
6a,; = o(0) + % o(1} + ~12-v(2) = {v(()) + -;— 0(2)] -+ 3-/2-?-’1:(1)
6a; = u(0) + Hu(1) — u(2)] — u(3) = [u(0) — u(3)] + Hu(L) — u(2)]
6a, = v(0) — v(2)
6a, = u(0) — Ju(1) — $u(2) + u(3) = [u(0) + u(3)] — 3u(t) + u(2)]

6as = o(0) ~ ‘—/23 oL + % o2 = [0(0) + %u(z)] - .,x/; o(1)

6e = (0) = [8(1) = u()] = 4(3) = [u(0) = U] = (1) ~ )]
1

st =20+ 250 050 = [0 +20] L 20

6b; = g [a(1) + 4]

63 = p(D) ~ ()

6b, = ‘éﬂs [g(1) = 2(2)]

6bg = % (1) — \/—2-§ D+pd = [% 1) +p(3)] - -‘-/-23 P

In the process we do less than 60 arithmetic operations, and most of them are
simple additions, This compares favorably with the 6N? = 6> = 216 needed by
the direct method of Sec. 33.1. The programming, of course, is a bit longer to
write, but is very easy since there is no complex logic and since only one difficult
number ,/5,/2 = 0.8660254075 is required, and this only four times. It is
remarkably easy to do by hand.

These general methods can be, and have been, applied in cases other than
N=6.

The central idea in both Secs. 33.3 and 33.6 is to cause the additions to
occur before the multiplications whenever possible.

PROBLEMS

3360 Ifflx)=x{12—x)for x=0,1,..., 11, find, by hand, the Fourier expansion
of f(x).

33.6.2 Do the same for f(x) ”“"{(1) g é: < ;62

33.6.3 Carry out an analysis using the midpoints f,.
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33.7 COSINE EXPANSIONS

If we assume that the function f(x) is periodic of period 2N, then whether we use
x=0,1,...,2N ~ I or the sequence —(N — 1}, -(N—-12),...,0,1,..., N, the
resultisthesame. Nowsupposethat wehave a functiondefinedforx =0, 1, ...,
N and we wish to expand it in a series of cosine terms alone. Let us define
J(=x)=f(x}for x=1,2,..., N— 1. The function f(x) is now an even func-
tion. When we make the Fourler expansion, we find that all the b, = 0, since

N
by = % Y “f(x)sin %E x

x= N

and the sine is an odd function. Thus we have a cosine expansion. The
formulas for the a; can be simplified:

1 3 nk
a4 -«ﬁx:;”if(x)cos—ﬁx

2 N~y k

By defining f(x) io be an odd function, we can get a sine expansion in a
similar fashion.
We also note that if we have a range 0 < x < R, the substitution

R
x=—2—(i+cost)

makes the function periodic in ¢ as well as an even function of t.  This substitu-
tion has a number of advantages in matters of speed of convergence.

PROBLEMS

33.7.1 1If f(x) is defined for the interval 0 < x < =/2, show how the function may be
extended to -7 << x < 7 so that only odd cosine harmonics occur; only even
cosine harmonics.

33.7.2 Discuss in detail the problem of finding a Fourier series in sines only; in odd
{or even) sine harmonics.

33.8 LOCAL FOURIER SERIES

In many problems the phenomena change siowly, and the idea of a **local Fourier
series ™ whose coefficients change slowly with time is quite natural. It is also
natural to center the range about the origin and use the values from — N + [ to N
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rather than from 0 to 2¥ — 1. Thus expanding about the value t, we have the
coefficients

N
am(r)=ﬁzm§+lf(x+t)cos%mx m=0,1,...,N
Bo(t) = if(xn{»t)sinnmx me1,2,...,N=1
" —Nx=--4‘\’+1 N P

It is easy to obtain a(t + 1) and &(t + 1) from a(f) and b(z). For example,
a(t+ D=~ S f(x 41+ Deos % mx
N ze SRy N
Setl+x==x",orx=x"—1,and
1 N+1 n
at+ 1) = «ﬁx&;“f(x’ + f)cos N mix’ — 1)
1

N ) n , .
=% L:_ZNHf(x +t)cosﬁm(x - D+fN+1 +z)cos}.\mrm(N)

—f(=N 14 t)cos%m(—-N}]

-1 { i f(x" + feos s m{x’ — 1)
TN =S N

F{(=1VfIN+L+O)~f(-N+1+ t)}}
Expanding the cosine term, we get
i L m
anlt + 1) = a,(t)cos T + b, {t)sin 7"

+(—:N—”-TU(N-~1+:)-;“(-N+1+:)]

Note that we use fixed {for a given frequency) multipliers cos zm/N and sin nm/N
and add or subtract the two new values in the range.
Similarly for the sine term,

b (t 4+ 1) = ~a.{flsin g m 4 B(fcos g m

PROBLEMS
33.8.1 Derive the formula for b,(¢ 4 1).
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THE FOURIER INTEGRAL : NONPERIODIC
FUNCTIONS

34.1 OUTLINE AND PURPOSE OF CHAPTER

In Chaps. 31 to 33 we approximated periodic functions by linear combinations of
periodic functions—sines and cosines. Periodic functions are fairly rare in
practice, and we now turn to the study of more general functions, functions which
are not necessarily periodic. A very simple example of a nonperiodic function
which is the sum of two periodic functions is

) =cost+ cos(./ ft)

Since 1 and ﬁ are not commensurate, this function cannot repeat itself exactly.
The idea that we can approximate a general {nonperiodic) function by a sum
of pericdic functions (sines and cosines) is no more unreasonable than the
Taylor-series representation of a periodic function by means of nonperiodic
terms, namely I, x, x%, ....
In the Fourier series we used an infinite but countable number of discrete
frequencies to represent a periodic function, In the Fourier integral we shall use
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a noncountable number of frequencies to represent the function, In the formal
definition of the Fourier-integral representation of f{f}

o= :F(a)em* do

we have frequencies ¢ corresponding to all possible real numbers (not just inte-
gers). In practice we will often find that the frequencies are confined to an
interval and that F(o) = 0 outside of the interval. Such a function will be called
band-limited, As an example of a band-limited function, consider the usual hi-fi
system which can transmit aft the frequencies from some fairly low frequency
to some upper limit around 20,000 Hz (cycles per second).!

The purpose of this chapter is to introduce the Fourier integral and a num-
ber of associated results that will enable us to answer questions like:

I What is the effect of sampling at equally spaced points?

2 How can we reconstruct a band-limited function from its samples (the
so-called sampling theorem} so that we can interpolate for the missing
values and use it in the analytic substitution method?

3 'What is the effect of taking a short run of samples from an infinitely Iong
function?

These three questions are typical of those that cannot be intelligently dis-
cussed within the framework of polynomial approximation, and they serve to
peint out some of the advantages of the frequency approach when trying to
understand what is happening in an experiment or a computation.

342 NOTATION

This section and the next are devoted to introducing the notation we shall use.
They do not contain proofs of most of the statements made, and intuitive, but non-
rigorous proofs will be supplied in later sections.?

The continuous Fourier series in the interval — N <1 < N can be written
{Sec. 31.3 in a slightly changed notation)

g d T & ,
De= 4 Y g, co8-—~kt+ Y b, sin-—kt
== ,,Z; i €08 k§=:1 ksin

1 It has been recently decided to use the name of a scientist in place of *cycles per
second,” in analogy with amperes being *' coulombs per second,” and Hertz was so
honored. Some of us consider it unfortunate that they did not choose Steinmetz in-~
stead of Hertz so that we could use his injtials (Charles Proteus Steinmetz).

3 We again refer the reader to Lighthill 37], and Lanczos' books {33-35] for more
details; we cannot supply a course in the Fourier integral in one short chapter.
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where

1 ¥ 7
-k x =0,1,2, ...
a; NLNf(t)cosNta‘: k=0,1,

1 N
bkmEf_Nf(t)sin%tdr k=1,2,...

or it can be written in the complex notation (Sec. 31.4)

Ll
N= £, RN
S s Y G

= o
where
| T,
= ¢ ~ {rij Nkt ’
=g j_Nf( Ye dt
and
ak — ibk
- S—— k>0
5 >
€y = {1, k=0
a, + lbk
LR 0
5 k<

The complex form of the Fourier serics is, as we have already seen, much
easier to handle in theoretical discussions, but of course we still compute with
real numbers, and the complex notation is apt to conceal a great deal of computing.
Since our use of the Fourier integral is mainly for understanding what is going on
in a computation and for formal derivations of results, we shall use the complex
form rather than the equivalent real form.

In the complex form both positive and negative frequencies occur, and this
isapttobotherthe beginner. Thetwo arise formally from the fact that in the real
case we have two functions at each positive frequency, the sine and the cosine, and
we need two functions to maintain the linear independence at each frequency.

34.3 SUMMARY OF RESULTS

This section summarizes the results of the rest of the chapter and in general does
not try to prove things. First, we shall show that corresponding to the Fourier-
series representation of a periodic function there is the Fourier-integral represen-
tation of a general function

0= Ko} do
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where
F(e) = J' (e gt

The guantity F{o) do corresponds, loosely, to the ¢, in the Fourier series.

F{o) is the density function which describes how much a frequency o is
presentin the functionf{f). The density times the interval Aeg gives the amountin
measurable units. The function F{o) is called the transform of f(1). It is cus-
tomary to use capital and lowercase letters to represent the transform and the
original function. The only difference is the change in the sign of the exponent
{change fromito —i)between the formulas for each of the two functions in terms
of the other. 'We will also systematically wse Latin letters in the time domain
{or domain of real measurements) and Greek in the frequency domain,

Second, we must again examine aliasing. The discussion for periodic
functions in Sec. 31.6 was in no way dependent upon the discrete frequencies of the
function being sampled, but referred to the confusion due to the sampling of any
frequency, Thus the results apply to the general function, not just to periodic
functions, and the details need not be repeated here.

This aliasing is the reasont why band-limited functions (functions whose
frequencies all fall in a limited band) play such a leading role in the theory. Pro-
vided the frequencies are limited to the band

-Q <o <

of width 2Q, and provided we sample at an interval At between samples, then we
must have (see Sec. 31.6)

A<

to avoid aliasing, The maximum sampling interval 1/(2Q) is related to the fold-
ing, or Nyquist, frequency shown in Fig. 31.6.1. A common way of expressing
this relation is to say that if we are to avoid aliasing, we must have at least two
samples in the highest frequency present.

Third, the question naturally arises, Can we reconstruct a band-limited
function from its samples if we obey the sampling restriction? While we will
tater (Sec. 34.6) give a somewhat more rigorous proof of the result, we now give an
intuitive argument that it is possible.

In the Lagrange interpolation (Sec. 14.5) we introduced the n{(x} functions
which were used to form (remember the ith factor is omitted)

(%) = {x — > x ~ x) - {x = x,)
ndx) = xd(xg = xg) 0 (= %)
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This expression has the property that it takes on the value 1 at the ith sample point
x;and is 0 at ali the other sample points. It was then used to form an interpolat-
ing polynomial

1(x)
1) = >: e
through the given data.
The function
sin n(t — k)
Ta(t-ky

which for equally spaced data has exactly the same properties, leads to the inter-
polating function
sin n(t — k)

n(t - k)

This is a formal expansion which will pass through all the sample points (&, f(k))
{—w <k < o), and we have ignored convergence questions.

We want to show that this function is band-limited and in particular has
frequencies limited to the band —1/2 <o <1/2. It is easy to see by direct
integration that

=5 1o

12 2adefd L= 2xitf2 :
f ! ez:w: dd‘ o= e € = sin ni
~172 2rit nt

Inthisintegral the function beingintegrated, F{s), is as shownin Fig. 34.3.1 and is
band-limited (—1/2 < ¢ < 1/2).
Thus the function (see Fig. 34.5.2)

sin afk — 1)
mlk - t}
is band-limited to the proper interval, using, as we have, At = 1. Thisresultisthe
essence of the sampling theorem; given the proper equally spaced samples of 2

band-limited function f(1), we can reconstruct the function from the samples by
the above formula for f(1).

Flo

oo

FIGURE 34.3.1 7
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In analogy with the power spectrum of the Fourier-series power spectrum,

the quantity

[F@)}? = F(o)F(o)

is often called the power spectrum of the function f(r). Instead of power spectrum
the simple word spectrum is often used. One can regard a function f{f) as if it
were a light beam being broken up by a prism into a spectrum of colors-—the
Fourier integral breaks up the function into a spectrum of frequencies F(¢). For
a single frequency we often speak of a spectral line. Of course physically a pure
spectral line does not occur, though very narrow lities are often produced by care-
fui laboratory arrangements.

Fourth, as we shall show in Sec. 34.8, the effect of taking a finite-length
sample of the function, in place of the true infinitely long function, is that the in-
dividual spectral lines are broadened in a specific way; and the longer the sample,
the less the broadening.

‘The purpose of the rest of the chapteris to develop a little of the theory of the
Fourier integral in order to give a more adequate presentation of the above results,
We do not intend to become involved in the mathematical rigor since the class of
functions that one is apt to use in computing is restricted to “* well behaved ” and
excludes the pathological functions that are so dear to the hearts of the mathe-
matically inclined.

For those whose skill in manipulating complex numbers is a bit rusty, the
following problems are given for practice. I they cause any trouble, it would be
well to study the topic before going on to the Fouricr-integral theory since it makes
use of them.

PROBLEMS

34.3.1 Prove [e'*| =1 (for real x).

34.3.2 Prove that the addition formulas of trigonometry follow from e’ = '+,
3433 Uifa+ib)=u-+iv, find u, vinterms of a2 and b.

34.3.4 Ifu+iv=_(a-+ )", find u,v. (Watch the sign of the # term.)

34.3.5 I euw= &y, prove that. 3 cwe™ s real.

34.36 If mand k are integers, prove that

™ 2r msk
Amx ., o (KX annn
[ emerras {e m=k

34.3.7 I f(t) = H—wn <1t < =), find the Fourier coefficients in f(t) = R ig '™,

3438 Hfi@t)= f:n F(a)e*™*** do, find the transform of (1), £7(£), ).
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3439 ¥
_H — <
fo) = {0 ¢lsewhere
find F(o).
34.3.10 It
_Je - <<y
Fo) = {D elsewhere
find £(1).

344 THE FOURIER INTEGRAL

The Fourier series for a periodic functionin theinterval — N <t < N was given in
Sec. 34.2, and if we eliminate the coefficients ¢, , we will have, for the complex form

) N 1
. ML= (RINYRE gy | (RENYRE
fo= 3 [ [ fwe d‘]e SN

In order to approach the approximation of a nonperiodic function we will let the
interval getlonger and longer, thatis, let N -» 0. Inthelimit,the function willno
longer be periodic since the interval of periodicity is the whole axis,

For the purpose of following what happens as N — oo we set

1
2—ﬁ='~A0’

and hence

k
'2“]—V=kAO'£a‘

We have therefore
2 [ ¥ Ny, 2nlat’ d‘f] Zm‘ﬂA
1) = ! e 5
HU) kuZ_m f_Nf( Je

Note that as N gets larger and larger the successive terms in the summation get
closer and closer to each other; the exponentials are being packed closer and closer
as N -+ c0. Itis reasonable to suppose that in the limit the summation will go
over into an integral, provided the function f(t) is reasonably well behaved

@ o ,
f(t) =f [J’ f(tr)e-h!c: dlr]e:tniux do
—~m LY~
We now set
F(O') o= j' f(tr)e-—zﬂcf‘ dar
—0
and we have

o= :DF(O')ez""' do
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The function F(o) is said to be the Fourier transform of the function f(2).
The two functions f(t) and F{s) have almost exactly reciprocal relationships to
eachother. Theexceptionisinthe sign oftheexponent,i— —J.  Both functions
contain the same information since each can be uniquely determined from the
other, They present the same information in different forms; f(f) is in the time
domain, and F(o) is in the {(complex) frequency domain. These two alternate,
equivalent, views of the same information account for much of the value of the
Fourier integral representation of the function.

345 SOME TRANSFORM PAIRS

The important relationship between the function f(f) and its Fourier transform
F(o) indicates that a table of the correspondences would be useful, and such tables
have been made [6, 9} We propose to develop only a very few elementary trans-
forms that we will need for further work, and leave the more general results o
books which concentrate on the Fourier integral.

As a first example consider the band-limited function (see Fig. 34.5.1)

1
Fo) = |70 for e} <Q
0 for |6l > Q

I

-~ )

FIGURE 34.5.1

Then, as before,

© ) a
HGES f_ F(o')e2xmr do = élﬁ f.neZvrm de

1 eZﬂld‘t ] eZm’ﬁrm e—Zniﬂt 1
T 20 2mit | 2 2Qnt

_sin 2nQ
T 20
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From this it follows immediately that
= sin 270t .

~-Zxiet dt
~n  27E2

F(o) =

The function
sin2n _ Qu)? (e09t
2t 3! 5

occurs frequently and Fig. 34.5.2 shows how it looks.

fin
ST \ ] -
3 2 1 i 2 34
- 5% 'z“ﬁ\'/“z_n e N

FIGURE 34.5.2

‘The band-limited function sin (Qw{2/20Q21).

We see that there is a main lobe extending from - 1/2(Q) to 1/(2Q2) and that beyond
this the function oscillates with the zeros equaily spaced while the amplitude of the
oscillation slowly decays toward zero. The larger the £, the narrower the spike at

the origin.

As a second illustration of a relationship between Fourier transforms, sup-

pose that we already know a transform pair f(#) and F(¢); that is, we know

f{t) = I:QF(O‘)e“"' do

We ask, * What function f,{t) corresponds to F{c)e®™’?" We have from the

definition
@
fl(!) = J‘ F(a)ehdcrr . eZn:lcr! dﬁ'
= "m F(o)e*™eU+0 dg

Clearly y + t here plays the role of t above, so that
FAGEFICESY

Thus the effect of the exponential multiplier ¢**'” is {o shift the argument of the

transform yunits. This result is often known as the “ shifting theorem.”
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PROBLEMS
34.5.1 Find the transform of

_Hi—1 tf <1
1) = {0 [t =1
34.5.2 Find the transform of
_jr for e =<1
f(‘)—{o for [¢] > 1
34.5.3 Whatarethe transforms of Probs. 34.5.1 and 34.5.2 if the origin is shifted k units 7

34.5.4 Note that the product oy does not change if o ~» ko and y = y/k. Deduce the
*“stretch theorem ™ for Fourier integrals.

346 BAND-LIMITED FUNCTIONS AND
THE SAMPLING THEOREM

In Sec. 34.3 we gave a formal intuitive justification of the sampling theorem. Be-
cause of the importance of this theorem in computing we shall give another, some-
what more mathematical, derivation though it is still not mathematically rigor-
ous with all the pathological details examined carefully.

"The central idea of the sampling theorem is that a band-limited function f(1),
extending from { = — 0 to f == -+ 0, is sampled at equally spaced points with a
spacing such that atleast two samples occur in the highest frequency present.  The
restriction to band-limited functions is very reasonable since many physical situa-
tions are approximately band-limited. However, it is necessary to include a few
words of caution, If /(1) is band-limited, then the mathematical model says that
it cannot be *“ time-limited > in the sense that outside some interval, no matier how
large, f(1) cannot vanish identically. In particular, if the band-limited function
represents an electrical current, then the current must have been flowing for all
past time and will flow for all future time. Correspondingly, if f(1) is time-
limited, then it cannot be band-limited, and there must be arbitrarily high fre-
quencies present. Evidently the mathematical mode! should not be pushed too
hard when applying it to the real world; it is only a very useful approximation to
reality.

Inthe mathematical treatment, the band-limited aspect arises from the effect
of sampling we have called aliasing. If aliasing is to be avoided, then we must
limit ourselves to frequencies inside the Nyquist, or folding, frequency (for equally
spaced data).

To derive the sampling theorem, suppose we are given the function F(6) in
the band ~ £ < o < {and outside theinterval F(o)iszero. We first replaceit by
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Fy(o)

=1

YY) 1] [1] % kit
i3} P(a}
) 0 5} ¢
FIGURE 34.6.1,

{a@) F (o) is periodic. (b} P(o) is the rectangular pulse.

the function F;(s) which coincides with F(s) inside the interval and is periodic out-

side as shown in Fig. 34.6.1.
We have for F{o)

[-<]

Fo)=[ f(e*ds

-

= 1 B
1) = j' F(0)e*™ dg = j F(o)e* ™ dg

-~ -

For F,(0) we have, since it is periodic, the Fourier-series expansion
Fo)= § o
k

=

where
1 o ,
s - {nifih)ke
=50 f_ﬂFl(o'}e do
From the equation for f(2) this is exactly

Now consider P(o) a rectangular pulse (see Fig. 34.6.10)

1
Plo) = {}.Tf—l for J[o]<Q
0 for Joix>Q

By our previous result (Sec. 34.5) the transform of P{¢) is the band-limited

function
sin 2nC)
2n2t

() =
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From the definitions of F, (¢} and P{0) it is clear that the original band-
limited function F(c) is
F(g) = Fi(a)P{0)2Q2
Substituting for F (o), we get

F(cr)-* Z ¢, eIVEPCAAD0)

Using the values of the ¢;, we find
L.-]

F{o) = 2 ( )P(a}e"“"“”“’

We now transform back to the time domain and apply the shifting theorem

f{) = fm F(g)e?™ " dg

=3 f (;;) f P(cr)e""“" et g

_ i f( k) sin 22Q(t + k{20Q)
T’ \2Q) 22001 + k200
Now replace k by —k

sin #(201 — k)
)= n-—me (29) 2201 — &)

and we have the sampling theorem.

At the folding frequency itself we cannot reconstruct the function from the
samples, since if At = 1 and f{1) == sin nt, then ail the samples would be zero and
the sampling theorem would give (£} = 0.

PROBLEMS

J34.6.1 Write the function that is band-limited —1/2 < e << 1/2 and has f(0) = f(1) =
F2) == 1 and all other f(k) = 0.

34.7 THE CONVOLUTION THEOREM

A fundamental relation involving Fourier transforms is known as the convolution
theorem. Suppose that we have two functions f(f} and g(f). The convolution
A1) of F(2) with g(t} is defined as

Mo =] " fs)glt - 5) ds
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Note that for a fixed f we can write t — 5 = &, and the above equation becomes

W =[ -9 ds

Thus the convolution of f(f) with g(1) is the same as the convolution of g{r) with
J.

We now ask, ** What is the Fourier transform of the convolution which we
have labeled A(1)?” By definition, the transform of A(f) is

H(o) = f:h(:)e-=*‘“ dt

Substituting for A(f), we get
H(o) = f J(s)g—3nise Um glt — s~ Anii=sle dt] ds
-t =

=" f(s)e=0G(c) ds
= F(0)G(o)

Thus we have the result: the transform of the convolution of two functions is the
product of their transforms.
‘The above formal derivation proves the result for two time functions, and
Prob. 34.7.1 covers the case of the convolution of two frequency functions.
Frequently the convolution of a function with itself is of interest, We have

W= fOf-9ds
Applying the Fourier transform twice, we get
Wy =[" Fo)e"dg
andforf=0

WO = [~ s (=s)ds = [~ Fi(o)do

PROBLEMS

34.7.1 Prove the formula for the convolution of two frequency functions.
34.7.2 Derive the last formula starting with the frequency functions.
34.7.3 Calculate the convolution of a rectangular pulse of unit area with itself,
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348 THE EFFECT OF A FINITE SAMPLE SIZE

Many time functions /(1) can be regarded as infinitely long signals (in time). Of
necessity we must take a finite length sample.  Thusin astronomy we can observe
a pulsar or a Cepheid variable for a finite length of time only. What does this
limitation do to the original signal? We can regard the limitation as being
equivalent to multiplication by the rectangular pulse

1
20 = ¥ |t <T
0 |tj>T
Thus what we see is not /{f} but rather f,(1), defined as
fil) = pf @27
The Fourier transform is, by the convolation theorem,
sin 22710, — o)
T2l - )

Thus the transform of what we see is the convolution of the true transform F(g)
with the function

F(6) = ZTJ:: Fla,)

sin 2nT(e; — o)
2nT(e; — o)

To understand this, consider the situation in which the signal is a single fre-
quency, aspikeinthe spectrum. Thisspike is convolved with the above function,
and therefore we will see the above function.  This is the usual (sin x)/x function
with the amplitude growing like 2T and the half-width to the nearest zero contract-
inglike 1/27, Hinstead of a single spike in the spectrum we have many lines, each
will be smeared out by the same (sin x)/x, and in the limit of a continuous spectrum
we will get the above convolution integral.  In an optical analogy this smearing
out corresponds to the idea of resolving power—the longer the time signal is ob-
served, the better we can resolve adjacent spectral lines. While it is intuitively
evident that something like this should happen, we have exhibited the actual de-
pendence on T,  Thus we can now understand what happens to a function when
we chop out a piece of it 1o observe closely, and this limits what we can hope to find
out from the sample.

2r
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A SECOND LOOK AT POLYNOMIAL
APPROXIMATION-—FILTERS

35.1 PURPOSE OF CHAPTER

The purpose of this chapter is to look at a number of things we did earlier in Part
II, using the tools we have just developed, so that we may see the results in a
different light. We shall look at only the formulas which used equally spaced
points, since this is an essential part of the Fourler-approximation approach. [t
is more convenient to use the notation

Py = 22T =gt oy = g

than it is to use the sines and cosines.

It is important to notice that since the formulas are Iinear, the result of sub-
stitating €' into a formula is that the complex exponential depending on ¢ will
factor out and leave a fixed multiplier independent of ¢. This is often called
filtering, and the formula is called a filter. The word filter arose in engineering
practice and, like power spectrum, persists in the language even when the method
is applied outside the original field.
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352 ROUNDOFF NOISE

Roundoflis an essential, inescapable effect in scientific computing, and a roundoff
theory was developed in Chap. 10. The use of the difference table there was
justified on the basis of local polynomial approximation.  Let us now ask what
the difference process does to a single complex sinusoid (where for convenience we
have scaled 0, or @, to make At =h = 1)

y(f) = ez:u'at = efmt
We have the linear formula

Ayy=Ypay = Yy = eUTD — gt

hence

Ay s el’wr . eiwil{eiwﬂ.__ ewite;'Z] - [Zl'ﬁiﬂ %]{etmﬂ)efwf
Thus differencing multiplies the function by a factor of size
2sin§ = 2 sin no

See Fig. 35.2.1. The second difference naturally has a factor of size

2
.
(2 sin _f)

12 sin ()1

FIGURE 35.2.1
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and the kth difference has a factor of size
k
(2 sin 5;3) = (2 sin no)*

As a check at ¢ == }/2, which is the Nyquist sampling rate,
y() = =(~1)'

and the kth difference is, as it should be, of size 2*.

t (D' A AT A A4 As A A?

[
-2
i -1 +4
+2 ~8
2 41 i 416
-2 +3 —32
3 —1 +4 —16 +64
+2 ~8 +32 —128
4 41 -4 +16 64
-2 +8 -32
5 —i +4 —16
+2 -8
6 1 -4
-2
7 -1

An examination of the figure shows that at 1/3 the Nyquist sampling rate
the multiplying factor is exactly 1. Thus below 1/3 the Nyquist rate, the process
of repeated differencing (the usual difference table) tends to dampen (decrease the
amplitude of ) the frequency, while above this rate it amplifies the amplitude of the
frequency. We are led, in this fashion, to identify noise with high frequency, and
signal with low frequency, with 1/3 the Nyquist rate being the boundary between
them.

And this is not unreasonable. Roundoff at a point resembles suddenly
adding a small square pulse to the function, and we have already seen that the co-
efficients of a square pulse drop off like 1/n. The difference table will rapidly
amplify the higher frequencies and dampen the lower ones of each roundoff that
occurs.

Thus we see that exactly the same computation, the difference table in this
case, can be seen in a different light when we ask what the process of differencing
does to the various frequencies that may be in the function being differenced.  Al-
though the computing is the same, the roundoff mode} is different and often more
suggestive of physical reality.
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35.3 DERIVATIVES

Let us look at the simple formula for finding a derivative from the differences of a
function. This resembles differencing. We use the central difference formula

ﬂ:ﬁc+l z—kfk—:

and again ask what it does to a single frequency

h = spacing

eZnict - elan‘
At the kth sample point t, = Ak = k (since we are assuming h = 1)

f;; - eiwk
We compute

. ei'o:(k+1) — e!w(k-])

K="

On the other hand, the correct value is

= e!*{j sin w)

j}: = !-we!mk
The ratio of the computed answer to the true answer is
isin we'™ sin o
iwe™ T
From the plot of (sin w)fw in Sec. 34.5 we sce that the difference formula
clearly underestimates all frequencies except w = 0 (which is often called de¢ for
direct current).  As one would expect, when w = #, thatis, when ¢ = 1/2, we get
an estimate of zero for the derivative (o= 1/2 is the folding, or Nyquist, fre-
quency).
Similarly for the second derivative,

v Jury =2+ Loy
TR

we get the estimate

_ﬂ;” — eiwk(e!w ) deog” f"’} — -.-e‘“’"{2{} - COS OJ)}

The correct answer is

ﬁ‘” — mzemx

50 that the ratio of the computed to true is

21 —cosw) sinle)2 [ w? ]""
) = 5 = ) PR
w {ewi2) 24

which again underestimates the quantity except at de. At the folding frequency
the ratio is 4/n%.
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Since, as we already knew, the estimation of derivatives from computed or
tabulated values is dangerous, we usually try to avoid them when possible.

Many times the problem of estimating a derivative can be avoided by proper
analysis. Asanexample, suppose we have data f, and we know that theoretically
J(t) satisfies a second-order differential equation of the form

fT=H(f1)

Using this, we can go from values of /(2) to values of /(1) and can integrate the
Iatter to obtain f'(f). We frequently prefer integration to differentiation, pro-
vided that we are not operating on so long a run of data that a slow, steady driftin
the integration process would ultimately produce a large error.

Numerous other tricks have been found in special cases, but there appears
to be no general theory of when and how derivatives can be avoided.

For differentiation we have, also, Lanczos’ method of differentiation, Sec.
32.9, but this is based on Fourier approximation, not on polynomial approxi-
mation,

354 INTEGRATION--A FIRST LOOK

We will take up a detailed examination of integration along with the treatment of
differential equations in the next chapter, but it is worthwhile to first look at what
the frequency approach tells us about simple formulas such as the composite
trapezoid and midpoint formulas. 'We have for the trapezoid rule the formula

‘%fo +fit+ft o+ ‘1‘%f;

(h == 1) and apain suppose that

.fk " lerick = eiwk

We get immediately

1 . . { — er(u+1)w )
____é_el'w_{__eﬂw_}_,,,‘%ex(n-l)w +_2_rean:= lmeim _E(i_*_e:wn)
B (1 o} e’“’)(i - elnmv)
T2 -6
The true answer is, of course,
f" gt g = S = 1
¢ it
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The ratio of the computed to true is therefore

(1 + e im  e™? 4 ey

2(1 — ™) T gl gz A

cosewflo o w

We see that the error behaves like ?, and for low frequencies the formula is quite
accurate,
For the midpoint formula we get, correspondingly,

.fUZ +_f3,2 goren +f":2n_1”2 = e!m,fZ + eﬂl’m;‘Z v e(ln-—!)!‘miz

= gtol2 1- ef.&m
1—e™
The ratio of computed to true is
P | iew _ w(2
eMlIE LT ielZ gien L1 sinfe/2)
~1+w2+ LA
T 247 5760

which is by now a familiar function. This differs from the trapezoid rule by the
omission of the factor cos{w/2) and already does better at the lower frequencies by
& factor of 2.

35.5 SMOOTHING, AN EXAMPLE OF DESIGN

In the polynomial treatment of formulas we tried to avoid the topics of both dif-
ferentiation and smoothing, though a little of each crept in. Least-squares
smoothing, by fitting a local polynomial and using the value from the polynomial
as the smoothed value, was an example we gave of smoothing. In the simplest
case we fit by a constant value, and found in Sec. 27.7 (Prob. 27.7.2) that this led
to the average value,

For three points we get

Jomy Fh+finn

3 = g, = smoothed value
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What happens to our complex sinusoid? Let

f;‘ — ez:ial
gl el e
G = 3
_ e“""[l + 2 cos co]
= __3._..._

The ratio of smoothed to true is
1+2cosw  sin(3w/2)
3 " 3sin(w/2)

In the spectrum, this factor is
sin?(3w/2)
9 sin*(wf2)

We have already learned that the sampling frequency is directly connected
with the folding frequency in the spectrum. Suppose we have a signal that is
band-limited and has a maximum frequency of 10 Hz. This forces us to 20
samples per second to avoid aliasing.

But suppose that we are interested only in frequencies less than 5 Hz. 'We
dare not sample at 10 Hz, since then the part of the spectrum above 5 Hz would
be aliased down into the interval of interest.

The filter in this section suggests a way of eliminating the upper half of the
spectrum. As the filter stands, it reduces the frequencies by at least a factor of 1/9.

We can do better by following the first filter with a second smoothing filter,
smoothing by 4s,

Gt Guer t haa t Gurs

4 By
Then h, has this effect on e~ = glo!
K
fuk
hy=— (1 + e+ % + &)

lak { _ 8o Glulk+d) 2o _ ,-2is
= 4 1w s Aolorz glaft et

gl F 3D oin 2

4 sin w2

Hence the spectrum is affected in magnitude by

( sin e )2 _{sin 41':0)2
4sinwf2) ~ \dsinzno

which has zerosat o= 14, 12, ...,
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The result of the two filters, the smoothing by 3s followed by smoothing by
4s, is the filter

=ﬁc t 2Uysr vz 3o + 2firat frrs

& 12

and its ability to reject frequencies in the upper half of the spectrum is very good.
See Fig. 35.5.1 where we have plotted the log of the spectrum versus o.

h2log [FY

ye  i4 13 1/2 = folding frequency

(3

-2

. [\

FIGURE 35.5.1 )
Response of the fiter, I

Lo 2err F ez +2fi0at fons
= 12

b

Having smoothed, we can safely drop alternate terms h, , keeping, say, Hx,
and analyze the result without any serious fear of the resulting aliasing (the folding
frequency is now at 5 Hz) unless there was a very large amount of * power ” in the
upper half of the spectrum compared to that in the lower half. When we finally
use the resuilts, we must make due allowance for the effect of filtering on the
frequencies up to 5 Hz. Thus the filtering action of the filters allows us to sub-
sample the function without having aliasing troubles. The accuracy for frequen-
cies between 1/3 and 1/2 of the original folding frequency is not very good.
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It is easy to compute the effect of smoothing by averaging m consecutive
values, namely
sin(nmo)
msin(na)

35.6 LEAST-SQUARES SMOOTHING

In Sec. 27.7 we examined the smoothing of data by passing a least-squares quad-
ratic through five points, and then using the value of the quadratic as the smoothed
value at the midpoint. This resuited in the smoothing formula

_ =3y 12y 1Ty 4 129, = 3y,
d 3

or

Using the usval substitution of
Yo e
we find in the frequency domain

17 + 24 cos w — 6 cos 2w
35

Gw) ==

In the spectrum we would, of course, use the squares of the tabled values of G(w)
(Table 35.6).

If we smoothed more drastically by fitting a constant, then we would have
the least-squares smoothing by 5s. These two curves are shown in Fig. 35.6.1,
along with a curve from the next section on Chebyshev smoothing.

Table 35.6
w Glw)
0 1.000
wi6 0,995
2ni6 0.915
3n/6 0.658
47/6 0.228
Sn/6 —~(.194

6m/6 -0.371
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FIGURE 35.6.1
Least-squares filters using five points.
PROBLEMS

35.6.1 Plot the curve for smoothing by 3s on Fig. 35.6.1. Discuss the results,

357 CHEBYSHEV SMOOTHING

After examining least-squares smoothing on 5 peoints {~2, —1,0, 1, 2) from the
frequency point of view, it is natural to ask the same question about Chebyshev
smoothing. What does it do to the signal? We proceed as follows:

1 Find the quartic through the 5 points. To do this, assume that the
quartic is

¥x) = a + bx + cx® + dx* + ex*
and impose the five conditions. We easily see that
a=¥y
c=gq(—y_ + 16y_; — 30y, + 16y, ~ y,)
e=gly_y — 4y + 6y — 4y + 2)
2 We next observe that the particular quartic
T(x) = 2x* ~ 8x% + 3
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is equal-ripple at the sample points since

T(~2) =3
T(~1) = =3
TO) =3
T() = -3
TR) =3

From the quartic fitting of the data we subtract a suitable multiple of
T(x), so that we have a cubic

909 = (x) ~ 5 T(3) = cubicin x
and therefore we have a Chebyshev fit to the data. The smoothed result
is

g0)=a~— —; T(0) = smoothed value
1
=1 (=y-2+4y-y + Wyo + 4y~ 32)

1
=yo — = Aty
Yo 16 V-2
In the smoothing formula we put y, = ¢ to get the effect on the fre.
quencies, the * transfer function”
1
-§(5+4c05w-cos2w)

To find the zeros of this function wesetcosw =2z
5442222 =1 =0

22 m22~3=0
(z+ Iz~ 3)=0
z= 1,3

Only 7 == cos w = 1 leads to real frequencics, and thisis w = .
We tabulate the transfer function (Table 35.7)

Table 35.7

Transfer

o function
0 1.0000
16 0.9955
26 0.9375
In/6 0.7500
41/6 04375
Swf6 0.1295

6rf6 0.0000
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and plot it on the chart with the least-squares smoothing functions for
comparison purposes.

The comparisons of the smoothing formulas as shown in Fig. 35.6.1 speak
for themselves.

PROBLEMS

35.7.1 Discuss smoothing by the family of formulas g, = y» + aA%y,..2

35,8 THE FOURIER INTEGRAL

‘We have derived a number of expressions for the ratio of the computed to the true
value for a sinusoid of a given frequency.  Since the frequency was arbitrary, we
have, in effect, the resuit for ali frequencies. Thus we arein a position to apply
the Fourier integral.

Suppose the function to which we wish to apply the formula has the Fourier
transform

) = j: Fla)e™ dg

Thus F{o) gives the amplitude of the frequency ¢.  Let the ratio of the calculated
to true values be labeled

G{o)
Then the resuit of amplitude Fio) is
F{)G(o)

and we have that the output, or computed value for f{f), is
Jo = [ Fo)Go)e™ do
-

The process then is: given the function (1), we find the transform F(s) and
then transform back the product F{o)G(o) to get the effect of the formula, where
G{c} is the ratio we have been computing.
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359 SUMMARY

In summary, we have looked at a number of formulas in Part II that we first found
by polynomial approximation. Ineach case the frequency approach to the same
formula has given new understanding of what the formula does. 1t is important
to realize that the errors in polynomial approximation are usually expressed in
terms of high-order derivatives which are very rarely available before the com-
putation, and often not even during the computation (consider, for example,
Gaussian guadrature). Fourier approximation, on the other hand, uses frequen-
cies which can often be estimated from the physical source of the problem, They
can also be estimated from the rate of convergence of the Fourier representation
of the function, which is controlled by the singularities of the function along the
real axis where the measurements are made. The size of the derivatives in the
polynomialcase are controlled by the singularities in the complex part of the plane,
where there are no measurements and little intuition to be used. Furthermore,
the step size used in the computation can be related to the frequencies present in
the problemitself. Thus the Fourier approach lives up to the motto of the book,
The Purpose of Computing Is Insight, Not Numbers.
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*INTEGRALS AND DIFFERENTIAL EQUATIONS

36.1 INTRODUCTION

Now that we have developed suitable tools, we can look more closely at the im-
portant computing problems of integration and the numerical solution of ordinary
differential equations. The main new tool we have is the Fourier integral. Itis
important to notice that in the polynomial case we rated a formula by being exactly
true, within roundoff, for 1, x, x2, ..., ™! and measured the error by the next
power E,,.  Similarly, in the Fourier series we made the formula exact for a finite
sequence of functions 1, cos x, sin x, ..., cos{n - Dx, sin(n — Dx, cos nx. But
with the Fourier integral we look at the error as a function of the noncountable
number of frequencies in the Nyquist interval, and we have been plotting the ratio
of the computed result to the true answer as a function of the (continuous)
frequency o {or w).

For a while we will use this new method of evaluating old formulas, and
variants of the method, but any new method of evaluation gradually brings new
methods of design. These we will look at only briefly.

There is a second important idea that we have to discuss. ¥t goes under the
fancy names of recursive and nonrecursive filter design. The difference is simple.
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In a nonrecursive design only the function (input) values arc used, while for a
recursive design both input and output can be used (which means a feedback leop
and possible instability). Clearly, we have used a recursive design in the past
when we studied integration because there we used both the integrand and the
solution values to predict the next value. And in any case the distinction is not
all that clear. In Sec. 35.4 we analyzed the trapezoid rule as a nonrecursive for-
mula, and in the next section we will analyze it as a recursive formula., Because
recursive formulas use more information, generally they give better results—but
because of feedback they also require more care in their design.

36,2 SIMPLE RECURSIVE INTEGRATION FORMULAS

The trapezoid rule may be looked at as an open-loop nonrecursive formula, as we
did in Sec. 35.4, or else as a recursive formula in the form

h
yn+1=yn+§m+ﬁ|+1] Sﬁthml
We set
f;‘=A1€’mk
Vi= Age™*

where A, is the input amplitude and 4, is the output amplitude. We get

Ag(e™® = 1) m -g{ €™+ 1)

Hence
Ay 1 +1 1 cos(w(2)

A 2e% 17 2isin(wf2)

The true ratio is 1/(iw); hence the ratio of the computed to true answers is, as be-
fore,

Zootm
22

Similarly, for the midpoint formula the recursive form is

Yar1 =Vt for1pz
We get
Ao(e™® — 1) = Ay etoi?
A1 1
A, e eTRR T Bisin(w/2)
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and the usual ratio of computed (ratio) to true (ratio} is
wf2
sin{w/2)

For these two cases the recursive form is easier to handle in the analyses of what
they do.

Let us pause to comment of this method in more detail so that we will be clear
about what we are doing and what we are getting from the method. Suppose we
were operating on a real sinusoid A4 sin 2rot.  If we were to measure the quality
of the formula by the size of the error itself, then we would need to know whether
A = lor A = 1,000 before stating how serious an error reallyis. Itis much more
reasonable to measure, as we have done repeatedly in the book, the relative error
rather than the absolute error. But as we have noted in the past, near a zero the
relative error is very misleading. However, when we use the complex sinusoid
Ae?™** as we do, for real & and ¢, the modulus of the complex sinusoid is fixed in
size

iAeZni‘cri = !A]
and there are no zeros; hence the relative error now provides a very satisfactory
measure of accuracy.

We have been cavalier about the phase angle. 'We can always suppose that
it is incorporated into the factor 4, and for our current method of taking the ratio
of the output amplitude to the input amplitude, we need only worry about the
relative phase of one to the other.  This relative phase cannot be neglected in the
general case, although it is often zero in important special cases.

36.3 THE TRANSFER-FUNCTION APPROACH
TO INTEGRATION FORMULAS

In Chap. 21 we used a general approach to a class of formulas for computing in-
definite integrals. The basic formula for integration was

Vut1=QoYn T AYnog Ty Yaz FH(boyyisy Fhoya + biyny Fbayn-2)
where the yj are the integrand values and the y; are the computed answers to the
problem of computing

t
¥ =90+ [ Y d
We propose toreexamine these formulasin the light of our present approach.
Suppose, again, that the integrand (the input} is a pure sinusoid

V()= A wm 4,6 w=2no
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where the subscript I refers to input. The true answer is

A i4y
1) == o gl C o p(0) 4 i
1) e+ C y0) + =~

Since the basic integrated formula is linear, we expect the computed values (the
output) to have the same frequency, but perhaps a different phase and amplitude.
Let A, be the output amplitude, where we allow A, to be complex in order to in-
¢lude the phase angle. Thus we can assume that the computed y(t), except for
roundoff, are of the form

Wiy = dge™*

We now put these two functions into the basic formula and solve for the
ratio dgfAd;:

:22 3 h(b...] + boe—lwh+ bie—lfwh+ bze—Sicuh)

A; 1—gge™ioh — g o2k g, pm 3wk
This ratio we call the transfer function. I is the multiplicative factor by which an
input function at frequency e is transformed to obtain the output function at the
same frequency. This idea of a transfer function is a more formal statement of
what we did frequently in earlier chapters when we examined what happened to a
single frequency.
Using this, let us examine the special case of Simpson’s formula:

k ' ’ r
Vntt = Yooy +§(ym + 4y, + Yooy}

Here we have for our basic formula
ag=0 a, = ay =0
b, =113 by = 4/3 by =13 by =0

and the transfer function is

Ao B(1 4 4e™ 5P 4 720k ~ikcos wh + 2
Ar i—e TN T 3 sinmh

which again has exactly the correct phase (the factor ~1) for all & and for small
wh has an amplitude like 1/w.
Next, let us consider the three-eighths rule. The transfer function is

3h1 4 3gm ok 4 3 2wk ) g dimh _) 3k cos(3whi2) + 3 cos(whi2)
k3 [ ¢ vk B Sin(3wh)2)
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In order to standardize these formulas, we use the ratio of the computed to
the true answer and scale w so that =1, We have as results:

Trapezoid rule: H, () = %’ cot%
. , w2 +cosw
Simpson’s formula:  H,{w) = -~ ————
3 sinw

3w cos(3w/2) + 3 cos(w/2)
) sin(3w/2)

Three-eighths rule: Hy(w

These three formulas are plotted in Fig. 36.3.1.  We have used the log,, of
the square of the ratio as the measure, since being twice too large is about as serious
as being twice too small, and this makes logarithms the natural scaletouse. We
have shown these formulas plotted against both ¢ == /{2x)and the sampling rate.
It is easy to see that Simpson’s formula is the best of the three (for reasonably high
sampling rates) as far as the size of the error is concerned.  Thetablein Fig. 36.3.1
shows some values which are too small to read conveniently from the graph but
which are important for applications.

Figure 36.3.1 also shows the curve for the formula

Vot = Yog -+ B(0.358437 -+ 12832y + 03584y _ )

The coefficients were determined experimentally by Leo Tick so that in theinterval
0 < w < n/2 the error would be equal-ripple {Chebyshev) and also exact for
w =0 (de}. Tick clearly used twice the Nyquist sampling rate. This formula
will be discussed in more detail in Sec. 36.7.

The significance of the trapezoid rule going down while Simpson’s formula
goes up requires some explanation. Simpson's formula increases the amplitude
of the higher frequencies whereas the trapezoid tends to smother them.  Although
not enough is actually known about roundofT effects, we know that sudden jumps
in a function due to roundoff tend to produce some high frequencies; hence
Simpson’s formula amplifies these whereas the trapezoid rule tends to smother
them.

if we examine Simpson’s formula as a function of the sampling rate, we see
that at 5 samples per cycle the error per step is about 1.5 percent, which would
almost always be too big. At 7 samples per cycle we approach crude but some-
times useful accuracy, and at 10 samples per cycle we are committing an error of
less than | part per 1,000, which in many cases is good enough.
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So far we have, in principle, been examining a single frequency @ = 2no.
Suppose that we have a general function {input)

m
) = f F(0)e*™"** do
-
Each term ™7 is transformed by the transfer function

Gle) = G2ro) = Gy(o)
and we obtain for the output

0= | FG@e" do

We have on the right-hand side the transform of a product, and applying the con-
volution theorem (Sec. 34.7), we have

£y =i 5y ds

“Thus, the transform g,{1} of the transfer function G,{o) convolved with the input
function f;(1} gives the output function fi{1).

The transfer function G,{¢) contains ali the information about the formula
and in a sense is equivalent to the formula of integration being used.

PROBLEMS

36.3.1 Discuss the conditions necessary for an integration formula {0 have exactly the
right phase (—{).

364 GENERAL INTEGRATION FORMULAS

The transfer-function approach gave the exact phase for the three formulas ex-
amined in Sec. 36.3 as well as those examined earlier. When we examine the
general form in the cases listed in Table 21.7 (Sec. 21.7), matters do not go so
smoothly. For example, using the Adams-Bashforth method, we get (for h = 1}

94 lge—lw - Se-zrw 3 e-—:ﬂax .(9eim,f2 + Ige-tm,'z — Sewliiw,fl + e—s:m,rz)
1 — -1 = 8 sin(e)2)

and the numerator is not purely imaginary since the imaginary part of the paren-~
theses is for small w,

, © . @ . 3w 5w s
(9sm5—~19sm—j—+5smw§-—sm-2-)~w

The real part of the parentheses is

co w 3w Sw
(9cos~i+ 19c05m2--5cos~é-+cos—£-) ~ 24
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so that the deviation from a purely imaginary transfer number is quite smali for
small @.

TFhis incorrect phase should not be taken too seriously. While both the
amplitude and phase can be studied separately, we are concerned with the failure
to have the value 1, and so we now consider

which gives a good single measure of the error.  The ratio we used before—
|wAo/Ay|—-can be close to 1 and still have a large phase error; this did not occur
in the cases studied previously, since the phase was exactly correct.

Figure 36.4.1 shows this guantity as a function of frequency.

Table 36.4 gives the values of the quantity for the usual range of sampling
used. An examination of the table shows that of the stable methods (which ex-
cludes Simpson’s) the two-thirds has the least error for low and moderate sampling
rates.

1 In some problems, such as in many acoustical ones, phase errors are of minor impor-
tance; in some problems such as in the estimation of cospectra, they ¢an be of prime

impeortance.
Table 36.4 fwdy _ FOR VARIOUS INTEGRATION METHODS
A
i
Sampling . Adams- : Three-
rate Angle  Trapezoid  pygprory,  SIOPSOR opimg

25.00 0.08z 527x107% 105 xi0°% 223 x10-% 5.06 x {g-?
16.67 Gi27 119 x 10-* 529 x 10"* 1.14x10-¢ 26! x10-*
12.50 0167 211 x107% 166 x 1072  3.66 x 10-¢ 849 x 10-4
10.00 G20 331 %107 4.02x107% 9.08x10°% 215%x 1073
8.33 0247 478 x 107* 825 x107% 192 x[0°% 467 x10-°
7.14 0287 653 x 1077 151 x10"* 3.66x10-? 8.16x10-3
6.25 032 857 x 1077 254 x 1077 644 x 1073 168 x 1077

f:t‘;“’“”g Angle One-third  One-half Two-thirds S

25.00 0087 505x%10°% S500x10°% 344xI0-% 128x10-*
16.67 012 2603 10°* 2355x10"* 176 x10-% 624 x10-4
12.50 0.167 839 x107* 810X 10-* 566 x10°* 1.88x[0~?
10,00 020 211 x107% 200x16°% 141 x10"* 434 xi0-3

8.33 0247 453 x 1077 418x107% 3.02x10°* 851 xi0-3
7.14 0287 8.75x 1073 7.85x10°% 578 x 107 149 xi0-*
6.25 0327 157 x 1072 136 x10°* 103 x10-* 241 xj0-?
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36.5 DIFFERENTIAL EQUATIONS

As we have observed before, there is an essential difference between computing an
indefinite integral and solving an ordinary differential equation.  For the purpose
of clarity, suppose that the differential equation is

y'= Ay +f1)
and the indefinite integral is

¥ =f{)
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We have for the integral the schematic diagram

=[]0
50 [ |20

A

and for the differential equation

where we have a feedback loop, and need to worry even more about stability.

This difference makes a different approach more suitable, although the
transfer-function approach can be used if desired. We shall use the approach of
studying the size of the error in a step, rather than the ratio of output toinput, since
it is usually of more interest for differential equations. We are, in fact, giving
different answers to the question of What accuracy ? since different situations re-
quire the accuracy criterion to be applied in different ways.

We adopt the general form for integration that we have been using all along,
which looks the same, as far as notation is concerned, as in Secs. 36.3 and 36.4,
but is different in mezaning since the ¥’ values now come from the y values via the
differential equation:

Yat1 =80 Vn+ a1 Vaoy + 82 Yamz2 (B Ype1 F Do yn + biyaay +bry-2)

In order to study the frequency response of this formula, we substitute the

function
y(I) - ezm'ﬂ - elw: = e
and compute the error as a function of frequency.

G(O’) - G;((Q) . eiw(!+h) " acerm - alem(r—h) - azefm(r—lh)
— hiw(bleiw(:-l-h) e bO e!mt + bleimr(r—-h) + bz e!m(r—zh))
GleNl =11 —a, ewiwh - g e-—zmn _aze-:ﬂwh
i i 1

e iho{B g + Boe™ 9 4 e~ 2ok o b, o= Rk
If now we use a general function
Y =f) = [ Flo)e* it do

we find that the error is

RUW] = | j F(o)G(o)e?™ do
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Using the convolution theorem, we get

RUOY = [~ e =)ds = [ _gte ~sipts) ds

In this form the error may be compared with the error form of Chap. 16. Inpar-
ticular, we had

B
RIfW) = [ f™)G(s) ds
4
where G(s) was the influence function and was composed of terms of the form
(xy — )4
We again see a significant difference between the two theories: The polynomial
approach leads us to express the error as an integral of the mth derivative of the
function times an influence function, whereas the Fourier-integral approach leads
us 10 use the function itself or, alternatively, its transform rather than the mth
derivative and of course a different influence function. However, this last form

is deceptive; if the function g{f — 5) is examined closely, then it is seen to be merely
the original formula in disguise.

36,6 CHEBYSHEV DESIGN OF INTEGRATION
FORMULAS: THEORY

The availability of a method of ¢valuation leads sooner or later to a new method of
design. So many different possibilities arise in practice that we cannot hope to
cover them all; rather we shall content ourselves with sketching an approach to
Chebyshev design, as this type is becoming increasingly important. One of the
aims of this book has been to gradually bring the reader to the position where he
is able to use the principles given in the text to design his own formulas, and we
believe that this point has now been reached.

Suppose, then, that we wish to design a method for integrating differential
¢quations such that the error in the frequency domain has a Chebyshev form
rather than the form that we have had so far—very good at the origin and in-
creasingly poor as the frequency increases. For some purposes the Chebyshev
error form is clearly preferable to the power-series error form.

We begin by transforming our range of {requencies in @ so that they lie
between — 1 and -+ 1;hence we can now use the standard Chebyshev polynomials.
If we adopt the general form of the previous section, we are led to the G function
for the error at frequency
G(O‘) = g!m(!ﬂl) - aO etwt —— alerw{l—h) -y e!m(t-—zk}

- ih(b_le!m(uh) o+ bo e:’mt + bleim(r-k) + bzeim(rnzr:))
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We now recall the observation that if we wish to have the error in the form of
a Chebyshev polynomial, then we should consider getting the whole expression
in Chebyshev polynomials. For this we will need to express ¢™* in terms of
Chebyshev polynomials. A search of Watson's * Bessel Functions ™ [62] reveals
the generating function

Qe 3y )

B =00

for the Bessel functions J {z). Sett = ie" and use the obvious relation (from the
generating function)
Joa2) = (= 1)V (2)
which is the same as
7 (=it z)
to get

eiz cosd JO(Z) +2 Z i"_]"(z) cos n
n=1

We set cos § = w, and we have the desired expansion of ¢/ in terms of Chebyshev
polynomials

-]
€ =Ty +2 Y (DT (w) -l<w<l
n=1

In G(o) we factor out the term ™', and we have

iG(G’)] - ;erwh -y — ale-imh - azemzmh

— theoo(b_ €™ + by + Bie” o 4 b, e~ 20Ny

Using the expansion of the exponential with z =k, 0, —h, —2h, in turn, and the
appropriate identities involving Ty{e), we can arrange everything in an expansion
in Chebyshev polynomials with complex coeflicients (involving Bessel functions).

If we now start equating coefficients to zero, we get one equation for each
complex coefficient, and we could proceed as far as we wished, but we would have
to save a parameter or two for stability and other desirable properties. The result
would be an error curve that did not pass through zero at zero {dc) frequency, and
this would probably, though not always, cause us some embarrassment ; the simple
equation

y =0 O =A#0

would have a solution that was not a constant.
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To remedy this defect, we start by requiring that zero frequency fit exactly,
that is, require that

t=ag+ag+a,

We then begin equating coefficients to zero.  Thus we are sure that (within round-
off}dc is computed correctly. Note that if we keep the same frequency band and
change the sampling rate by changing &, then alf the coefficients change, rather
than a factor & merely changing as in the polynomial case.

Thus we see the main outlines of the Chebyshev appreach. We see how to
find the desired formula, provided we are willing to do some work to obtain it.
And this is true over a wide range of formulas—the general approach frequently
works provided we do some hard work to obtain it, and at times use a little im-
agination to overcome a few messy spots. The art of finding formulas has been
practically reduced to a science; the methods developed so far suffice to provide
more formaulas than there is room to list in a book many times thicker than this
one, since there are many combinations of ideas that can be used in different cir-
cumstances. Itis hoped that the reader will now feel that he can, with some labor,
design formulas to fit the situation rather than force the situation to fit the classical
formulas.

36.7 SOME DETAILS OF CHEBYSHEY DESIGN

Since the Chebyshev design methods are not readily available in the literature, we
indicate some of the details for integration formulas. Letthe integration formula
be of the standard form

Yuss =AoVn+ Ay Yuey Qg Ppa FRE Yper FhoYn+ b ¥y +bayi-2)
We assume, as in the Fourier approach, that
y()y =e'"
feor

and using the Chebyshev expansion of €', we have

Y0 = 1ot + 2 £ 10T, @)

The derivative is

Y0 =Jot) +2 i PILOT (@)
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‘We now substitute these two expressions into our basic integration formula, using
the appropriate values of t, namely, f = £, 0, —A, —2A, and factor out the term
e'“"  We get immediately

Jo(h) + 23 10,00T (@) = a0Jo(0)
+ a4l +2 5 P (=T (@)]
+a, [Jo(-Zh) 28 r ,,(—Zh)T,,(w)]

+bosh [J;,(h) + 2; i ;,(h)T,,(w)]
+ boh[211(0)T ()}

+ blh{.la(— B + 2'2!:'%:( -h}T,,(w)}
+b, h[Ja(—Zh) +2 f;lsv;(—ahn;,(w)]

We now rearrange this to have the form of an expansion in Chebyshev poly-
nomials, and we equate coefficients of T, [since the T,(e) are linearly independent}

To{w):
Jo(h) = ag + aJo(h) + ap Jo(2h) + h[b_ . Jo(h) — byJolh) — by J5(2h)]
2i
Ji(hy = ~ayJi(h) = ay J,(2h) + h[b_(J (k) + bo T {(0) + byJ{(H) + by J{(2R)]
Ta),
20"
Ji(h) = (= DMa Ji(h) + a3 JQ20)] + b Jih) — (~1)by Ti(h)
~{(=1)*b, Ji(2h)]
As a first (and degenerate) case, consider the equivalent of the trapezoid rule;

that is, set a4, = a; = b, = b, =0. We shall also require that the formula be
exact for y = | {the dc case), which amounts to setting

ao i I
We now take the coeficients of Ty(w) and Ty{w)
Joh) = 1 + hb_, J(n)
Jih) = kb, J3{(n) + bo J1(0)]
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From these we get [where J3(h) = — J,(A)]

_1-J1®
YA
By =2 J ()~ 2:1)_1;;(;.)

as the coefficients of the integration formula.
In order to understand (and check) these equations, we examine what hap-
pens as k approaches zero.  We know [62] that

1 (T, (z/2)? (z/2)*
D=0 (5.) [l I L YT v

/2 .. ]
T 3M(n + D(n +2)(n + 3)
In particular

P

Joll) =1 =4

E B K
G ERTAS i
hz h‘ h6
T =5 -5t 355~

Henceas h -0,

h2f4...h4/64+...~ i -h2/16 .__’1

B2 —B416 4 -0 2} —hz,IS) 3
BB — 26 hG - 316+ 1
- . -

At first it may seem surprising that the two coefficients b_; and b, are not
equal, but a little thought shows that there was nothing else to be expected. The
difficulty lies in the fact that we made the error curve go through zero at @ = O and
thentried to make the dominant term in the error expansion proportional to T3 (e),
which clearly does not have a zero at @ = . The case is really too trivial to be
meaningful.

The next case uses two old values of the function and the derivative, setting
only @y = b, =0. In this casc we save one¢ parameter for stability. Thus we
have the equations

by

bo

dc: 1=ay+ay

To(w):  Jo(h} = ao + ayJo(h) + h{b_.,Jo(h) — b,Jo(h)]

Tw):  J{h)= —ayJ (b} -+ hlb. Ji(h) + bo J3(0) + by J1(h)}
Tolw):  Ja(h) = a,Jo(h) + h{b_,J5(h) ~ b, J5(h)]
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Eliminating a,, we can write the second egquation as
0=(1—Jo)(l —ay) +hJo(by — b))
and the fourth equation as

= e Jo(l—a)) + RI5(b o — b))
From these we see that

ay =
bhoy=b

and we are on the edge of stability. From the first equation
ag =0

The formaula is, therefore, of the form
Vait = Y1t 5i(Vass + ¥a-1) + boyn
The third equation is now {where we use the fact that J{(0) = 1/2}
hb,

20y = 2y + =

As h -0, this approaches
2By + by =2

as it should since for a straight line (dc) it is correct and it includes Simpson’s for-
mula.

This result brings us back to Tick’s method mentioned earlier in Sec. 34.6
Tick asked himself the question, * What integration formula should I useif I want
the error curve in the frequency domain to be as smail as possible over the lower
half of the Nyquistinterval?” He added the condition that the formula be exact

if y* = constant or (what is the same thing) if y(x) is a straight line. Thus he re-
quired the symmetric formula to be of the form

Yne1 = Fp1 T (B yynss + Boyn + 10 0)
and to satisfy
2 = bg "f“ 2b1

He then proceeded to use a computer to compute the error curve for various
choices of the parameter by. By a sequence of trials he came to the value

by = 1.2832

and the formula we analyzed in Sec. 36.3.
By our analytical method we use both

3
2, = 2kb_ Ty + 3’32
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and the condition Tick used, namely
2= bg + 261
to get

O
TR = 1

Tick used half the Nyquist interval, that is, 4 samples per cycle, or what is the same
thing & = 72, For this value of A

by == 0.35785 -+

Compared to Tick's empirical result of b = 0.3584 (difference = 0.00035) this
is very good since we have not done the final leveling of the Chebyshev error curve
as he did. On the other hand, we have a result for all step sizes, or what is the
same thing, for all fractions of the whole Nyquist interval.

36.8 SUMMARY

Inthis chapter we have examined a number of integration formulas from the point
of view of what they do to all the different frequencies. In practice it is often
possible to connect such information with the physical problem. Thus, before an
integration is begun, the proposer often has some idea of the frequency content of
the solution that he thinks is important, and after the problem is done, he can
relate the step size used to the highest frequency that is present to any large extent
in the solution. Of course there are problems in which the frequency content has
no physical meaning and this approach is not relevant.

From the new method of looking at the characteristics of a formula we have
passed to one type of formula design, namely the requirement that the error curve
in the frequency domain be exactly zero at de and have a Chebyshev characteristic
in some subpart of the total Nyquistinterval. This is a very natural requirement
in many applications.
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*DESIGN OF DIGITAL FILTERS

371 BACKGROUND

In processing analog signals, especially those in the form of electrical currents, it is
usually necessary to change the amount of various frequencies present in the signal.
In particular, it is often necessary to pass certain frequencies and 1o block others,
to filter out certain frequencies. As a result of the importance of this problem
there is a large, highly developed field of analog filter design.

When we digitize a signal (for machine processing or for more relizble trans-
mission over noisy communication lines), we inherit the same filtering problems,
but now we must filter out frequencies from a stream of digits. At first this prob-
lem of digital filtering was approached via the earlier field of analog filters, and if
you already know a great deal about analog filters, this is a reasonable approach.
But if you know almost nothing about this field, then the direct approach is more
practical, and it is the one we willadopt as anintroduction to digital filters. How-
ever, much can be learned from the older analog methods.

Digital filtering is not only easily done on a general-purpose computer, but
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special high-speed multipliers* and adders make it easy and economical in special
applications.

37.2 A NONRECURSIVE CLASS OF
DIGITAL SMOOTHING FILTERS

We begin the study of digital filters by recalling those in Sec. 35.5. There we
studied smoothing and designed one simple filter that smoothed by 3s and then by
4s and which did a very good job at blocking out the upper half of the frequency
spectrum (a low-pass filter). We also examined the filtering action of two least-
squares smoothing formulas, and one Chebyshev formula.

These examples suggest that we study the general family of 5-term linear
formulas (filters) of the form

G = afy-2 t bfioy + e+ dfirs + efisa
However, in this section we shall limit ourselves to symmetric formulas (e = a,
d = b) both because they are the ones that are widely used in practice and because
for smoothing they have no phase distortion (no imaginary terms) and this makes
them easier to understand. Later {Sec. 37.4) we will examine differentiation
formulas which have a pure imaginary phase component. We therefore first
examine the restricted class of symmetric smoothing formulas

Gx = fiz + bfier + ¢ + Bfiss + Ak
As usual, we start by asking what happens to a single frequency by assuming

that
f(:) - e?.xicl . eiwr
or
ft - e!wk
Thus we get

gy = (2a cos 2 + 2b cos w + oif;,

The transfer function H{w) which multiplies the amplitude of the input signal of
frequency to get the output amplitude is

H{w) =2acos 2w + 2bcosw + ¢

Without the even symmetry we would have had some sine terms with imaginary
coefficients.  In some of the previous work we used H{w) as the ratio of the com-
puted to true, and for smoothing g,/f; is this ratio, and so our notation is consis-
tent.

1 40 ns, 17-bit multipliers in 1971,
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How shall we choose the filter coefficients a, b, and ¢?7 That depends, of
course, on what we want to do. Suppose that again we want to block out the
high frequencies and pass the low frequencies (a low-pass filter). To convert this
to passing the high and blocking the low frequencies (a high-pass filter), we have
only to compute f; — g, as a new filter.

We will start by arbitrarily imposing two conditions on the frequency curve,
namely that at the low end

H(0) =1 full de (lowest frequency)
and at the upper end
H{r)=0  no highest frequency

H{w)

\
IR\ONEWE
A =N

v

/
[

=

Frequency

90° 180°
1/

FIGURE 37.2.1
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These two conditions mean
HO)=2a+2b+cw=1
Hry=2a~2b+c=0
From these we get

b= 14
o 1f2 =2

and we have a one-parameter family of filters (see Fig. 37.2.1).
H(w) = 2aqcos 2w+ 12 cos @ + (1/2 —~ 2a) = 4a(l + cos cu)[cos w— (1 — él—)}
a

Note that H{w) is a periodic even function of @ and that it is also symmetric about
W=7

From this figure we can pick out a filter that approximately meets our needs.
Alternately, we could impose one more condition on the transfer function H{w)
and directly determine the filter.

As a first example of directly determining the filter, suppose we reguire

Hl(g) =1

Thus we get
Hl(g) = -2412-2=1
a=—1/8
c= 3/4
Therefore
G = UYB{—facs + et + 6fi + 2y —Fraa)
and

cos2er cosow 3

Hy(w) = = — R

As a second exampie of the design of a filter, suppose we balance the two
halves of the filter by setting
7
H|-)=1]2
(3) =
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Then we get
Hz(g) = 2%+ 12-2a=12

a=0
c=1j2
i = VA fy—1 + 26 + fer )
cosw
Hy{w) = 2 "9:

As a third example, suppose we try to do as well as we can in the neighbor-
hood of dc (zero frequency). We already have both

Hy(0)=1
and
dHy(0) _
do O
hence we impose the further condition that
d*H,(0)
=0 = —8a—1]2
di? 8a—1
a=-1j16
c= 58

1
0= g (~fimz + Hhos 106+ foer —firs)

cos2w  cosw 5
gt tE

As a final example, suppose we ask that in the lower half of the Nyquist
interval0 < w < n/2, H(w) have the shape of a Chebyshev approximation to unity,
while still keeping the two conditions H,(0) = I and H (n) = 0. The position of
the extreme value of H,(w) is defined by

dH (w) .
do

Hylw) = —

—4as§n2w—--§sinw=0

This defines the value w, at which the extreme value occurs.  To find w,, we use
the double-angle formula for sin 2w to get

. 1.
—Sasmwcoswmismwm{)
sinw =10 w=0=x

COSs == "'1—6—;
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Hence the extreme value is

1 1
H ,(e35) = 2a cos 2ea, +5e0s g+ 5~ 2a

The value at @ = n/2 is

H4(§) =1/2 —4a

The excess above | at w, is to be equated to the amount below at /2, since the
Chebyshev condition means that

Hywo) = 1=1~ H(g)

This leads to the equation
%% + 2%+ 1= 0
whose solution is
-24
a == ..............:.....‘\.../......5

iz
Thus

—1 -~
€08 W = 7o = :rf \/ 2
Evidently we must use the minus sign (if we want a real @), and
_=2-/2 3414
T n o
c={0.7134

Looking at the figure we see that this is about the expected value.
We have thus shown a number of simple ways we can design a low-pass filter,

-0.1067 -+

37.3 AN ESSAY ON SMOOTHING

We have just examined some low-pass digital filters. We again note that by
merely taking f; — g, we can get a high-pass filter that accepts what the previous
one rejected and rejects what the previous one accepted. Thus we have a high-
pass filter corresponding to each low-pass filter in the previous section.
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We earlier identified smoothing with the removal of high frequencies on the
grounds that random roundoffs are like small jumps in the function which give
rise to high frequencies as well as low frequencies, while the signal we are usually
dealing with has mainly low frequencies. We further showed (Sec. 35.2) that the
difference-table method of measuring the noise amplified the upper two-thirds of
the Nyquist interval and damped out the lower one-third.

It is not easy to state in a vacuum exactly what filter to use to smooth a given
function. It depends on the spectra of both the signal and noise. Evidently we
can build a filter to reject the frequencies that we think are noise and not signal,
but we cannot, by any linear method of smoothing, reject the frequencies of the
noise in the range of the signal unless we are prepared to lose some of the signal as
well. The practical art of filtering to remove noise often includes this difficult
comprormise of removing a small amount of the signal to get rid of a lot of the
noise as well. And to do this we need to have an accurate estimate of the spec-
trum of the signal as well as the spectrum of the noise.

In practical measurements it is often possible to form some judgments as to
the respective spectra, but in computing all too little is known of the spectrum of
the roundoff noise—more studies are required in this area. It is generally be-
lieved to be flat (white noise).

Viewed as smoothing filters, some of the formuias we have given violate a
very natural condition, namely that if one function is uniformly larger than an-
other, then the smoothed values should also be larger. This condition is for-
malized in the following theorem.

Theorem 37.3. if w, = v, for all k, then a necessary and sufficient
condition for the smoothed value

to be greater than or equal 1o the corresponding smoothed value 5, is that
all the
ag = 0

PROOF If the a; are all pusitive, then the smoothed values are cleatly
in the right order (we have only to look at the smoothed difference of
t, — ). Onthe other side of the argument, if one of the g, < 0, then
consider u, = 0 for all k and v, = 0 except for v, <0.

Then

U,‘>ﬁ‘-=0

Hence the theorem is proved. Hi
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For the family in Sec. 37.2

=4
b=1/4
¢=1/2-2a

This means that 0 < a < 1/4 (1/2 = ¢ = 0), and many of the interesting filters are
eliminated by this condition.
This theorem should not be taken as gospel. Consider Fig. 37.3.1 where

uy, = 0 {circles) and where v, is as shown {crosses). It is not unreasonable to have
the smoothed middle value of v, > 0 as shown by the curve.

*’- 'L"-. k
/ ™\
\
,( v,
/ S

/ \.
/ \"’k
/ \
\

/ \

FIGURE 37.3.1

37.4 DIFFERENTIATION FILTERS

Differentiation, even more than smoothing, is a delicate process, since it tends to
amplify the high frequencies (the noise in the signal). For differentiation we use
a filter with odd symmetry (c = —a,d= —b,c =0}

Gk = fisr + Ofis = Bfi oy ~afi2
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The usual substitution
ﬁ‘ o eiwk

g = i(2asin 2o + 2bsin w)f;
where of course the derivative (with respect to k) is

gives

Ji =iaf, g,
Thus the parentheses should be an approximation to « since the transfer function
is the ratio of the computed to the true

2asin 2w + 2bsin
)

H{w)

We cannot approximate it in the whole interval, for it is clear that the term in the
parentheses is zero at w = . 'We shall impose the condition

HO) =1
This means that as w — 0,
4a cos 2ar + 2bcos ar =+ 1
dqg +2b =1
or
b= 1 (1 - 4a)
T2
and

1-4
= a(fisg ~ fimad + > 2 (fir1 —fi-p)

2asin 20 + {} - 4a)sinw
o

H{w)

= f-’-f’&;-‘i' [1 — 4a(l — cos w)]

Thus we have a one-parameter family of differentiation formulas to explore.
As our first example, we ask that
H(f) @] = 1-4a

2 72
hence

)
i

o
i
T
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Asa second example, suppose we try to do as well as we can in the neighbor-
hood of w =0, that is, H'(0} = 0. This becomes

=1 Qo) Qo) @ ]\
H(w)——u;lZa[wa 3] s 57 + {1 ~ 4a)| w 3!+55 f
' ~83 1 2a 8¢ 1 a
- 2f{—ea 1 ea af2d 1 a4y,
"Hm(s 6+3)+‘”(15+120 30)+
We equate the coefficient of w® to zero to get 2 = - 1/12, which leads to
A
o
Hyw)=1-55+

Gy= "“i"l'z" {fewz = Jiwdl '*”i‘ [fers = ferid

We can similarly design other filters to meet other conditions.

PROBLEMS

37.4.1 Pesign a filter for the second derivative,
37.4.2 Design a Chebyshev in 0 5 w < /2 filter for a first derivative.  [Use H{w).]

37.8 RECURSIVE FILTERS

Nonrecursive filters use only the input function values and do not make use of
already computed output numbers, while recursive filters use both. There are
occasions when, as in the two integration formulas for the trapezoid and midpoint
rules {Secs. 35.4 and 36.2), both methods give the same result. For a given span
(number of back terms used in the formula) the nonrecursive formula has a limited
memory of the past, while a recursive formula, in a certain sense, remembers all
the past.

For a given span the recursive formula will have almost twice as many par-
ameters as the nonrecursive formula, and hence it can be made to fit a desired
frequency response far better. However, it should be remembered that the re-
cursive formula will have to be watched for stability problems.

The predictor-corrector methods for integrating ordinary differential equa-
tions that we developed using polynomial approximation, and later in Chap. 36
analyzed in the frequency domain, are good examples of recursive formulas.
They also illustrate the situation where we tend to use recursive filters, namely
when we have information only up to the present and we need to take some action
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or make some prediction of what is going to happen next (extrapolation). Non-
recursive filters tend to be used when ali the data are available at the time we are
processing them.

The three classical operations of filters are integration, smoothing (inter-
polation, extrapolation), and differentiation, but in principle filters apply to any
linear operation on the data.

The recursive filters have another property worth mentioning. In the in-
tegration of differential equations, when we want great accuracy, we use at Jeast
10 samples in the highest frequency present, and even for rough work we use at
least 5 samples. But in many data processing problems, where the noise is high,
we cannot afford that luxury (because among other reasons the spectrum of the
noise for high frequencies is too large). Thus we find that we are occasionally
working around the Nyquist rate of 2 samples in the highest frequency present {(to
any extent).

The topic of filters is of great importance in many digital problems of signal
processing, such as the Moon and Mars pictures, and whole books! are currently
devoted to the topic of digital filters, so we must (reluctantly) refer the reader to
them.

* ‘the classic reference is F. F. Kuo and J. F. Kaiser {32}, especially the chapter by Kaiser.
A more modern reference is B, Gold and C. M. Rader {17]. A further important
reference with respect to practical computingis V. V. Soledovaikov [54].  Also JEEE
Transactions on Audie and Electroacoustics, vol. AU-16, no. 3, September, 968,
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*QUANTIZATION OF SIGNALS

38.1 INTRODUCTION

We have already examined the effects of sampling an analog signal in the time
(independent) variable. The process of sampling also replaces the continuous
analog signal by a digital output that can be only one of comparatively few num-
bers. Thus the signal is not only sampled in the independent variable, it is also
quantized in the dependent variable. Since digital computing involves a great
deal of processing of quantized physical data, it is necessary to look carefully at
this topic. (See Fig. 38.1.1.)

The quantization is similar to roundoffl except that we normally think of
roundofl as occurring in relatively high precision numbers, while the quantization
effect in measured signals may often be severe. The process of quantization oc-
curs in what is usually called analog-to-digital conversion, or 4-to-D conversion.
This process may have precision anywhere from 1 to 17 bits (possibly more in a
few cases), so that quantization may be very important or may be a relatively small
effect. In many situations a 1-bit digitizer can give a surprising amount of in-
formation (Sec. 38.6).
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x(£)

Class

interval Signal

M

FIGURE 38.1.1

The topic of quantization is a large one and we can give only a brief intro-
duction, referring the interested reader to the literature {17, 20, 58] for more de-
tails; in a sense we are only trying to create an awareness of the consequences of
these widely ocurring effects.

38.2 THE GRAY CODE

The analog to digital converter usually does not go from the analog signal directly
to the binary representation of the quantized nurmber, rather there is an inter-
mediary step of representationin a form known as the Gray code.! Thereason for
this is easily understood if we try to imagine how the converter works. It is con-
venient to think of a rotating wheel with sectors, and we are trying to read optically
the encoding on the sector under the reading heads. If there is a sector directly
under the heads at the moment of reading, there will be little trouble, but suppose
the reading heads are partly over one sector and partly over another sector, in
particular between sectors 7and 8. (See Fig. 38.2,1. In binary form, this is:

0 111
1 000

Clearly, almost anything between 0 000 and I 111 (0 and 15) might be read out.

* Technically @ Gray code, but this one is so universafly used that it is the Gray code.
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FIGURE 38.2.1 i 12

The Gray code has the important property that in going from one number
to the next only one digit changes, thus ¢liminating this awkward problem of
reading parts of two sectors at the same time and then getting almost any number.
Because only one digit changed, one of the two possible numbers must come out.

We shall first show how to construct a Gray code. The code using | bitis
clearly

010
{1

and note that it is really circular and the bottom is followed by the top of the list.
Fo form the 2-bit code we put a 0 in front of each to get

00
o1

Wealso copy the original code below this in the reverse order and put Isin front of
this, getting, finally, the 2-bit Gray code

0]00
1{01
211
3|0
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At each stage we get the next larger code by first copying the earlier code with an
added 0in front and then copying the original code in reverse order with 1sin front.
For example, in going from a 3-bit to a 4-bit code we get

0 000
0 001
0 01l
0 010
0 110
0 111
0 101
0 100

Y B WD e O

o

1100
91 10
i1 1

1511 000

The characteristic property of the Gray code follows immediately from the method
of construction.

It sometimes happens that the conversion from the Gray code to binary
number codeis not donein the converter, and therefore it must be done in the com-
puter. Wenowdescribehowthisisdone. A study ofthe method of construction
shows that:

1 The left-hand digit is the correct binary digit.

2 If the leftmost digit is 0, then the next digit is correct; butif itisa |, then
the next digit should be complemented.

3 1Ingeneral,if at some stage in the decoding there has been an odd number
of 15 in the Gray-code representation, then the next digit must be com-
plemented; but if there has been an even number of 1s, then the next digit
is correct.

The rare case of having to convert the other way (it can arise in a simulation of a
system which has converters) is left as an exercise.

PROBLEMS

38.2.1 Give the equations for determining the digits of the Gray-code representation
of a binary number.
38.2.2 Sketch a 5-bit Gray-code wheel.
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38.3 THE STATISTICAL BISTRIBUTION OF VALUES

Since quantization is very nonlinear, it is not possible to give a simple analysis of
what happens, and we will examine only the statistics of the process.

We begin with an examination of the distribution of the values of the func-
tion. We want to know how nany times a given value occurs. To get this we
need to project the curve horizontally onto the vertical axis and note how many
values end up at a given point along this axis, for both the discrcte and the con-
tinuous cases. See Fig. 38.3.1.

x{1
“OS_ pd
I/

& .

t

FIGURE 383.1

As an example of this process, consider the distribution of the values of a
single sinusoid x =sint. See Fig. 38.3.2. Clearly we need to examine only the
interval —n/2ton/2. Thearea underthe density curve x{w) between xand x + dx
is the fraction of the time the signal x{r) = sin ¢ is between x and x + dx, that is,

dt = w{x) dx

() N

T sin ¢

ot

eafu

FIGURE 38.3.2
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Since x = sin ¢, then

— =08 {
or
dx

t = e
€os ¢

Comparing the two expressions for dt, we find

W(x) = I 1 1

cost [l—sin®t Jf1-x%

To convert this distribution to a probability distribution, we need to nor-
malize it so that

1
I w(x) dx = 1
-1
But we have
jl dx = aresin X ' =7
-t \/ 1 x? -1
Hence we must use
1 1 ~lgx<l
wix)={7. /1 =%
0 elsewhere
in place of the old w(x).
In the general case of x = x(1) we use
dx
d [x(t)}/dt

We can either normalize the probability range before we start (note in the above
example the range is 7, the normalizing factor) or else normalize when we are done.

1t is this function w{x) that leads to the statistics of the analog-to-digital con-
version process. Notice in the case of x == sin # that the ““ favorite values ” are at
the extremes of the range and not in the middle.

PROBLEMS

Find w{x) for:

3831 x=e*t0<t <N, and 0 elsewhere
38.3.2 A circle

38.3.3 x(t)=tan r{0 <t < n/4), Oelsewhere
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384 NOISE DUE TO QUANTIZATION

When we studied the roundoff noise, the precision of the numbers was such that it
was reasonable to assume that the roundoff errors were uniformly distributed in
the interval, and any skewness of the distribution of the numbers (sce Secs. 2.8 and
2.9 did notreach thatfar down. But when the quantization is imprecise, then the
skewness of the distribution of the values can affect the statistics of the quantiza-
tion {roundoff). We therefore examine this effect, which turns out to be the weli-
known Sheppard’s corrections (which we now derive),

We assume that the distribution function of the values of w(x) has the prop-
erty that the derivatives

w(x), wx), w(x), ...
all approach zero as the value of x gets large in either direction, and also that
X' (x), Aw'(x), ...

approach zero for finite k. Usually this is true for distribution functions, and so
it is not an unreasonable assumption.

In our guantization probiem the range can be reduced to ¢ 5 x < b and
divided into n# quantization (class) intervals of egual size that correspond to the
equal-size steps of the usual analog-to-digital converter. The intervals will be

{(x; ~ 92, x, + q/2)
where b — a = gn.

Under these assumptions when we apply the Euler-Maclaurin, Gregory, or
Hamming-Pinkham equal-weight integration formulas (Sec. 18.9), the correction
terms will all vanish, and we will have
f xWxydx = q ) x/w(x))

- g0 fe=l
The probability p, that we are in the jth quantization interval is

xptqf2
pj= wix) dx
Ay=al2

and the rth moment is calculated from the quantized (grouped) data by
M= Y xp;
1

where the double primes mean calculated values, not derivatives. On the other
hand the true value is, using a single prime for it,

L]
o= I x"w(x) dx
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We can now expand the expression for the probability p;

xyt+ai2 a/2

PJ:f w(x)dxmf w(x; + x) dx
xji~qf2 ~q/2

3

412 , x* x
= J.“ 2[w(x‘,-) + xw'(x;) + ER (xp + 3
7
= gw(x;) + 2D g5

i

fv N
i 920 W) +
The calculated rth moment is therefore, using our assumptions that led to the
equivalence of the sum and integral,
By = z x;'p;
i=s

q i LA 3} d
1920 “xw‘(x) x +

b q2 b
mjax w(x)dx+ﬁj;xw(x)dx+

When integrating by parts, the integrated terms vanish, and we get

qz

u:’=ui+§3r(r-1)+

I,‘;zor(r—m 1)(r = 2)(r == 3) + -+

If the moments about the mean are u (no primes), we get
Hg = jig =1
= ”’1 53 0

AL P

129.“0—#2 12
" I 2
#3“!—‘3"’2‘1#1“#3

qZ 4
Ha=Hat 5 2 T o5

Solving the other way, we get the true (unprimed) moments in terms of the cal-
culated {grouped, double-primed) moments

pyo=py=0
2
mﬂz“ﬁ
3 = 43
g’ T .
Ha= R 7#24‘%‘1
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Evidently the correction in the second moment calculated from the quantized
(grouped) data is particularly simple, and it is the main effect due to guantization
that is used in practice-—rarely do we go to the fourth moments.

385 THE QUANTIZATION THEOREM

Although we have expressed the quantized moments g in terms of the true mo-
ments g, , and vice versa, there is still the question of when we can be sure that from
the quantized data we can recover the true moments—the formalism may fail us if
the series, for example, does not converge. This question is much like that an-
swered by the sampling theorem which gives the conditions under which we can
reconstruct the original function from the samples. There is a very similar
theorem for quantization, based in the same way on the Fourier transform, but the
physical meaning of the theorem is difficult to apply in practice, so we shall ignore
it and proceed with an intuitive approach.

At first one might reason as follows.  Let’s suppose that the distribution of
values w(x) is reasonably normal. This assumption seems to fly in the face of the
special case of x == sin ¢ that we used as an example and where we found that the
distribution of the values tended to pile up at the extremes. But for the moment
we proceed anyway, holding on to cour doubts.  We could explain it, for example,
by assuming that the extremes do not occur at the same level each time, and the
result gives the normal distribution.  One would be ternpted in the case of, say,
8 levels of quantization to pick the step size to be 0. Thus most of the cases will
fall in the range of the middle two intervals, and almost every value wili fall in the
3¢ range, and we still have a fourth to cover the rest, though there will be a little
*clipping > when the value exceeds 4a.

Itis clear what is wrong with the plan.  'We are using most of the intervals
of quantization for almost none of the values, and this is stupid. But then prob-
ably so was the assumption of a normal distribution.

Thus it is necessary to look more closely at the distribution of the values
w(x). It has a “dynamic’ range from the least to the maximum that must be
covered, or else we must accept some clipping of the extreme cases.  Once we have
decided this problem, if the rest of the values do not fall rather uniformly in the
range, then we must consider what is known as * companding ”—compressing
and later expanding. We look for a transformation of the dependent variable
that will transform the distribution of values to make it fairly uniform. Then,
using this distribution, we quantize into equai steps and get the numbers into the
computer. Inside we have to first undo the compression (by using the inverse
transformation to expand it). In this way we get the most information through
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the narrow bottleneck of the analog-to-digjtal converter with its limited range of
numbers. Once inside the computer, we almost always have a far greater range
available for the expanded range.

“Companding™ in one form or another is widely used; for example, in both
phonograph records and tapes the playing unit has *compensation circuits™
(expanding) to correct for the deliberate recording distortion to keep a reasonable
dynamic range.

38.6 THE POOR MAN’S FOURIER SERIES

When most people who work in Fourier series hear that a 1-bit quantizer can give
a lot of information, they immediately think along the following lines. Suppose
I were to quantize the trigonometric functions that occur in the computation of the
coefficients of a Fourier series, how well would I do using only additions and sub-
tractions of the original data? (Carried further, this idea leads to Walsh func-
tions, etc.)

it is easy to analyze. We get the calculated coefficient values'

1 p2= 1 pén
Ap== f Ff(x)sign(cos mx)ydx  Bp=- f J(x) sign (sin mx) dx
] nYp
In order to analyze exactly what these numbers are, we begin by analyzing the

$quare wave

. . 1 0sx<

This function has the Fourier-series coefficients (following the sin x only)
1 p2x
by g = I sign{sin x}sin kx dx
vy

which is zero for even frequencies and for odd frequencies is

2 2cos(2k + 1) x {* 4
b = - 2k 1 d = - =
L2k+1 = 2 J-osm( + 1} x dx n —(2k+1) jo =nm{Zk+ 1)
Thus we have
o 4 2 sin(2k + 1) x
sign(sin x) = - k;e rl

Replacing x by mx, we get
sin(2k + 1) mx

. 4 2
sign{sin mx) = - xg'o KT

! The sign function is often written sgu (signum).
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Thus

It 4 ®, sin(2k + 1) mx
Bm"'—j f( 2 2k+1 dx

Tik=0

w-n- 2k+1 ff(x)Sm(2k+i)mxdx
K=0

de 1,

AL Tk F 1 ke D)

where the b, are the true Fourier-series coefficients of sin fx. These equations are
triangular in form

B = 4[b,+b’+b’+ }

375
4f, b by }
B, = ﬂ{bz'§'3+5+

4 b
.B3$"n"{ba‘+“'§?'+' '}

etc.

If the original series converges rapidly, then we can solve these equations
approximately for the &; in terms of the B,,, and the solution is quite stable.
Similarly for the cosine-term coefficients a; in terms of the 4,,.

In the case of a finite number of equally spaced points (and a finite number of
terms in the Fourier expansion), we need clearly to use the midpoints #, and avoid
the endpoints of the intervals x,.  Confusion begins if you try to go directly from
the continuous to the quantized discrete; the two stages done separately limits the
confusion.

38.7 SOME GENERAL REMARKS ON
QUANTIZATION EFFECTS

Quantization effects are often not as serious as the beginner is apt to think, It
depends a great deal on what the quantized signal is going to be used for. The
reader has probably seen the effects of quantization of photographs into two, four,
eight, and sixteen levels.  Using 1 bit is simply going to the extreme of contrast in
the developing stage of the photograph. Sec. 38.6 shows reasonably clearly how
much two or four levels would affect a Fourier expansion.  Thus simple two-level
quantization can at times be used successfully.
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On the other hand, for some purposes quantization can be very serious.
Much depends on the consumer of theinformation. If the consumer is 2 human,
who to some extent has been engineered by evolution to be able to comprehend
signals in the presence of severe noise, quantization can leave the message still
intelligible, Butit is also true that if you want high fidelity, the human is again
well engineered to detect very small differences.

If the consumer is not a human, but further formulas, then we need to con-
sider the two extreme conditions of the previous paragraph. The mere detection
of the presence of a signal may be easy, but the detailed information carried by the
signal may be very hard to recapture if the quantization has been at all serious.
Thus the use of the quantized signal is central to the question of how serious the
quantization is.
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Exponential
Approximation






39

SUMS OF EXPONENTIALS

39.1 INTRODUCTION

When considering a basis for the representation of a function there are three
classes of functions that occur naturally: polynomials, sines and cosines, and
exponentials. Al these have the property that if a function can be represented in
terms of them, then it can also be so represented if the origin is shifted. This
is not true, for example, of the class I, I/x, 1/x%, ..., 1/x*. Itis only true for
the above three classes and combinations of them. The numerical integration
of differential equations shows why this property is relevant.

We studied the first class, polynomials, in Part I (Chaps. 14 through 30) and
the second class, sinusoids, in Part IIf {Chaps. 31 through 38}, and now wecome to
theexponentialsin Part IV (three short chapters).  The reasons for thisdisparity of
treatment are several. First, polynomials are indeed more useful in many situa-
tions because they are also invariant under a stretch of x — kx’ (because a poly~
nomial of degree n in x is still a polynomial of degree nin kx), but for the sinusoids
the frequencies will be changed, and hence they are not invariant under the trans-
formation. Thus when the units of the independent variable are not reasonably
well known, the polynomial approximation is the natural one to use.
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Second, the polynomial treatment was arranged to introduce many of the
ideas and methods necessary for a careful examination of the problems of com-
puting. The Fourier approach further developed many of the ideas we need be-
cause in a very real sense they are simply exponentials with a pure imaginary
exponent. Thus much of the material needed for exponential approximation has
already been presented.

Third, exponentials are much less used in practice than the other two, and
indeed they have played a much smaller role in the history of mathematics. Thus
there is less necessity to present material on this topic in a reasonably balanced
preseatation of numerical methods involving one independent variable.

Finally, it is part of the plan of this book to deliberately pass from giving
many of the details to giving fewer as the reader matures; it should no longer be
necessary to give as many details as in the earlier parts of the book.

The problems of exponential approximation using a finite number of terms
can be divided as follows: first, problems in which the exponents are known in ad-
vance; second, those in which the exponents are to be determined. We examine
these two in this chapter. In the following chapter we examine the use of a con-
tinvum of exponentials in the Laplace transform {which corresponds to the
Fourier transform).

39.2 LINEAR INDEPENDENCE

Before plunging into the problem of exponential approximation, we need to prove
that the functions we are going to use are linearly independent over the sample
points. For polynomials this was proved by showing that the Vandermonde de-
terminant (Sec. 14.4) was not zero if the sample points were distinct. For the
Fourier series we appealed to the orthogonality, and hence the linear indepen-
dence, of the functions,

Consider, first, the following sum of exponential terms.

f(xX) = Cre™* + Coe™ + Cye™ 4+ + Cod™ oy, i #]

To show that they are linearly independent in any continuous interval, suppose
they are dependent and that the interval for which f{x) = 0 includes the origin.
Then on successive differentiations we get

Fi(x)= Co 8% + Coo, 8 + 4+ + €0, 6™ =0
f”(-x) = Cla‘-lzemx + CZ azzenxnx s C"anZea,.z =0

. . . + . . . . . - - . .

FEO(x) = oo THeF 4 Gy g 4 Gl = 0
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At x =0 the determinant of the ¢quations for determining the coefficients C, is
exactly the Yandermonde, which cannot be zero if o; # «;; hence all the C, are
zero, contrary to the assumption of linear dependence.

For the case of discrete samples we use the fact that & s 0 for any finite x.
This is the basis for an inductive proof. We therefore assume any r — 1 expo-
nentials are linearly independent over any # — 1 distinct points.  Consider nown
exponentials at n points.

A A~ 1
z Ck er.u‘x - ( Z Ck e{n«a,.}x + C,,)B“"x
k=1% =

k=1

The term in parentheses is zero for # values, and by Rolle’s theorem the derivative
n—1
T Culoy — e = 0
k=1

for at least {(n — 1) values, contrary to the induction hypothesis. Thus n expo-
nentials are linearly independent over any a distinct points.

393 KNOWN EXPONENTS

In Chap. 15 we developed a uniform method for finding formulas based on poly-
nomial approximation. We use this same method for finding formulas which are
to be accurate for a set of exponentials having known exponents.

Suppose we have some linear operator L(f), such as integration, differentia-
tion, or interpolation, and we want the answer to be exact for a set of exponentials
with known coefficients (given a corresponding set of samples). For convenience
we will exclude the use of derivatives. Thus we are trying to estimate L{/} as a
linear combination of samples of the function f(x;) such that the formula

L(f) = wo f(xp) + wy fx1) + - 4+ wo o flx,_y)

will be exact for the n functions

o An -t X
>

€ AE

e L., e

{Often a, = 0, so that we have & constant term in the family of exponentials.)
The defining equations are, naturally,
n—1
my sy Wy e k=0,1,...,n~1
=0
where we have now written

iy, = L(e""")
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We have shown in Sec. 39.2 that the functions ™~ are linearly independent
over any set of n distinct points x;, and so the determinant of these equations is not
zero, and the equations can be solved for the unknown weights w, of the formula.

As an experiment, consider the function

1 e—x e-Zx
Y=gttty
It takes the values
x y
4] 1.00
1 0468
2 0322

where we are using 3-significant-digit arithmetic. Given these data, we now try to
fitit by 1, e™*, e"?*. The equations are:

100 =a+1.00 5+ 1.00c
0.468 = g + 0.368b + 0.135¢
0322 =a+0.1356 +0.183¢
We climinate 4, using the top equation as the pivot,
0.532 = 0.632b + 0.865¢
0.678 = 0.865b + 0.982¢

Eliminating b, we find that back substitution leads to

0.032
[+ m = {252
b = 0.497
a =025

which is pretty goed for 3-digit arithmetic.

PROBLEMS

39.3.1 Discuss the case of the given data including both function values and derivatives.

394 UNKNOWN EXPONENTS

The problem of interpolation (representation) of a function using sums of expo-
nentials with unknown exponents is important since it arises frequently in practice
and is the basis for the usual analytic-substitution approach. Preny gave a
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simple method for finding the exponents when the given data are equally spaced.
The essence of Prony’s method is the separation of the problem into that of first
finding the exponents and then finding the coefficients. In this respect it closely
resembles the method used in Gaussian quadrature (Chap. 19).

We are assuming that the desired function f(x) can be written in the form

J(x) = Ao " + A1 + o0 + 4y €%

for some set of given values x = x;{J = 1, 2, ..., m) which are equally spaced. It
is no real restraint to suppose that x; = j — 1.
Prony observed that each of the exponentials

A=Y =p! i=01,... k-1
satisfies some fixed kth-order linear difference equation
Yi+R) + Gy +k =D+ Cayi+k=2D+ -+ Coy(j) =0

with constant coeflicients. The characteristic equation of this difference
equation is

PA+HC T+ Gy P+ G =

and has the roots p;. Since the individual terms satisfy the kth-order, linear,
homogeneous difference equation, then any linear combination of the terms also
satisfies the equation. In particular the original function satisfies the equation,
that is,

JU+R+CoifU+k =D+ +Cf(D=0 j=1L2,...,n—k

The assumed form of the function has 2k parameters, and for the unique
determination of them we need n = 2k samples of data. In this case we have
exactly k equationstodeterminethe C; (i =0, 1, ...,k ~1). Ifwearetofindthe
C,, then the persymmetric determinant (Sec. 19.3)

A=|f(j+R)]

must not be zero. Knowing the C,, we can put them into the characteristic equa-
tion and from this determine the roots p,, which in turn give the exponents ;.  If
the exponents are to be real, then the roots must be nonnegative. Once we have
the exponents we can then use the first k of the defining equations to determine the
coefficients A;. Justas in the Gaussian integration we are assured that these will
fit the last k equations also.

An examination of this process shows that it is very similar to the Gaussian
integration formulas.
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As an casily followed example, consider the data k{ = 2)

X ¥

0 32
1 20
2 14
3 H

Working our way up the displayed equations, we get, in turn, the equations
for the C;

14 +20C 4+ 32C; =0
114+ 14C, +20C, =0
whose solutions are

Cy= 32
Co=1/2

The characteristic equation is therefore

p* - % P+ % =0
from which we get
(0= Dfp~3) =0
2

p=11%

and

Vo= () = Ao(1)" + A, (5

The first two defining equations are

32 = Ay + Ay
20 = Ay + 4,2
whose solutions are
Ap =24
Ay =18

and we have, finally,

4
y,,mf(n)=8+§;=8+3x2""
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PROBLEMS
04.1 Fit
}’=A;(:'”x+/’z€ux
to the data
AR EERERE
y[128]48!10[9
39.4.2 Fit
y=A‘eﬂ;x+Azez;;x
to the data

xloli|2]s
y ot

39.4.3 Discuss the case when A == 0 and we cannot determine the C;.

I
]

39.5 LEAST-SQUARES FITTING

Many times we have more data than parameters, and we wish to find a least-
squares fit to the data. Again, supposing that the data points x; are equaily
spaced, we will come down to more than k equations to determine the C;. Thus
we are in a position to apply the methods of least-squares solution (Chaps, 25 and
27) of the simultaneous linear equations. Having found the coefficients of the
characteristic equation, we solve them for the characteristic roots and hence the
exponents. Now with these known, we can again resort to a least-squares fitting
of the data by the coefficients 4.

The details are straightforward, though a bit messy, and need not be given
here; we need 1o note only that there are two stages of least-squares fitting, those
for the coeflicients C; of the characteristic equation and those for the coefficients
A; of the exponentials.

What relation this two-stage least-squares fitting bears to the direct fitting
{which is often difficuit 10 do) is open for discussion, but it is lkely to be reason-
ably close as measured by the resulting sum of squares of the residuals.

396 PRONY’S METHOD WITH CONSTRAINTS

Just as we examined integration formulas when various, often naturally occurring,
constraints were applied, we now look at Prony’s method when there are con-
straints.
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A very common constraint is that one or more of the exponents «; are
known {frequently a, = 0),
Suppose that we have the special case (5 parameters)

Jx) = Ay + A7 + 4, 8
When we come to the characteristic equation, which will be a cubic
PP HC P ACp+Co=0
we know that one of the rootsis p = 1. 'This means that
1+, +C+Cy=0
From the data we get the equations
SO+ A+ C U+ G f(0) =0
SE+ GG+ G f @)+ Cof(1) =0
and adding the equation
1+ Co+C+Cy=0

we have the three equations necessary to determine Cy, Cy,and C;. Eachknown
exponent reduces the necessary given data by 1, thus reducing the standard set of
equations by 1, but by substituting each known exponent in the characteristic
equation, we gain one corresponding equation. As a result, we still have the
necessary number of equations.

Conditions on the coefficients tend to resemble that of Chebyshev integra-
tion if they are on unknown exponents and Ralston integration if they are on
known exponents. The constraints may lead to a linear programming problem
(Sec. 43.10).

39.7 WARNINGS

We have supposed that all will go properly in Prony’s method, but surprises await
the unwary. Consider, for example, the problem of fitting

Y3y = AT 4 A,
to the data
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The equations for determining the coefficients of the characteristic polynomialare
4+ 12C, +16C; =0

34 4C +12C, =0
Solving these, we get

C, =0
Cyom= “":5
The characteristic equation is therefore
pr=%=0
and it has the roots
p=*1

This produces the exponents
oy = —In2
ty=mi+ind=ni-m2
Thus, while the approximating sum of exponentials will assume the (real) given
values at the sample points, between the sample points the approximating function
will be a complex number! Hence, it will normally be dangerous to use for
analytic substitution.

On the other hand, complex conjugates p, with the real part greater than zero
produce complex conjugate exponents, and with the corresponding coefficients A,
conjugates of each other the sum is real.

Qur trouble is that we can solve the difference equation easily in the conven-
tional form, and this leads to complex values for the interpolating function. The
solution proceeds

Yo = A3 + A (1)
no==(: 16 =4, + A4,
nel: 12=A,[2 - 432

Solution:
y(m) =20(H)" - 4(-3)"

However, this form gives trouble in interpolating in the whole interval. A dodge
is to write,! since cos mn = { —1)",

() = (3Y'(20 — 4 cos nn)

! We could also include an arbitrary term sin on.
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Then it is easy to get a form for interpolating all x values, namely
W(x) = ()20 — 4 cos nx)

While in principle we have shown how to find the exponents, things still do
not always go so well in practice; sometimes it happens that the number of terms
to use is not known butisto be found. Anillustration of this is radioactive decay,
where the terms correspond to various half-lives in the decay chain being investi-
gated.

Let us examine the simple case of trying to distinguish between

A A b 43 Et'
Ae-—ﬂ and _é e-—(aH—z)! + _5 ew(zwa)r = Aem“'(e ;‘e ) a>0

The expression in the parentheses is

2 A
PRI
T

The difference in the two forms depends on ¢?, and only for large f can we hope to
detect this amid the background noise of measurement, But for large 1, e™*' is
small! A similar situation applies to Laplace transforms (Chap. 40).

£ = f:F(a)e““ do

Given F(o), itis easy tocompute £{f), but given (1) in the form of data, the problem
of finding F{g) is more difficult. One of the difficulties is that the values of F(g)
for Jarge o determine the values of f{1) for small ¢, and vice versa. With proper
care and known limitations on f(f) or with some extra information about F{¢), the
inverse transform can sometimes be found.

39.8 EXPONENTIALS AND POLYNOMIALS

When the overall behavior of a problem is exponential in character, the use ofa
polynomial times a suitable exponent often is more manageable than a sum of
exponentials. Gauss-Laguerre integration

[T e ds= 3 wisis)

further illustrates this point.  Since the general techniques necessary to carry out
this suggestion have been developed in Part I, we do not need to discuss them
further.
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39.9 ERROR TERMS

When the formulas have been found, it is natural to ask for the error terms.  The
approachinChap. 16 of Part 11 started with an expansion of the arbitrary function
S{x) in terms of the particular function 1, x, ..., x™ ™! for which the formula was
made exact. This expansion has been generalized to arbitary sets of functions by
Peterson, and a treatment of it can be found in A, 8. Householder’s excellent (but
difficult-to-read) book * Principles of Numerical Analysis™ [21],

In practice the usefulness of such error terms is open to debate, and so far
they have seldom been used. The error term corresponding o that developed for
band-limited functions has apparently not been investigated.
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*THE LAPLACE TRANSFORM

40.1 WHAT IS THE LAPLACE TRANSFORM?

Given a function F{f), we say that the Laplace transform f{s} is

=] “emtF@) dt

where for the moment we think of the variable s as being real, though later we will
Tet it take on complex values. The Laplace transform is closely related to the
Fourier transform, especially the so-called two-sided Laplace transform [61]

) j e~BF () dt

For functions which vanish identically for all negative time, the two-sided trans-
form reduces to the one-sided, or plain, Laplace transform. This class of func-
tions is very natural to consider in many situations, especially in experiments where
before starting it is reasonable to suppose that nothing happened and that the
functions of interest are identically zero. Thus we regard F(1) = Ofort <0,

The Laplace transform has many uses, and we cannot in one short chapter
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develop more than a small feeling for what it is allabout.  Thus we must refer the
reader to the many standard texts on the topic.!

To each function F(1) there corresponds a transform f(s).  Itisanimportant
theorem {Lerch’s theorem) that the reverse is true within functions that are zero
except for a set of measure zero—and such exceptions are hardly likely to be rele-
vant in practical numerical computation. Tables of Laplace transforms are often
made and are widely used.

40.2 SOME EXAMPLES OF LAPLACE TRANSFORMS

In order to get a feel for Laplace transforms we shall find a number of simple ones.

EXAMPLE 4021 F(H =1
Then

Fi5) = j:e““:" dt

Integration by parts gives

g" St n
f(s) = !”"""";‘ 'f*;j e s
- o 4]

L S
=—fe"t”‘ds
5Yg

and by repetition we get

EXAMPLE 40.2.2 F{f) =sinat
Then

Jis) = f: e™ ™ sin at dt

Standard integration tables give

—of —5sinat — a cos af\|®
R
§° 4+ a 0
a
v 70

1 An excellent introduction is M. R. Spicgel {55]; see also W. R. LePage [36].
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EXAMPLE 40.2.3 F{f) =cosat
Asin Example 40.2.2 we get

fls = f:e"‘ cos at dt

we_,,(-—s ¢os ai + a sin at
5+ a?

o

0

R | §>0
st 4t

I<a

EXAMPLE 40.2.4 F(:)m{‘l) Pca

@ = " emsr() di

"‘S!
MJ‘ st

= as

€

s

Ei

PROBLEMS
Find the Laplace transform F(t) > f{s).

40.2.1 sinh at e -
B

— 5> lal

40.2.2 cosh “‘H’STE"};E s> lai

40.2.3 e, Filt) + c2 Fat) e e il5) -+ €2 f2(s)

1 o<axtgh

40.2.4 F(@) "{0 elsewhere
I—¢ O0=<rgl
40.2.5 F(1) —-{0 elsewhere

40.3 SOME GENERAL PROPERTIES
OF LAPLACE TRANSFORMS

Differentiation and integration of Laplace transforms are very commeon, and the

rules are given as follows, where we need to take the limit from the right for a dis-

continuity at the origin and appropriate directions at other points of discontinuity.
if

£(s) = f:e“"fr(r) dt
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then

sf(s) — F(0) = j e P10 dt

$4(s) — sF(0) — F'(0) = f e M F (1) dt

Ji(ss—z = J.o e [}:F(u) du] dt

j:e-v[ﬂr(mdz (—:)*' f(s)

j: [F (')} dt = ff(u) du

Using these we can find

EXAMPLE 40.3.1 Given F(f) =sin t, then

[o)e-

There are two shifting theorems for the Lapiace transforms.
Given

== arctan 1fs

Fls) = j:e-"r(r) dt

then
fis =)= f e ()} di
and if
F(t) —a t>a
Gty = [0 t<a
then

e (s) = f:e”“G(t) dt

Both are immediately verifiable.
We defined (Sec. 34.7) the convolution of two functions which are O for
x<0as

i
H(D) = f Fa)G(t — u) du
[+
We have, similar to the Fourier transform,

F6)g(s) = j:e”'ﬂ(z) dt

All these properties are useful in practice.
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PROBLEMS

Give the details for:

40.3.1 The first shifting theorem
40.3.2 The second shifting theorem
40.3.3 The convolution theorem

40.4 PERIODIC FUNCTIONS

We examined periodic functions in Chaps. 31 to 33 in terms of the Fourier trans-
form. In view of their importance we again examine this class of functions, this
time in terms of the Laplace transform.

If F(t) has a period T' > 0, that is, F{t + T) = F(t), then we can write

o ] kEF+1)
j eUF(dt=Y [ e F(dt
1] ke kT
T T {t—kT")
= ~s=*DE(f — kT) dt
kgﬁ foe ( n

T w©

= [ F@O Y e e dt
o k=0

TR

- o 1 — e"'.lT

di s>0

Thus we have the extra factor

o g™t

in the integrand to compensate for the reduced range 0 <t s T,

40.5 APPROXIMATION OF LAPLACE TRANSFORMS

The method of analytic substitution, which we will discuss again in Chap. 42, is
quite useful in the evaluation of Laplace transforms. Suppose we have some
function F{#) for which there is no value in the tables of Laplace transforms that we
consult, or suppose they are experimentally determined data. What can we do?
We merely examine a table of transforms for family of functions F{f) that look
suitable for approximating our given function F(f}. If we can find a linear repre-
sentation of F(?) in terms of this family

F(t) = e Fy() + e Fo(t) + -+ 4 ey Ful)

then using analytic substitution and the linearity property of the Laplace trans-
form, we get our answer.  {See Secs. 9.10 and 12.5 for similar examples.}
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Everything seems fine.  'We can apply any method we please to find the ap-
proximation, exact matching at selected points, least squares, Chebyshev, or any-
thing else that seems appropriate. Thus we have apparently thrown the problem
back onto the approximation problem. And this is what we have been doing all
along. We first used the class of functions 1, x, x%, ..., x*"!; later we used the
class of sines and cosines; and now we are looking at exponentials. But any
family of functions for which we know the analytic answers can be used provided
the process is linear {and the functions are linearly independent).

Qur wording, however, raises the question of how it will go in practice, orin
other words, how should you match the function? An examination of the La-
place transform suggests that thisis not a trivial question. Consider, forexample,
two functions which differ far out, but are close to each other for moderate values
of t. How will the Laplace transform *“see” the difference? We weight the
difference by the factor ™%, and for moderate values of 5 > 0 this difference
simply will not be seen in the accumulated sum of integrand values. What hap-
pens far out in the f variable can only be secn in the transform near the origin (s
smail). And conversely, what is near the origin will be seen far out in the trans-
form since even when s is large, it will still enter significantly in the sum that the
integral computes,

We now see the fundamental trouble with the Laplace transforms. The
neighborhood of infinity is transformed into the neighborhood of the origin, and
viceversa. Butin the time domain, where we usually make the measurements, we
have a limit of how fine a spacing we can take near the origin, and we also have a
limit on how long a time we can make measurements, Thus the transform is not
as well determined as we could wish. Indeed, one can say with Lanczos [33] that
the inversion cannot be done accurately.

However, we find in practice that both the direct and inverse processes are
done. This is accomplished by making assumptions about the behavior of the
function. For example, it is often convenient to assume that the transform is, or
can be approximated by, a rational function with a known degree for the numera-
tor and the denominator. With this assumption we fit (somehow) the proper
rational function to the transform, and from a table we can get the original func-
tion. This is one example of what we said in the first paragraph in this section:
“ We merely examine a table of transforms for a family of functions F (1) that look
suitable for approximating our given function F(1}.” We can also apply the
method for f(s}if we wish.

PROBLEMS
40.5.! Discuss approximating f(s) = ‘f:l e fils)
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40.6 COMPLEX FREQUENCIES

In practice the variable s is allowed to be complex, usually with a limit on the size
of the real part so that the integral

1) = j:e—-ffﬁ(z) dt

willconverge. Thinking back on the underlying meaning of the integral as a limit
of a sum, we are now summing terms like (fors = x + iy)

F(e *e™d"
which can also be written as
F(tye ™ cosyt  F(t)e ™ sin yt

Thus the Laplace transform handles complex frequencies, frequencies that are
sinusoidal but with an exponential decaying factor, while the Fourier transform
handles only sinusoidal terms. In this sense the Laplace transform includes the
Fourier transform as a special case.

The Fourier transform considers values only along a line, much as real-
variable theory considers values along the real axis. The theory of complex vari-
ables, by considering values in the whole of the complex plane, both greatly limits
the class of functions and at the same time greatly expands the power of the
methodsused, The Laplace transform with its use of the complex plane similarly
gains in power. As an example, the Fourier transform of a constant I, (or even
the function sin ) does not technically exist for lack of convergence, but the La-
place transform, by using a slightly negative real part of s, has all the necessary
convergence and provides a more powerful analytical tool. (One may question,
however, the increased physical power.)

When we getinto thecomplex plane, we get an inversion formula correspond-
ing to the Fourier inversion formula. Thisis

F(t) = = f’“wev{s)ds >0
2y

and is sometimes called * Bromwich’s integral formula.”*  The value of y is cho-
sen so that the integral converges for s values on this line, and hence the Cauchy

infegral can be ciosed on the left.

1 Oliver Heaviside (1850-1925) by his formal approach initiated research on the mathe-
maticai foundations by others and is justly regarded as the * father of the field.”
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The complex inversion formula has great practical limitations. Generally
speaking, we cannot expect to make the measurements necessary to evaluate this
integral—they can only come from some theoretical assumptions and hence are
not likely to lead to computing problems.

40.7 A FORMULA FOR NUMERICAL INTEGRATION!

The numerical evaluation of the Laplace transform, given equally spaced data, is
often necessary. We shallfind a formula, like the Hamming-Pinkham (Sec. 18.9),
that uses end corrections in the form of differences.

We begin by examining integrals, over a finite range, of the form

10) = f e~ Mf(x) dx
4]

Given equally spaced data, which we assume is at unit spacing, we approximate the
integral by the form

im0 dxm 370 + 3 hDe S = 5) + (= DPmHAFON]

where the i,(4) and m,(1) play the role of the g, in the earlier formula. The de-
pendence of the coefficients 4,{4) and m_{1) on the parameter is to be expected.

As before, we begin by requiring the formula to be exact for the integrand
fx) =1, x, x%, ... and get the defining equations

e dr= 3 e 4 3 I A (n = ) + (= 1 mDAOY]
k=0 20

0
p=0,1,2,...

To get the exponential generating function, we multiply the pth equation by */p!
and sum over al} the equations

J.newj.xeu: dx - i e-—Akekt + i{h,{&}e"’“"A‘e"'””' +(-~1)sm,(ﬁ.)A‘e°‘}
] k=0 =0

Why do we use the exponential generating function? Simply because for
the operations we are going to do, integration, summation of a series, and differ-
encing, the exponential function is left unchanged. As a result we will be able to
arrange the various terms into exponential and nonexponential terms, and the
terms with the exponential will carry all the dependence on n.

t See also V. I Krylov and N. 8. Skoblya {31).
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We now do the indicated operations

] 1 e—(l—-t)n
I | e o
Io A=t
P i e-—(k-—r)t _ e-(&*l)(n+ 1y 1 _ e“(l“!)u - e(}t—l)
kmQ -(l—') - 1 1 - e“’“‘)
3 A: {n—s3t e"'(l -!)s
4 A% = (e 1)

and assemble the parts

1 1
‘"“"’"[‘ Fpiat o b 2 BAXL - e-*)]
1 A0
+ [1":”5 o Z( 1ymy(A)e ~ 1)’] 0

I we now define

1 1

ot 7)) = —rstoee Ty T Zh(z)a -7ty

P )= 5 =g = 5 (- me - 17

we have
e Iy + P(t, 1) =0
Comparing Q(t, 1) with P(1, 1) we have
oL D =P(—t, ~2)
provided
my(—4) = h{A)

Thus we need only use Q(f, 1) = 0 to find the coefficients /i,{1) of the differences,
where

- f:h (A1 — e~y = ,.,}.... _m..}:.._..
3=Os —A"!’-eu—”"‘“l
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Again we set
I~e'=vp t= ol (] - p)
to get the power series inp

L~ 1
Zh(l) it -9 (l-9d-1

The expansion of the right-hand side in powers of v will yield the coefficients A,{1).
As a result of a lot of tedious algebra we find Table 40.7* for 4,(1) where

ez;

") = (— 1744 + FoT
m.s('l) = hs( - ;{')
Thus we have the integration formula we sought.

! See M. M, Kaplan, " Numerical Integration with Complex Exponential Kernels,”
doctoral thesis, Stevens Institute of Technology, 1969, for tables and details,
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40.8 MIDPOINT FORMULAS

Corresponding to the midpoint integration formula we have a midpoint formula

[(emxydx =5, e 6+ 12k 4 172)
[+] k=0
+ 3 e R (n — 5 — 12) + (= 1Ym?
=0

and Table 40.8.

Tabie 40.8

s AN

po T

e
+
Bl

3
z'i'a)

:vl,...

: (i

5
¥t tig

) ) 13
Wttt 4»“*"1221“123)\

i 5 51 1,303 563

Syt ae Ty taon teon

1 T 1 4057 6907
s ().’+30A"+28A’+840).‘+22400A3+ILBOOA’+2560A
; L 219 6138 371155

PO Y R TR T CRIT YT E

0.4 7
+ 10,459 898,02 81

+ 15z 300w T 3600

44,8004* 7 313,600A% + 2,560A% + 179, zom‘
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40.9 EXPERIMENTAL RESULTS

Numerical experiments (by Kaplan} indicate that the formula works about as
expected.

For the Laplace transform the upper limit is infinity, and for most practical
problems the corresponding differences all approach zero so that the m, terms
drop out.

40,10 FOURIER TRANSFORMS

Itis immediately evident that if in the preceding formula we write 2 = iw, and if we
do sufficient algebra, then we will have formulas for both

[cosatfydr  and f"sin wt f(t) dt
] 9

Alternatively, we could start from scratch and use a generating-function type of
derivation technigue to obtain the corresponding formulas directly.

For the Fourier transform we let both limits go to infinity, and, of course, the
end correction terms will drop out, leading to the trapezoid rule for integration.

The experimental comparison of the above type of formulas with the clas-
sical Filon formula (based on local quadratic approximation of the integrand,
similar to Simpson’s formula) shows that the above formula is superior in accuracy
as well as in the more important properties of providing an estimate of both the
roundoff and truncation errors. For details the reader is referred to Kaplan’s
thesis.!

1 Op. ¢it.
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*SIMULATION AND THE METHOD OF
ZEROS AND POLES

41.1 INTRODUCTION

Simulation consumes a great deal of time on many computing machines; indeed
one can look at a computer as a large, flexible general-purpose device for simulat-
ing various processes. Many simulations depend mainly on the integration of
ordinary differential equations, and this is the reason we have devoted a great deal
of space to the subject.

On the other hand it is difficult to discuss simulation in neat classifications
with nice definite formulas strung across the page. What to do in a simulation
depends very much on the source of the problem, the money available, and what is
going to be done with the results. Consequently, the subject apparently is not
susceptible to the usual mathematical treatment.

These two conflicting aspects of the problem cause most texts to ignore the
topic after giving a few methods for integrating ordinary differential equations.
However, we shall not dismiss it, even though we are reduced to working around
the topic with many words and few formulas.
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412 SIMULATION LANGUAGES

There are many, and undoubtedly there will be many more, simulation languages
applicable to various fields. Usually the descriptions of these specialized lan-
guages give a great deal of space to how to use the language, but very little to what
method of integration is used, and almost no space as to why the particular
method was chosen.,

Given a short problem where the machine time is not important, most people
will grab a handy simulation language and get an answer. The answers they get
will often conceal any interesting aspect of the computation that might shed light
on the meaning of the solution, Consider, for example, a method of integration
that actually does halve and double as the accuracy requirements demand (many
methods do not, and you will never know from the output in those cases that the
answer is apt to be wrong), For purposes of comparison of successive runs, the
output is almost always given at a regular spacing assigned by the user, This
naturally conceals the detailed behavior of the solutionat exactly those interesting
parts where there wasa great deal of structure.  Yes, we wanted numbers to study,
but the motto of the book also states that we want insight—insight that can often
arise from the way the computation proceeds, rather than from the numbers.
Why at this place was a smal] step necessary? What regions had very large steps,
and what does that mean? Does this suggest some analytic approximation in
this region, and does the behavior in the region of small steps suggest some very
nonpolynomial-like behavior compatible with the theory? Perhaps we can find
other analytic approximations that will mere clearly reveal what is going on.

‘This is not to say that simulation languages should not be used; often their
ease of use outweighs the probable gain in insight of a more careful, and initially
more costly, approach.

Most simulation languages use a method of integration at feast as good as
Euler's modified predictor-corrector method (Sec. 22.3), though some are as crude
as the simple Euler predictor method.  Usually on these latter ones, the user must
specify the step size to be used throughout the whole run,

Runge-Kutta methods (Sec. 24.2) are very popular because they are both
accurate (hence reasonably efficient) and self-starting (hence compact coding).
They have the weakness of not doing too well on the matter of monitoring their
own accuracy (unless further evaluations or other features are incorporated into
the method, and these are seldom done).

The better predictor-corrector methods are occasionally used, but the ru-
mored instabilities, no self-starting properties, and general untidiness tend to make
them be passed over by programmers.

When using a simulation language with its packaged routine, or indeed any
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packaged routine for differential equations, one should watch carefully to see how
to avoid the loss of insight that these approaches tend to produce (along with their
great ease of use),

When a simulation is extremely important, or when the machine time used is
going to amount to encugh money that it becomes a significant part of the budget,
then we need to turn to the design of special methods of integration that fit the
needs of the problem. As Fowler observes,! the methods of design and simula-
tion should be done together, not separately. Also, we sometimes build whole
simulators in hardware, with the digital computer as one component buried inside.
In those cases we also want to adapt our methods of integration to fit the situation.

There are numerous published comparisons of the various methods used in
asimulation.? Theory says that the predictor-corrector methods should do about
half as many evaluations as a Runge-Kutta method of comparable accuracy, but
many reports do not seem to bear this out. One can only suspect why. One
possible explanation is that the predictor-corrector methods spent a lot of their
time halving and doubling, because the halving and doubling constants were too
close and did not allow for the simulation of noise that is so often a part of the total
problem, Another obvious explanation is that the author of the comparison does
not understand the newer methods and evaluates them for what they are not sup-
posed to do rather than for what they doinfactdo. Many fail torealize that step-
size changes can require changing many of the coefficients (see Sec. 36.7).

Stability of the predictor-corrector method is of course another source of
trouble, but if the step size has been shortened to take care of it, and if the Runge-
Kutta method did not correspondingly shorten, then it is likely that the second
method is in error too, but the error is not so obvious,

41.3 SPECIAL METHODS’

Usually the simulation package reduces all the equations to a single system of first-
orderequations. ‘This can be very costly in machine time and include some loss of
accuracy. In the very common case of second-order equations with no first de-
rivative present there is considerable advantage in time and accuracy in going to
the appropriate method (Sec. 24.3).

1 M. E. Fowler, Numerical Methods for Use in the Study of Spacecraft Guidance and
Controt Systems, [BM Scientific Computing Symposinm en Digital Simulation of Con-
tinous Systems, pp. 47-66, 1966, See, in pasticular, p. 62,

T p 1. Benyon, A Review of Nymerical Methods for Digital Simalation, Simulation,
November, 1968, pp. 219-237, gives 75 references. M. R. Martens, A Comparative
Study of Digital Integration Methods, Simulation, February, 1963, pp. 8794,

3 M. E. Fowler, A New Numerical Method for Simuiation, Simulation, May, 1961, pp.
324-330,
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The case of stiff equations,! which is related to the problem of widely sepa-
rated time constants, is also of common occurrence. The solution to this diffi-
culty depends on the source.  Often the very short time constant that is producing
the stiff part is a parasitic one that could be left out of the simulation with no
serious foss in the modeling.  Or, it can be replaced by an implicit equation whose
derivative is taken to be zero as far as the other questions of the system are con-
cerned. {Sec. 24.8).

Sometimes some of the equations in the simulation have solutions which are
not easily approximated by polynomials (something like the stiff-equation prob-
fem), and we are forced to devise appropriate methods for integrating those par-
ticular equations in the system (Sec. 24.6).

We looked briefly at the design of integration methods from the frequency
approach (Chap. 36}, and we now turn to a more complete discussion (not deriva-
tion) of the approach.

41.4 THE FREQUENCY APPROACH AGAIN

The traditional approach of the mathematically inclined to the problem of the
numerical integration of ordinary differential equations is through polynomial
approximation and measuring the accuracy of the solution by a comparison of the
calculated and true solutions—a comparison in the solution space. The usual
approach of the electrical engineer to the same problem is through his knowledge
of the frequency approach, and he measures his success by how close the Fourier,
or more often the Laplace, transforms of the calculated and true solutions agree.

These two approaches are not the same, and in practice can give very differ-
ent results, 1t is true, of course, thatif one is exact, then the other is; but it is not
true that if the two solutions are close to each other in the solution space, then
the frequencies in cach solution are close.  This can be seen in Fig. 41.4.1. The
first example clearly has a high-frequency component that the other function does
not have, while in the second exampie there will be jerks at the corners of the
straight-line solution that are not in the true solution, again a different frequency
confent.

When the solution is being used, for example, in a training simulator for
supersonic flight or a space vehicle, the difference in frequency content can be
seriousindeed. Whatis wanted is a trainer that *“ feels " like the real thing. This
is much more like the Fourier transforms being close than the solutions being

' M. E, Fowler and R. M. Warter, A Numerical Integration Techrigue for Qrdinary
Differential Equations with Widely Separated Eigenvalues, IBM Journal, September,
1967, pp. 537-543. Bee also Rel. 16,
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Exzruple 1

FIGURE 41.4.1 Exampts 2

close. Indeed, it is a custom to match, not the pure sinusoid content of the solu-
tion & la Fourier, but rather the Laplace transforms over the complex plane so
that the damped sinusoids will ** feel proper ” to the trainee.

This discussion should show why the method of zeros and poles which tries
to match the Laplace transforms is in many cases much more appropriate than
the conventional method of matching solutions in the solution space.

41.5 THE z TRANSFORM

The z transform is a formal analogy with other transforms and is closely related to
generating functions It is very useful when dealing with sampled data systems
(meaning that equally spaced samples of a function are all that are available). Let
the data be (at spacing T)

finT) n=0,1,...

where the assumption is that for negative f the function is identically zero, much
like the Laplace transform. The z transform is defined as

FG) = )if(nT)z“" 2] > R
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It is customary to use negative powers of z, though obvicusly a reciprocal trans-
formation

z=1f2

would yield positive powers.
Like other transforms the z transform is linear

SIS + 0Dk = ¢, 3 [T+ 62 T £(6T)

There is a shifting theorem

LSO - FO9] =3 U + D]z

The convolution is clearly the Cauchy power-series multiplication, and we have a
corresponding convolution theorem

[ "

Fy@)Fy(zy= 3 3 fulkT)fl(n ~ )T]z™"

= n=0

Thus it is easy to see that we will have all the formal properties of most trans-
forms. We canalso construct tables corresponding to functions that we can sum
inclosed form. The formalities need not be gone into here.?

The z transform has been popular in some circles, and it is often used for the
design of integration methods for systems of differential equations. The deriva-
tions are easier than those of the method of zeros and poles, but they lack the
flexibility of the latter. Therefore, we shall not go farther into this topie, but be
content to alert the reader to its existence and relation to the rest of the material.

Many of the comparisons of various methods seem to confuse the z trans-
form methods and the more general zero and poles method, so that this confusion
needs to be watched carefully.

% See, for example, B. 1. Jury [26].
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APPROXIMATIONS TO SINGULARITIES

42.1 INTRODUCTION

Problems that arise in physics very often have a singularity at one end of the
interval of interest, and sometimes at both ends. We have been approximating
functions vsing (1) polynomials, {(2) sines and cosines, and (3) exponentials, all of
which are finite at all finite values of the argument. Thus essentially we have
been solving problems with no singularities. The exceptions to this remark are
that in integration we have occasionally incorporated the singularity into the
kernel K(x), and in differential equations we have made (by implication} trans-
formations on the variables to eliminate the singularities; and also rational
functions {Chap. 30).

What is true about problems in physics having singularities is perhaps less
true in other fields of science, and even less true in engineering, but singularities
do occur in practice. 'We therefore need to examine this important topic.

We are going to apply analytic substitution, and approximate the behavior
of functions by terms which resemble the singularity. The methods we use can
be adapted to any problem where we have knowledge of the nature of the solution
and the appropriate family of approximating functions. When there is an
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appropriate family for a problem, then the use of the more general families we
have studied is foolish and a waste of both machine time and insight, Since the
appropriate family to use is so difficult to discuss in the general case, we shall
confine the chapter to approximating particular cases and assume that the reader
realizes that in other cases the same techniques apply and should be used.

Much of mathematics involves the art of studying the behavior of functions
in the neighborhood of a singularity, and we cannot in this book go into this
important topic—we must simply assume that it is known, especially the difficult
art of handling * movable singularities.”

In mathematics the singularities are usually subtracted out, but in comput-
ing it is usually better to arrange for the behavior in the neighborhood of the
singularity to be written as a product of the known general behavior times an
unknown function that will, if the choice is good, remain finite and vary slowly in
the region of interest. We must, therefore, resist using many of the standard
tricks taught in mathematics and learn to proceed somewhat differently, if we are
to aveid having to deal with differences of large numbers and the consequent
heavy cancellations.

42,2 SOME EXAMPLES OF INTEGRALS
WITH SINGULARITIES

As a first example, consider the integration of
n/2
sz In(sin x) dx
0

nj2 H
I wf inx -i-!n(w)] dx
o X

we see that it can be written as a piece that we can integrate analytically and which
contains the singularity plus a second piece which we can hope to do numerically
since the integrand is now well behaved

4 T =2 sin x
I»—E(ln§~1)+jo In(-—;—-)dx

Using i = n/4 and Simpson’s formula, we get

If we write it as

T ~0.862 + -1% {0 = 0.420 ~ 0.045)
o= ~0.862 — 0.228 = —1.090

(Known ANSWEL = — —g—!n 2= 1089 )
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Here we have used a mixture of subtracting out the singularity and writing it as 2
product.

Second, it is often possible to find a transformation that eliminates the
singularity. Thus in the problem in Sec. 9.10

_dp fx
g(y) = p fo \/;:.}.dx

the transformation
x=ysin 0
removed the singularity. This again falls in the domain of formal mathematical

manipulation and outside that of numerical methods.
As a third example, consider

f(x) = j':e*‘ dx = Lx:%c&xe"z) dx  a>0
X exz
"I'J;i?dx

so that the asymptotic expansion of f(x) is

x

e
2xX |

&
S~ 7=t
Near x = 0 this form is not useful and we are led to try (now a = 0)
J(x)y = f e dx = e’ D(x)
o

It is a common trick to get a differential equation from an integral, and so
we differentiate to pet
e** D'(x) + 2xe* D(x) = &*
or
D'(x) + 2xD(x) = 1
D0y =0

We now have a simple differential equation and know that as x — oo, D(x) -~
1/(2x). This suggests that the function D{x) (for the whole range 0 < x < ),
known as Dawson’s integral, is more suitable for computing than the original
function.

As a fourth example, consider Bode’s integral for the phase in terms of the
amplitude A(w):

o
=2 f “"if'g?)”f dw
T — Wy
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Here we have singularities at
[£2 :tCUD

A numerical computation from experimental data used the trapezoid rule for the
intervals outside of the singularities, and near the singularities the function A{w)
was approximated by a cubic through four adjacent, centrally located values.
This led to integrals of the form

f.m,wuz [a b Bl ~ @g) + e~ ) + dlw wo)a] o

wo~h(2 (& — wo)(w + wg)

which can be handled analyticalily.
The use of the structure of the singularity has been illustrated to some extent
by these examples, and further examples occur in the next section.

PROBLEMS

42.2.1 Writing
5 dx t i i
I un ] [ e e e dx
avViax Vi e vVida?
apply Chebyshev integration.

42.2.2 In Prob. 42.2.1, set x=cos § and integrate numerically. Compare to Prob.
42.2.1,

423 A SINGULARITY IN A LINEAR
DIFFERENTIAL EQUATION

It occasionally happens that a numerical solution is required for a linear differen-
tial equation which has a singularity® in the range of integration. One way of
doing this, which was first suggested by Prof. J. W. Tukey, is the following, and it
again illustrates the technique of using the structure of the singularity in a multi-
plicative fashion.

Suppose we are given

Yxg} = A
Yx)=5B

! By singularity we mean that the fenction does not behave as a power series about the
point.

Y+ Plx)y =0
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where P(x) has a singularity in the range of integration, sayat x = 0. 'Wechoose
as a comparison equation

u+ Q=0

which has the known solutions #,(x) and #,(x) and has the same kind of singularity
in O(x) at the same place as P(x). We shall later examine how this can be done,
We next assume that

Hx} = o) (x) + Blxua(x)

where a(x) and f(x) are functions to be determined but which we expect will vary
smoothly. The method now goes along the same lines as the classical method of
“variation of parameters.”” Having introduced two unknown functions a(x)
and B(x), we may require that y(x) satisfy both the differential equation and one
more condition. We choose this second condition as

o'y + fu; =0
From this we have
Y = oy A Bug
Y=oy + Puy

Y=ol A oluy A+ ful 4+ ful
Putting these in the original equation, we get
of{u] + Pu) + B(uj -+ Puy) +a'ul + fluy =0
But using the fact that u, and u; are solutions of the comparison equation, we
have
uy + Puy = (P~ Qhy
up + Puy = (P — Qu,
Thus the differential equation becomes
a'uy + fuy =(Q — P)au + fuz) =(Q —~ P)y
Solving this with the definition of y(x), we get the two equations
a'(uguy — ugui) = — uy(Q - Py
B(uyuy — uguy) = uy(Q — Py
But u;uh — #, 4 is the Wronskian of uy and u;, and for this case (no y' term)itisa
constant W, where
Wo = uy(xohuy(xo) — z(Xo)ui(xo)

W, is readily determined from the known solutions uy(x) and 2,(x).
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We thus have to solve
ﬁr - uZ(Q - P)y

Wo
p=t@-Fy  xg)=4
Wo Yi(xg)=B

y=oauy + fuy

The problem is how we can choose a Q(x) so that the factor O — P vanishes
sufficiently strongly at the singularity to cover the peculiar behavior of the
products u, y and u, y (or, equivalently, the products w,%, w1y, and »,?).  If this
can be done, then the equations determining a(x) and f(x} will have a much
fess peculiar behavior at the point where there was a singularity.

We now show how u, (x) and «.(x) may be chosen in one particular example.
Suppose that

a.
P(x)=—x—1—§-ao+a1x+-“ a.y %0
Thus we know that if p(0) s 0, then y"(0) is infinite, and it is apparent that we

could not approximate the solution by a polynomial with any fidelity near
x=0 Wetry

f _m—ETS:xD '(x)
Then
up = 2D + x(D1)] (—? “1) gu; = |
x[2(DY - DD - 2DD
- xD? “
But
D=1+ax+bx*
D' =g+ 2bx
D" =125
Hence for small x
L —2a—6bx + 2b%x* ~2a — 6bx + 2b7x?
L= xD? e i+ dax @ 2

-—-2[ +(3b~2a%) 4+ ]ul



42.4 GENERAL REMARKS 655

Thus

Q= ~42§+(—sb+4a1)+(~-)x+---

and we want to choose (comparing ¢ and P)

a.
~2a=a_, am-—f

a.g* - ag

6

With this choice of g and b in our trial function Q(x)}, we have from the structure of
P(x)

or
—6b + 4a* = a, b=

Q-PxCxt-

and Q — P vanishes sufficiently rapidly. We now determine u, in the usual
fashion.

* d
o) =9 [ 25

=1 4 2a0 + (a® + 20007 + 2ab0* + H*0*
= u () | ( 5 d6

1 2 , b
= (x) —-;+2ain]x§+(a + 2b)x + abx +——3—-

and therest iseasy. We have u,(x) with no singularity at x = 0, and u,(0) = ~ 1.
We also have a u,{x) whose second derivative is infinite at x = 0. The products

(@—Puy and (@~ Py
vanish at x = 0, allowing the smooth integration of the differential equations that
determine ax) and B(x), since the peculiar behavior is contained in the u, and is
partially masked by the zero of @ — P.
In this example we again see the advantage of handling the singularities by
first examining the dominant behavior of the solution near the singulfarity and
then using a known function to approximate this behavior.

424 GENERAL REMARKS

We have given some examples of how o handle singularities in a few specific
cases, We have no detailed rules for the general case, especially for singularities
in nonlinear problems. Much depends on the mathematical ability of the
person planning the solution.
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With modern floating-point machines it is sometimes possible to integrate
close enough to the singularity so that an analytic approximation can be fitted and
used to get over the singularity. Once past the singularity, numerical values can
be computed from the analytic expression in order to resume the computation.
However, this should be used only when better methods fail, as the accuracy is
often hard to estimate and control.

When the singularity is a so-called “movable singularity,” which can
occur in nonlinear problems, then it is particularly important to be careful how
the numerical data are used to fit the function approximating the singularity. Yet
such things can be and have been done successfully; it is a matter of courage and
careful computation.

Experience shows that frequently the singularitics were not in the original
physical problem but got there by some standard mathematical transformation.
Thus there is a high probability that a transformation can be found which removes
the singularity, and that you are undoing what the mathematician did before you
got the problem. It is therefore highly recommended that if a problem turns up
with a singularity in it, then a careful examination of the source should be madeto
see how it arose. QOccasionally it is in the original formulation, but an equally
satisfactory approximation theory without the singularity can be made—often
more satisfactory from the computing point of view. In the author’s experience
once after solving, with great labor, a problem having a singularity in it, the
proposer asked if it could be done with some viscous terms in it—ierms that
effectively eliminated the trouble! What appears to the proposer to be a more
complicated and more realistic model often is easier for the computer expert to
handle.
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OPTIMIZATION

43.1 INTRODUCTION

Simulations are usually undertaken with the goal of ultimately optimizing some-
thing about the behavior of the system. Thus the usual steps in a simulation are:

1 Construct the model of the situation (or process)

2 Decide on the objective function that combines all the various goals
into one single numerical value

3 Optimize

Each of these three steps is much harder than is usually realized when a study is
first proposed.

First, the situation to be simulated is usually not as well defined as was
supposed. Many parts have not been thought through, and some parts do not
have their proper physical constants for complete specification, since usually the
simulation is supposed to help in the design.  Intheideal situation the simulation
grows into the design, and that in turn flows into the evaluation of the system; it is
wrong to separate the three phases,

Second, the so-called * objective function.” which is supposed to combine
all the various goals and desirable properties of the system into one single real
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number, is not known at the start. The question of “trade-offs " of this for that
has not been thought through, and will probably not be until some of the results
are available so that people can begin to think about those that will matter in the
final design. At the beginning of the study the idea of a single number measuring
the quality of the whole complex system does violence to the engineer's feelings of
what is important. Yet, in the final analysis, somehow the noncomparable
aspects must be combined and a single decision reached as to which one of the
possible designs to use.

Third, while it is the simulation that takes so much machine time, both in
the programming and in the actual running, it is the optimization process which
often controls the success or failure. Inefficient searches of the space of possible
designs can require more time and energy than are available. Thus the part that
tends to get neglected in the original planning often dominates the question of
success or failure.

It is necessary, therefore, to look at the optimization process. There are,
broadly speaking, two situations. First, the classical one that arose in agricul-
tural experimentation where, because of the length of time to do one experiment,
many cases must be run at the sametime (in parallel}. From themaconclusionis
drawn. Second, modern situations that generally allow sequential decisions; one
case is run, and then a partial analysis of the results is made which is used to help
select the next trial. It should be intuitively clear that the sequential process is
generally very much more powerful in arriving at the optimum in a few steps than
is the parallef case. These two approaches have given rise to two distinct fields;
the parallel one that arose from agricultural experiments gave rise to the field
called “design of experiments,” while the sequential approach has given rise to
the more recent “sequential design™ and the still rapidly developing field of
optimization,

The probiem of finding the optimum has a number of traps for the unwary
persen who believes everything he reads. For example, consider the two situa-
tions in Fig. 43.1.1. In the first, with a broad minimum, the mathematician will
say “it is il-conditioned and difficult to find,” while in the second he will say “it
is well-conditioned and easy to find.”” The thoughtful engineer who is going to
use the results will soon realize that in the first case he can safely proceed, because
small changes in the position of the x value, or in the mathematical model, or
again in the physical system that is ultimately constructed, will make small
differences in the quality (3} of the performance. On the other hand, for the
sharp minimum the opposite applies, and small changes will greatly affect the
behavior (y) of the resulting system. Thus the mathematician’s view is almost
diametrically oppositc to that of the engineer’s, and it is the engineer who is often
right in the matter.
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Ax
x bx

FIGURE 43.1.1

43.2 REVIEW OF CALCULUS RESULTS

Optimization is a standard topic in the calculus, but it is necessary to recall some
vital details that tend to be forgotten.  The main method for functions of a single
variable is to obtain the first derivative, set it equal to zero, and then find the
roots of this equation. These roots give the positions of the extremes (maxima,

] b \_ x

FIGURE 43.2.1

minima, and horizontal tangents). In the textbook examples these steps are
usually fairly easy to do, but in practice the real zeros (Chap. 4) can be difficult to
find,

What is usually glossed over are the assumptions that not only the function,
but also the derivative, is continuous—that there are no cusps--and that the
extreme value does not occur on the boundary. Both are significant in practice.
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The test for a maximum is that the second derivative at the extreme point be
negative, while for a minimum the second derivative must be positive (see Fig,
43.2.2). Ifthesecond derivative is zero at the point, then higher derivatives must
be examined. Ifthe first nonzero derivative at the point is of odd order, then itis
an inflection point, while if it is of even order, then a sign test like that for the
second derivative applies.

FIGURE 43.2.2 Min Max

For functions of two variables the matter is much more complex. The
usual test for two variables is

2 .
>0 i} f{<0 maximum

x>0  minimuom
={} undecided
<0 neither max. nor min,

2

axt oyt \@xdy

(again recall that this applies only on the inside of the region and that the boun-
daries require special attention). The textbooks rarely go beyond two variables,

‘The classic example of the peculiar behavior of a function of two variables
near what seems to be a minimum is

z=(y—x}(y - 2x%)
= p? —3xly 4+ 2x*

At the origin

az 3
é—;-——ny-i-Sx =0

oz .
5;-—~2}’-~3x =0
52f62f aZf 2
ox? dy ox 8y

Now consider planes that pass through the z axis, y == Ax, These planes cut the
surface in the curves

z=2%x% — 3% + 2¢*
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and for them
dz

dx

d*z 2 . .

i 24*>0  aminimum at x =0, y = 0in the plane
hence we have a minimumin each plane. The two extreme cases (planes that also
contain the x axis or the y axis) also show a minimum at the origin. Thus we are
inclined to think that the origin is a true minimum. See Fig. 43.2.3. However,
in every neighborhood of the origin the function takes on negative values! If
functions of two variables can be this tricky, consider those of many more varia-

bles!

Y yulx?
yux?
+ »=kx
‘ / o
+
s
L
<4/ *
FIGURE 43.2.3 -

1t is also worth noting that many apparently simple problems have no
mathematically defined minimum value. For example, suppose that there are
two towns 4 and B, with B due east of 4, and suppose that you are required to
depart from A in a northerly direction and travel the minimum path to B. See
Fig.43.2.4. Evidentlyina mathematical sense this problem is not really properly
stated, though at first glance it might appear to be, In practical situations the
foolishness is generally better disguised, but may be there just the same to trap

the unwary.

FIGURE 43.24 4 B
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43.3 LAGRANGE MULTIPLIERS

Frequently the problem we are given to minimize has n variables, but there are k
constraints among the variables. Thus we have to minimize

y=f(xh Xz, "'5'xn)
when

¢k(x1.x;,...,xn)..~——,.0

For example, the values of the points (x;, x4, ..., x,) may be required to lie on
the surface of a sphere
p=xttx b x at =0

In principle the k constraint equations can be solved for k of the variables x,, and
these can be used to eliminate these variables from the original function y =
J{x, %3, ..., %,).  Inpractice this is apt to be impossible to carry out, and a trick
known as the method of Lagrange multipliers can be used instead. We will
illustrate it with one constraint, Using differentials, we have

af ar af
dy == B, Axy + ox, Axy o0 Bx, Ax, =0
and
-5 ¢ cop I
o_&x, Ax; +6x2 Ax, + +axHAx,,--0

Using A times the second equation added to the first, we get
r 3¢) O A4 _
(axl +A ox; Axy et (@xn +4 6x,,)Ax" =0

If each of these parentheses vanishes, then for any variation of the Ax, we will have
a horizontal tangent; thus the » equations
ar é¢
= )\. el g f =
6x;+ o, 0 i=12..n
plus the original constraint

¢(xh-x2,-o.,xn)m0

gives us n + 1 equations in the n+ 1 variables x;, x5, ..., x, and 1. These
equations define the solution we are looking for. Thus ir place of the original
function we wanted to minimize we now consider the function

L=f4+id
and optimize this as a function of the x, with A as an additional variable.
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As an illustration of the Lagrange muitiplier method, consider the problem
of finding the maximum rectangular block that will fit inside the ellipsoid

The volume to be maximized is

¥V = Bxyz

subject to the constraint of the point x, y, z lying on the ellipsoid. We therefore
consider the function

L=V + ¢
and have to solve the equations

oL 2x
.5; = Byz 4 ). — = 0
)
L tnr413) 2” =0
oy
oL 22

together with the original constraint, the ellipsoid. To solve these equations,
multiply the first equation by x, the second by y, and the third by z, and add to get

T
24xyz+21( +b2+ )-——-0

or
IV+2i=0

Again multiply the top equation by x to get
2
X
8 2==0
xXyz + P

or

2
V+245 =0
a

Using this with the above equation connecting ¥ and A, we get

2
vo3vi =
a
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Excluding ¥ = 0 as a minimum, we get

By symmetry we also get

and the maximum volume is

To generalize the Lagrange multiplier method when there are k constraints,
we merely use & Lagrange multipliers 4, and proceed accordingly.

PROBLEMS

43.3.3 Find the minimum distance from the plane Ax -- By -+ Cz — D = Gtothe origin.
| b}

Ans, e
\/A’+B"+Cz

43.4 THE CURSE OF DIMENSION

We have looked at, and will continue to use, problems in two independent varia-
bles, but in practice the number of parameters in the problem being optimized
may run much higher, and it is necessary to discuss the difference between prob-
lems in a few dimensions and those in many. The difference is known as “the
curse of dimension,” as the following discussion will show,

Consider a unit cube in n dimensions. It will have volume 1" == 1. Now
consider all the volume in the cube that is within a distance of £ from the surface.
This volume is the difference between two cubes, the original cube of side | and
the inner cube of side 1 — 2e. This difference is

I (128

and we see that for a fixed ¢, when we let n get larger and larger, the difference
approaches . Thus in a high-dimension space almost ail the volume of a cube is
near the surface!
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For a sphere we have a similar result. The volume is proportional to the
nth power of the radius.

M

V= fo 1D

Thus as we search high-dimension spaces for optimal values, we find that
almost all the volume is on the surface and that what in low-dimension spaces was
a4 nuisance is now a necessity: we must pay close attention to the values on the
surface of the region, since we can expect that frequently the optimum wiil be
there.

In many cases that are casually talked about, the volume of the high-
dimension space is so great that it is impracticable to explore it in any detail at all.
Problems with 50 and 100 parameters are hopeless unless a great deal more is
known about where to look. For example, if it is known that there is only one
local maximum, then it is a reasonable problem. Usually only local extreme
values can be found, with a high probability of significantly higher values being
somewhere in the region where you have never looked. The methods we shail
give are practical only for comparatively few parameter problems, or else in
controlled situations where few extremes can occur.

43.5 THE GRADIENT

The methods of the calculus attempt to find the extreme points by direct methods
in that they produce the answer without looking at other places. These methods
fail when there is no nice, simple, explicit formula for the objective function which
measures the goodness of the trial.

We now turn to methods which resemble hill climbing or valley descending.
They picture the surface generated by the objective function as a topographic map
with the level lines drawn as shown in Fig. 43.5.1. The level lines are defined by

J(xs X3, ..., X,) = constant

where of course f(xy, ..., x,) is the objective function.

Sinice the maxima of fare the minima of —f, we are not limiting ourselves if
we search for minima. The method consists, crudely, in taking the next step so
as to go downhill rapidly—it follows the local topography and ignores any
attempt to see the surface as a whole. The main weakness of this method of
finding the minima of a function by valley descending is that it is apt to miss very
narrow, deep, pits, such as a mine opening. If the search of the map does not
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L

FIGURE 43.5.1

by chance run into the opening, then it will not be found by the method of search-
ing the surface step by step. What the method does find is the minimum of the
local (smooth) vailey that you start in.

"The level curves (surfaces and hypersurfaces if n > 2) are defined by equat-
ing the objective function to the appropriate constant value. If we differentiate
this function, holding the value constant (along the level curve), we get

dy o Yo oxdx, o

50 5, 3 an s Tt ox G
where s is the arc length along the level curve.  The n functions

ox;

o F=12,...,n

form a vector which gives the direction cosines of the level curve. It follows that
the functions
of
ox;
also define a vector of direction numbers. We shall indicate a vector by boldface
type as

&)

The original direction cosines §x;/ds define the Iocal direction of the level
curve. The condition for orthogonality of two vectors is that the sum of the
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products of the corresponding components be zero (see Sec. 26.1). Thus the
above equation, which we found by differentiating the surface along the level
curves, shows that the two vectors are perpendicular. One is the direction
numbers of the level curve, so that the other

of
ax,

_ o

ax,

fat¥)
g
i

of

x,
which is called the gradient, is perpendicular to the level curve. It is easy to see
that the negative gradient is the path of steepest descent {locally). The gradient
changes its direction from place to place, but if we follow the local gradient down-
ward, we will get to the (focal) minimum,

The path of steepest descent is not necessarily the shortest path to the mini-
mum, Consider a meandering river. Except for the inertia of the flowing
water, the river follows the local steepest descent, but clearly there are paths that
descend much more rapidly without taking all the meanders that the river does.
Nevertheless, the path of steepest descent is, on the average, a good way to go to
the local minimum.

Since nearby paths all go to the same minimum, it is not necessary to follow
the path of steepest descent closely-—if we do not wander too far from it on any
one step, we will still end up at the same place. Thus we have a reasonable
amount of robustness built into the method of steepest descent,

The method of steepest descent has another weakness, however, Near a
minimum the negative gradient points only weakly to the minimum (because of
rounding errors in the computation, if for no other reason). But this should not
be exaggerated-—if the minimum is broad and shallow, then almost any point
nearby will give almost as good a response for the function being examined.

43.6 FOLLOWING THE GRADIENT

The negative gradient gives the differential direction of the path of steepest
descent—thus the problem of following the path resembles that of integrating a
system of n ordinary differential equations. In principle all we need to do is
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follow the local negative gradient., The crudest method would be compute the
vector whose components are

ot
P

(1) oy ()
x a0 =
J i
dx;

j=L2,...,n

where we have used superscripts to indicate the step number and subscripts to
indicate the variables, and / is the step size. The method may seem crude, but
remember that we do not have to be accurate in our individual steps; all the local
paths will end at the same place independent of the local errors (provided the
errors are not too big).

What step size shall weuse?  One way is to use the quantity which measures
the size of each step

"
jg:: (xj((+ 1y . x}(l))Z

and if this is too small, then increase the step size. Near the minimum we cannot
expect to gain much, even for big steps.

The fault of this method, and all others that use frequent reevaluations of
the gradient, is simply that it usually costs a great deal of computing time to
evaluate the # components of the gradient. If you insist on using this crude
approach that reevaluates the gradient each step, then probably a modified Euler
method (Sec. 22.3) would be better,

Rather than following the local gradient each step, it is much more efficient
to find a local gradient and then follow that direction down until you meet a
minimum on that path (on the surface). At this point you find a new local
negative gradient and follow that direction to a local minimum on that line. Itis
comparatively easy to see that the successive directions you take will be perpen-
dicular to each other. See Fig. 43.6.1,

In more detail, we find the direction of the negative gradient and take a step
size / in that direction. 'We expect to find a smaliler value of the objective func-

FIGURE 43.6.1
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tion at that point, and if we do, then we keep on taking steps until we find an
increase in the successive steps.  We could then use something like the bisection
method to try to find the lowest point on the line.  If the first step gives us a value
too high, then we have to resort to the bisection method immediately.

Alternately, once we find three points with the middle one lower than the
other two, we could use guadratic interpolation and find the minimum of the
quadratic as the next choice, rather than use the bisection method (which is
guaranteed to be slow, but reliable). This speeds up the search, so that the first
phase is to find three points with the middle one lower than the other two. Ifwe
find after a number of initial steps that we have not found the three points, then
we are tempted to increase our search step size, say double it, and if still we are
taking too many steps, then we double again. The process is much like that for
doubling the step size for differential equations. Similarly halving can be used
if we overshoot the minimum on the first step.

43,7 ESTIMATING THE GRADIENT

In many problems it is totally impractical to find expressions for the local gradient,
let alone evaluate them. Instead it is necessary to examine the surface of the
objectivefunction and fromit to guessat thegradient. To do this we simply make
small changes in the coordinate we are interested in, and from the difference of
the two values on the surface we estimate the derivative in that direction. Fora
independent variables we will have to evaluate the surface at n nearby points to
get the estimates of the 1 partial derivatives. Furthermore, the choice of nearby
points means that the estimates will be mainly roundoff, while placing the points
far apart means that we will not be getting the local derivative. Either way you
can lose!

The method and its problems are so obvious that the details of what can
happen to you and how to cope with them need not be discussed here.  For exam»
ple, if the point where you are is a saddle point, then you can be badly fooled.
Consider the surface

z=xy atx=0,y=0

We have
dz
e 0 and (A, =0
0z
53; = and (AZ), =0

so that you would not have a reliable indication of the (local) surface and where
to go next.
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43.8 SOME PRACTICAL OBSERVATIONS

The valleys that seem to cause the most trouble when hunting for a local
minimum are long, thin, curving ones that occur much more often than seems
reasonable at first glance. As Fig. 43.8.1 shows, for such valleys the search
path is not efficient, and it runs back and forth. Thus for such valleys the direct
search can be expensive.

Our trouble is that we do not have an invariant algorithm (Sec. 4.8) for our
search. To see this most clearly, consider an elliptical valley where most of the
time the gradient does not point to the minimum. If we could find the transfor-
mation that opened up the valley into a circle, then we would get to the minimum

&

FIGURE 43.8.1
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in the search aleng the first gradient line rather than having to shift from gradient
line to gradient line. We shall look briefly at this in the next section on the
variable metric methods. These methods attempt to find the shape of the valley
in the large by keeping information about the shape, using where the path has
been rather than depending completely on the local topography (as does the
method of steepest descent).

A valley (ridge) that is not parallel tc a coordinate axis and is not straight is
very common and difficult to follow. The so-called * ridge-following methods
seem to work sometimes, but the better they work on a given type of ridge, the
worse they are apt to be in finding a ridge in the first place.  They should be used
only with caution.

439 THE FLETCHER-POWELL METHOD

As we observed, Newton’s method may be very good when the zero is successfully
isolated (though there is no reasonable test to know when this happens), but it is
apt to be slow when far from a zero. Hence methods which attempt to fit the
surface with a quadratic and then find the minimum of the quadratic work fine
when near the extreme value, but they are not very good when far away. Thus
the variable metric methods tend to be used near the end of the search rather than
at the beginning.

Newton’s method in one variable uses the function and the first derivative to
get the next value. Since the minimum is a zero of the derivative, a quadratic
search method will involve the derivative and the second derivative which is the
Hessian. In fact it is the reciprocal of the matrix of sccond partial derivatives
that is needed. If we had this inverse, and if the surface were exactly a quadratic,
then we would be able tofind the minimumin onestep. Inasense itis an attempt
to produce an invariant algorithm that will take the correspondingly scaled steps
for any of the multiplicative transformations that leave floating-point numbers
with the same accuracy.

The Fletcher-Powell method! seems to be the most popular of the quadratic
convergence methods.  In order to follow the process, we introduce the notation

(x, ) =X ¥ + X3 ¥3 + " + X, ¥, = scalar
and
<x9 Y> = (xi .VJ) = matrix

where x and y are vectors having # components.

! R. Fletcher, and M. J. D. Powell, A Rapidly Convergent Descent Method for Mini-
mization, Computer Journal, vol. 6, pp. 163~168, 1563,
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We suppose that the surface is a quadratic in n variables

”n 1 n n
f=fo+ Zﬂexz+5_ 2 2, Giyxuxy
i1 =15

= o + (%) +3(x,6)

where, of course, G is the matrix {G;)) and is taken to be symmetric. We want

G~ and start with the positive definite! matrix
H® = |
where Iis the identity matrix.

Let the current point be x¥, with gradient g and current matrix H®,

O O ML)

and search in this direction until you find a minimum which defines o by

FE 4 as™) = minimum

Set
L I G )
KD o (D g D
Evaluate
f(x(i'T- 1}) and g(H'I)
Set
YO e g+ _ 0
HUD o g 4 480 4 gtd
where

W (a(f), oﬂ))
e, ¥
(-"H“)ym, y(i)H{i)>

B(l‘) — _ =
(y(r), H(lly(ll)

Set

It can be shown that the matrix H' remains positive definite and that the
convergence is quadratic. 'We shall not go into the details since they involve a

good deal of linear algebra and are available in the original paper.

In practice it is well to restart the matrix H after n or possibly 2n steps to

get rid of the old estimates of the surface that were far from the minimum.

} Positive definite matrix means that for all (x, x) # 0 then (x, Hx)> 0.
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43.10 OPTIMIZATION SUBJECT TO
LINEAR CONSTRAINTS

Up to now the problems in this chapter have been problems of unconstrained
optimization. This has meant that in our search for a minimum of f(xy, ..., x,),
any value of the variables x,, ..., x, was a permissible one. There are many
practical cases, however, in which physical or mathematical reasoning forces us
to restrict our search to values of the variables which satisfy certain conditions.

These conditions, or constraints as we will call them from now on, can take
onmany forms. Inthissection and the next we shall examine some the the forms
in which constraints appear and how they affect the solution, and we shall sug-
gest methods for handling them.

Some constraints are easier {o handle than others. Consider, for example,
nonnegative constraints: that is, each of the variables xy, ..., x, is restricted to
nonnegative values. Under these conditions, the statement of the optimization
problem would read: Minimize the function

Slxy, .00, x)
subject to the constraints
X;ZO f=1,-..,?!

The casiest way to solve this problem is through a transformation of variables. If
we let

2 .
X, = i=1,...,n

then we may minimize f as an unconstrained function of the y,,..., 7, and be
certain that the nonnegative constraints will be satisfied at the optimum, An
alternative way is to apply the gradient or the quasi-Newton technique of Sec.
43.9 with the following modification: Whenever a variable, say x,, becomes
zero and at the same time the xth component of the gradient is positive, then stop
updating x; until 8f/dx, changes sign. This is another way in which we can be
sure that the search will be restricted to nonnegative values,

The above tricks apply equally well when the variables are restricted to
lying between lower and upper bounds, that is, when the constraintsare of the form

x—hLz=0

f=1,...,n
u—x;=0 P

where the /; and u, are given and, of course, v, > I,. Here, we may again use a
transformation on the variables. We may, for example, let

xp=(u; — [)sin® y; +



674 43 OPTIMIZATION

and solve the problem as unconstrained in terms of the »'s. Other transfor-
mations are possible; however, one has to be careful about introducing new local
minima. This is because the minimization of f(yy, ..., »,) will stop whenever
dffey; =0{=1,...,n). Butby the chain rule,

.g.f_- af dx;
ay; 8x;0y;

Therefore, any transformation on the x’s which causes dx,/8y, to be zero at a
point which meets this constraint and is not on the boundary will introduce new
minima.

The constraint types discussed so far are linear and are special cases of the
general linear constraints of the form

n
Zaijx;meEO jml,...,m
i=}

Linear constraints are much easier to handle than the nonlinear ones, which we
discuss in the next section. The main reason for this is that the boundary of the
feasible region is composed of straight lines in two dimensions, planes in three
dimensions, and hyperplanes in higher dimensions. It is, consequently, easy to
travel along a boundary during the search for the optimum. Several methods,
developed especially for linearly constrained problems, take full advantage of this
fact. Best known among these is the so-called gradient-projection method.
This method has been designed primarily for linearly constrained problems with a
nonlinear objective function; it is essentially an extension of the steepest-descent
method to linear constraints. This presentation is too lengthy to be included in
this book and the reader is referred to the literature.!

A very important class of optimization problems is the one in which both the
objective function and all the constraints are lincar. Problems of this type
which minimize

flxy= iZ:I"'i-"i
subject to
Zaux,--—b_,-ZO j=1:"".~m
i=1

are called linear programming problems, and they are important because of the
enormous variety of applications which they have found in practical situations.?
A Tittle thought will make it intuitively clear that the solution of a linear program

I Read, for example, the section beginning on p. 133 of T, L. Saaty and J, Bram [50].
2 See, for example, S. 1. Gass [15]
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lies on the boundary of the feasible region, usually on a corner, but sometimes
along one side of a constraint. This observation provides an efficient technique
for solving linear programs. More details can, again, be found in the literature.

43.11 OTHER METHODS

The Lagrange multiplier approach is a classical one and has endured a long time
because of its practical and theoretical impertance, There are occasions, how-
ever, when the solution of the nonlinear equations resulting from this approach is
quite difficult. In such cases, other methods are preferred in practice.

One of the best-known alternative techniques for handling equality con~
straints was originated by R. Courant. Inthis method we minimize the function

Flrpyeees %) = f(Xgrornr %) + ri‘;[g,.(x,, LX) r>0

as an unconstrained problem for a sequence of monotonically increasing values
of r. Asr becomes infinitely large, the sam of the squares of the constraints is
forced tozero. Inthis way, the sequence of the successive minima of Fconverges
toward the solution of the given problem.

We conclude this chapter with a few brief comments about nonlinear in-
equality constraints of the form

Gixys e, ) =0 Lo, L...,m

First let us examine the necessary conditions for the solution. It turns out that
here, as for the equality constraints, necessary conditions can be expressed through
a Lagrange function. If a point x,, ..., x, is 2 minimum of the given objective
function f{x;, ..., x,) subject to the above constraints, then it must be true that
the negative gradient vector of fcan be expressed as a linear combination of the
negative gradients of the constraints which are binding. Geometrically this
means that if the minimum peint is on the boundary of the feasible region, then
the negative gradient of fmust fall within the cone which is formed by the gradients
of the constraints which are binding, Fig. 43.11.1.

A little thought will show that if this were not true, then we should be able to
move a little farther along the boundary to obtain a point at which fis smaller.

There are two common philosophies in the various solution approaches
suggested for problems with nonlinear inequality constraints: “the boundary-
following approaches " and the * penalty-function technigues.”

As their name implies, the boundary-following approaches suggest that
when a constraint is {or is about to be) violated, then follow the boundary of the
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=~>Gradient

FIGURE 43.11.1

feasible region defined by that constraint until a point which satisfies the necessary
conditions for a minimum is found, If the boundary is highly nonlinear, then
the convergence of such approaches will be slow. In such cases, we prefer the
penalty-function techniques.

The idea of a penalty function was introduced earlier when we added the
sum of the squares of equality constraints to f in order to * penalize ™ the mini-
mization of the resulting function whenever a constraint was violated, A
similar technique can be used for inequality constraints. Consider, for example,
the functions

il 1 r>0
F(xu"':xu)_f(xl’--wxu)'!'ri;m r 0
or
i
F(xy, ... x)=f( )-—riﬁ;ln[gi(x,,...,x,,)] r—+0
or

F( )=/ )+rl:zltg.-<x,...,x,>1z ro o

where §; =0ifg; = 0,and §,=g,ifg; < 0.

If we minimize these functions sequentially for a series of positive values for
r {monotonically decreasing for the first two functions and increasing for the third
one), then we approach a solution to the constrained problem.
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LINEAR INDEPENDENCE

44,1 INTRODUCTION

Linear independence plays a central role in much of mathematics. In mathe-
matics it is a yes/no thing, and there are no measures of the degree of linear
independence.

A little thought shows that linear independence is also very important in
numerical methods, but as is so often the case, there are probably a number of
different ways to measure the degree of linear independence. Unfortunately
none of these possible ways has been developed to any extent, let alone the whole
organized into a reasonabie classification. Thus the best we can do in this
chapter is to go through the material presented so far and indicate where various
possible ideas might be used, if only we could develop them adequately!

The fact that the material in this chapter, like much of the more recent
chapters, is vague and not of the theorem-proof form is not an indication of
unimportance, but rather of being near the frontier of the field. In time it is
probable that the material will become organized as more definite bodies of
knowiedge. But the material being at present vague, it is conventional to skip
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over it in the standard mathematically inclined texts, and therefore references are
sometimes hard to give.

As simple examples of the basic role of linear independence in mathematics,
consider the following definitions.

1 A number is transcendental if the powers of it are linearly independent
over the integers (or fractions), that is, if

a,‘xk=0

=

k=0

i

implies all the g, = 0; otherwise it is algebraic,
2 A function y = y(x) is transcendental if the powers are linearly inde-
pendent over the ring of polynomials, that is,

N
Y Plpi) =0
k=0

implies all the polynomials Pi(x) = 0.

44,2 LINEAR EQUATIONS

In Chap. 7 we discussed the solution of a system of linear algebraic equations, and
we went to considerable trouble to point out some of the faults of the widely
accepted methods of solution. The methods tend to avoid mentioning the linear
dependence {(except for rank) of the equations. An ill-conditioned system is
recognized as being somewhat dependent, but the direct approach to creating a
measure of independence is avoided {condition numbers are hardly a measure of
it).

We would like to have a measure of independence for a set of equations,
The values could run from | to oo (dependent) much as entropy does, or they could
run from 1 to 0 as probability dees. One intuitively feels that dependence is like
entropy: every operation that is done on the system can only increase the depen-
dence. This is consistent with our basic feelings on the matter—it should not be
possible by any mathematical operations to increase the independence of the
system, but it should be possible to decrease it. Reformulation of the problem
shouid be the only way to increase the independence.

The uvse of the angle between the lines or planes is often thought to be refe-
vant, but Prob. 7.9.2 discusses the case for just two equations. The solution
shows that a floating-point transformation by a power of 2 in one variable changes
the angle but clearly leaves the equations as independent as before.  For two lines
with slopes of opposite sign there is always a transformation that makes the lines
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perpendicular; but when the slopes are the same sign, there is a maximum angle
that can be achieved. Whether this is relevant or not and how it works in n
dimensions are not clear to the author.

If we keep the vague general idea of linear dependence in our minds and ask
how to make it as large as we can in one siep of elimination of simuitaneous
linear equations, then we decide that using the same equation to eliminate from
all the others would do the best job—but this is pivoting, the most widely used
method! Thus one can only wonder about the wisdom of pivoting—yes, at the
current step it seems to have some nice roundoff properties, but it also seems to be
designed to increase the linear dependence (assuming we do have an intuitive idea
of its meaning), and hence at a later stage we may come toregretit, The truth of
this observation is shown in the example of Sec. 7.8 of solving the 3 x 3 symmetric
system that is apparently wel scaled, and for which Gaussian elimination pro-
duces dependence while another method keeps the independence and permits the
accurate solution of the system.

How could we proceed other than by pivoting? We could try eliminating
by pairs, thus not favoring one particalar equation which runs the risk that later
everywhere in the derived system we will *“see” the same pivot equation staring at
ws. ‘This method still tends to favor the two end equations which will enter into
only one equation each, while all the other equations will enter into two derived
equations. This could be coped with by imagining the equations on a cylinder,
and eliminating by pairs to get n equations in one less variable at each stage. At
the end we would have n equations in one unknown which could be solved by
least squares (the mean) for the most probable value. Putting this in the earlier
system we again have n equations in the next unknown, and so we go “least
squaring™ ourselves up the back solution equations one at a time. Almost
nothing is known about such a method except the obvious fact that it will take
about twice as long in machine time to do as the conventional Gaussian elimina-
tion method and a good deal of storage as well.

Frankly the author does not know how to solve linear equations ideally, but
feels strongly that any method of analysis that does not come to terms with the
linear independence of the system, and the loss per step, is likely to be superficial.
Linear independence is too basic in such a problem to beignored. The difficulty,
of course, is to find an adequate, relevant measure of dependence of a system of
gquations.

One final word of suggestion for doing what the author does not know how
to do. When framing definitions of linear independence (dependence), keep in
mind that we use floating-point arithmetic of a fixed precision {(number of digits),
and are not dealing in the usual mathematical fixed-point arithmetic. If this is
kept in mind, it is soon seen that several of the arguments usuatly given about the
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size of theroundoffdo notapply. Thustheidea of taking the largest coefficient as
apivotin order to reduce the roundoff does not hold.  For suppose that with only
two equations we use the smaller to eliminate from the targer. The result is, of
course, an equation with larger coefficients (hence larger fixed-point roundoff’) but
the same floating-point roundofT as the other way round. It is the way the equa-
tions are combined, not the coefficients, that matters. Of course, in the usual
elimination process the final equation for each x, is the same linear combination of
the original equations regardless of the process along the way, but the roundoff
effects of the recombinations of the same equation can be considerably different.

44.3 SAMPLING AND LINEAR INDEPENDENCE

For each family of functions, polynomials (the Vandermonde determinant in Sec.
14.4), the Fourier series {orthogonality in Sec. 31.5), and the exponentials (Sec.
39.2), we had to prove the very important result that the mathematical linear inde-
pendence of the functions over any continuous interval could be translated into
linear independence of n functions over the set of n distinct samples.  This is the
basis for the validity of the numerical approach.

¥ we ask, as we do in this chapter, for the amount of linear independence,
then we have to describe a measure of it. For polynomials it is natural to ask
where we can put the sample points x; so that the crucial Vandermonde determi-
nant has the largest possible value forits square. The farther apart the points, of
course, the larger the value, and it is necessary to normalize the question to get a
reasonable result.  Ftis natural, apain, to ask that the sample points x; be confined
to some fixed interval, say —1 S x < 1.

Given this problem, we can easily see that for two points the ends of the inter-
val are best, for three the ends and the middle. For four points, using symmetry,
we want to maximize the product

4

Vo= Y (¢~ x) X = =1
[+
AL B
Equating the derivative to zero and finding the maximum, we get
5%, —1=0

Xy = 1/\/§ﬁ Xy
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The next case is clearly
PR |
Xg w8 =Xy
xy=0
xy =1
Vs = 4x,°(3 - x, %)
which leads to

Tx,2 - 3=0  or xy= +./3/7

Tt is futile to go on case by case, so we ask how could the samples be found in
general. Clearly they can come from some family of polynomials. We have,
so far

Vandermonde Polynomial [less ( — x%)]
Vy= (1 = x%) Po=1
V3=x(1 --xz) Py =X

Ve = 4x(1 — x%)? pr=5x2—1
Vo= dx31 ~x%? py=x(Tx®—-3)
Where we can expect to get the polynomials from? Probably from some

orthogonal system. The first try, using weight factor | — x*and, of course, range

1
f_ 1(1 ~xphp () dx =0 i#jf

and shows that they are indeed orthogonal {we need only do pop; and p;ps)
Thus we have ultraspherical polynomials (Sec. 26.2 with « = 1). A check of
Szego' shows that we are correct in our heuristic approach; the zeros of the ultra-
spherical polynomials are indeed the sample points that maximize the Vander-
monde, and hence in this sense give the maximum linear independence. Of
course, the Gaussian quadrature points give another version of where to pick the
sample points when integrating.

PROBLEMS

44.3.] Show that the next polynomial is pa = 21x* — 14x* + ! and check the orthogo-
nality of it with respect t0 po, P, P2, D3

¥ G, Szego, Qrthogonal Polynomials, Am. Math. Soc., vol. 23, Colloquium Publications,
1939, p. 139,
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444 POWERS OF x

The size of the Vandermonde determinant gives one measure of the linear inde-
pendence of the powers of x over a set of points. There are other measures of
independence. Consider againtheinterval —1 £ x = I and alinear combination
of the powers of x, where to normalize the problem we take the first coefficient
equal to one

Py =5t a X" 4t 1

The choice of the coefficients of the nth Chebyshev polynomial (times 2° ') gives
the inequality

T 1
P =|5e] <3 —1sas

and shows that the powers of x are practically dependent forlarge n.  This agrees
with our intuitive feelings that the even powers of x look too much like each other
to be very independent, and similarly for the odd powers (notice that each Cheby-
shev polynomial used only one set of these).

Thus the choice of the powers of x (for theinterval — 1 < x < 1) as the basis
for the representation can lead to trouble because they are not very independent.
The fact that the powers are easily computed on a computer does not mean that
they should be used indiscriminately. Rather the orthogonal polynomials, dis-
cussed again in the next section, provide a better basis, and using the three-term
recurrence relation (Sec. 26.6) they are not difficult to compute for moderate n.

44.5 ORTHOGONAL POLYNOMIALS
AND LEAST SQUARES

Orthogonal polynomials and least squares provide an alternate approach to the
problem of measuring the linear independence of a set of functions,  Section 26.3

shows that orthogonal functions are linearly independent.
If we rate the linear independence of the powers of x by the least-squares

measure
i 52
[ pier o]
~1

Po(x) = X" b @y X by

where
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we find that corresponding to the Chebyshev polynomial of the previous section
we get the Legendre polynomials P(x) (Sec. 26.7). The corresponding proof is
found by writing

Da(X) 52 CuPfx} + Cpy Pyt (%) 2+ 4 Po(x)
where we know that ¢, = n!f[1-3-5+++ 2n — I)]. Theintegral, due to the orthog-
onality, is

b3 2 d L] R 2
f_lpa {(x)dx '“"'k;eck " rl

and this is clearly minimized by taking ¢y = ¢y = -+~ = ¢,y = 0. Thusthe least-

squares Imeasure is
2 . _ninl2® 2
41" (2ml NVan+1

N (e ™ 20 - 20
S @ Jfam - fn ¥ 1)2

Jn

=

which is about the same as the Chebyshev measure,

On the other hand consider the linear independence of the orthogonal func-
tions. For purposes of comparison we shall suppose them to be normalized, in
the interval —1 < x < 1, that is,

! _[0 i)
J_srma=3 12

Consider now the linear combination
Cofo(X) + e i)+ + e f(%)

where all the ¢, are not zero. It is natural to normalize the linear combination by
requiring that

Thus our measure now becomes

1 n
J“lfcofo(x) Fefi(x)+ -+ e ()P dx =k=Z°ck2 =1

for all admissible choices of the ¢;.

In this framework of ideas we see that the orthogonal functions, including
orthogonal polynomials, generally have a nice, uniform amount of linear inde-
pendence and why they so often form a basis of representation preferable to other
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mathematically equivalent bases. (See Hilbert matrix arguments in Sec. 25.6)
The equations for the least-squares fit are a nice diagonal set of orthogonal func.
tions and can be very ill-conditioned for the basis 1, x, x2, ..., x"

In still another light, each of the orthogonal polynomials has all its zeros
real, distinct, in the interval, and interlacing those of the adjacent polynomials,
while the even (odd) powers of x tend to resemble each other more and more as the
degree rises. This again gives an indication that for many purposes the orthog-
onal polynomials form a reasonable basis for representation, and the original
powers of x do not. The problem of the basis for representation of our problem
is rarely discussed in detail, though we did observe, in Sec. 13.7, the difficulty of
having the wrong function get into the basis for the representation and (in Sec. 7.8)
the lack of independence in the sinh and cosh representation of functions for large
arguments, while the mathematically equivalent ¢* and e™* are fine. Near the
origin, however, the sinh x and cosh x are more different than the exponentials, so
that there is no magic answer for all problems.

The quasi-orthogonal polynomials introduced in Sec. 27.3, provide an
example of how to choose a basis for representing functions without paying the
high price of trying to make them exactly orthogonal {using perhaps the imprac-
tical Schmidt process, Sec. 26.3).

44.6 WHAT SAMPLES?

Two of the fundamental problems in numerical analysis are what samples
and what functions, and these arerelated.  'We have discussed the effect of sample
points on polynomials, and the phenomenon of aliasing (Sec. 31.2) shows the
effect on sinusoids. The study of integration formulas using one or more deriva-
tives (Sec. 17.8) shows that a sample of another derivative at a point where the
function and the lower derivatives are already known is almost as good as another
sampie of the function at a new point.

There are versions of the sampling theorem (Sec. 34.6) that use function
values and derivatives, and again one sees that the derivative at an old point is
about as good as a new function value.

44,7 WHICH BASIS OF FUNCTIONS?

The problem of the basis for representation of the solution is central, yet almost ali
mathematics is content to affirm that the linear independence is all that matters.
In the solution of difference (Chap. 13) and differential equations (Chaps. 23 and
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24) this canr make a significant difference. In the ncighborhooed of singularities
{Chap. 42) and even in the representation of functions (Chap. 3), for example

e N R N
f(x)~\/x+i-\/x_.\/;_+7+\/}_c

the form used to represent the function is vital to good computing,

The literature constantly shows that the proper, * natural ” set of functions
gives spectacular improvements in accuracy and decreases incost. It is a matter
of studying the problem on hand to see which representation is preferable, and
many times this depends mainly on the linear independence of the chosen set.
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EIGENVALUES AND EIGENVECTORS
OF HERMITIAN MATRICES!

45.1 WHAT ARE EIGENVALUES AND EIGENVECTORS?

A vector x in Euclidean n-dimensional space has »n components x;, ({ = 1, ..., n).
In calculus we studied (and in Sec. 26.1 we referred to) the product of two n-
dimensional vectors x and y, denoted by

V) =X+ Xyt XYy = XY
If (x, ¥) = 0, we say {again sce Scc. 26.1) that x and y are orthogonal. A conve-
nient measure of the “length” of a vector x is the Euclidean norm

[x| = norm of x = (x, x)'/? = (3. x7)'/*

When the norm of a vector is 1, it is called a unit vector.
A square matrix 4 = (@;, ;) multiplied by a column vector x produces a
column vector y:

Ax =1y

! This chapter owes its good points to M. P. Epstein as well as to conversations with
P. A. Businger and notes from C. B. Moler,
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Thus, matrix multiplication is a linear transformation of the points (vectors) in
Euclidean n-dimensional space into points of the same space. The null vector
{every component is 0} is usually written as 0 and goes into itself. It is unusual
for any other point (vector) to go inte itseif except when A = [, the identity matrix
with all {s on the main diagonal and Os elsewhere, in which case every vector goes
into itself.

While vectors do not go into themselves, most of the time a square matrix
of order n will have n different directions which go into themselves; that is, there
are (usually) n different values of a scalar A for which the following system of
equations can be solved:

Ax = Ax

each, of course, giving rise to a different vector x. This is not surprising, since
writing the equations in the form

(A= Dx=0

indicates that we can solve the system if and only if the corresponding determinant
is zero; namely, if and only if

|4 —al=0

By inspection this determinant is a polynomial of degree nin A, and in general it
will have » distinct zeros, real or complex.

Why should we care about these special values of A and their corresponding
solutions, which, to introduce the jargon, are called, respectively, eigenvalues
and eigenvectors ? 1t will turn out that for the cases we are interested in (symmetric
and Hermitian matrices) the n eigenvectors are linearly independent and form an
orthogonal basis. Thus, an arbitrary vector x can be written in the form

xm= x4 oy x® 4o gk

where the superscript j is used to denote the jth eigenvector. The coefficients ¢; are
given by
(x, x)  (x, )
KA T

When this vector x is multiplied by the matrix 4, the individual components of the
representation are merely multiplied by their corresponding eigenvalues, that is,

Ax = oA xD 0y Ay x4 oe g B, x®

Thus, the effect of matrix multiplication by A is particularly easy to follow in the
eigenvector representation of an arbitrary vector, since it is a combination of
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“stretchings ™ (or *“ contractions ') by factors of 1; along the axes x'. This is
much of the reason that eigenvalues and eigenvectors play an important role in
many applications.

452 NOTATION AND HERMITIAN MATRICES
The transpose of a matrix

A= (al,j)
is written
AT = (aj_ ‘)

that is, the transpose AT is obtained from A by writing the rows of 4 as the colurnns
of A7 (or else the columns as rows) in the same order. Thus, if x is a column vector,
then x7 is a row vector, and

(x, ) =y"x =32 Y%

Ix] = (7, 92
The outer product of two vectors, defined by
Gy =x-y"
is an n x n matrix (of rank 1) in which the element in the ith row and jth
columnisx;y;. Thisisincontrast with theearlier (inner) product of two vectors,

which is a scalar.
It is easy to see from the definition of matrix multiplication that

(AB)T = BT47

that is, the transpose of a product is the product of the transposesinreverse order.
Finally, it is obvious that

(4N =4

All the above can be generalized to matrices with complex elements by
making appropriate changes. The central idea is the conjugate transpose of amatrix
of complex elements in place of the earlier transpose.  The conjugate transpose is

A= T =@
A matrix for which 47 = 4 is called Hermitian in honor of the mathematician
Hermite. For such a matrix, if*

@, ;= Pi,;+ iy

1 T30 not confuse the coefficient § =V —~ | with the subscript /.
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then by definition
ay,e=Pi,;— 41,

In words, the real part of the Hermitian matrix is symmetric while the imaginary
part is * skew-symmetric.”
For complex valued vectors the inner product can be defined as

(x,5) = y*x
and again the norm is real since
{xt== (x, x)*/? = a real scalar
We also have, as before,
(4B =B"4" and (4% =4

Perhaps the most important property of Hermitian matrices isthatall their
eigenvalues are real, To see this, let x be any eigenvector witheigenvalue A, Then

Ax = lx
Since AT = 4,
A%x = Ix
Therefore, taking the complex transpose of both sides,
(AT = () or x4 =1x"
Multiply this equation on the right by x and the original equation on the feft by
x" to get the pair
xFhx = Ax¥x
K Ax = Ix%x

Thus A = £ and 1 is real.
We next show that for any two distinct cigetivalues A; and 1, of a Hermitian
matrix the corresponding eigenvectors are orthogonal. We have

Ax = 3 x
Ax®) = 2 (D

Multiply the first equation on theleft by ¥ and the second on the [eft by xV¥:
POLPNOIRG RN N

X432 o 3 5 (OHY D)
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Take the conjugate transpose of the first of these equations {recall that 1, = 1,
and A¥ = A), and subtract from the second equation to get

(= XD = 0
Since we assumed that 2, # A, we have
(x®, (1) = § DD _ g
and the vectors are othogonal.

Fromthis it follows that if a Hermitian matrix has all its eigenvalues distinct
then the eigenvectors form an orthogonal basis for Euclidean n-dimensional
space. (When the eigenvalues are not all distinct it is still possible to find n
independent, orthogonal cigenvectors, but we will not prove this.)

45.3 SIMILARITY REDUCTIONS

The formality of going from symmetric to Hermitian matrices is straightforward.
Since it is symmetric matrices that occur most often, and the necessity of using
complex conjugate obscures what is going on in the general case, we shall confine
the remainder of the chapter to the case of real symumetric matrices.

Suppose that a symmetric matrix 4 has neigenvalues 2y, 4,, ..., 4, (distinct
or not} and let D be the diagonal matrix

4 0

0 Ay
Let X be the # x n matrix whose columns are the orthogonal eigenvectors x,
x8, .., x. Then the cigencquations
Ax® = A, x5 i=1,2,...,n

can be written in the more compact form of matrices
AX=XD

where D is on the right because it multiplies the columns. The linear independ-
ence of the eigenvectors means that the inverse X exists and we can multiply
on the left to get
X '4X=D
Definition: If for any nonsingular matrix S we have
B=S7'4S
then we say that B is similar to 4.
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Clearly we can suitably multiply on the left and right to get
A= SBS™!

and A4 is also similar to B. It is easy to show that similarity is a formal equivalence
relation.

The importance of similarity lies in the fact that similar matrices have the
same eigenvalues, though the eigenvectors are in general different. To prove
this, suppose that

Ax = Ax and B= S48
Multiply the first equation on the left by §77, and insert S5 = 7 between 4 and
x. We get as a result
(STIASYS 1x) = MS%x)
which is the same as
B(S™ ') = A5 %)
Thus 2 is an eigenvalue of B with associated eigenvector (S7'x).
The eigenvector matrix X appearing above has an additional interesting
property. We have shown that there exist mutually orthogonal eigenvectors in

the case of distinct eigenvalues {(and asserted that even when they are not distinct
there is an orthogonal set of eigenvectors), so that

P xM =0 for i#j

If in addition the set of eigenvectors is orthonormal (Sec. 26.1), then each eigen-
vector is 4 unit vector, 'We can always make them orthonormal, since any non-
zero multiple of an eigenvector is still an eigenvector. We then have

(x0, 2"y =1  foralli
These two sets of inner-product equations are summarized by the matrix equation
XXT=X"X=1I
so that we have the important result
X t=x7

Thaus, if we normalize our eigenvectors to be unit vectors, we can simplify the
similarity relationship between the matrices 4 and D to

XTAX =D

It is natural to call matrices with this property, X = X7, orthogonal
matrices. We will discuss them furtherin the next section.  (Inthe complex case,
a matrix for which X¥ = X 7% is called unitary.)
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PROBLEMS

45.3.1 Show that simifarity is an equivalence relation (reflexive, symmetric, and
transitive).
45.3.2 Carry out the details of the section for the complex case.

454 ORTHOGONAL TRANSFORMATIONS
We just defined a matrix Q for which
Qr "~ Q-l

to be orthogonal. To get an idea of why the word orthogonal is used, consider
the classic orthogonal transformation
cos § sin 6
—sin 8 cos 8

which represents a plane rotation through an angle . This matrix transforms
any pair of orthogonal axes into another pair of orthogonal axes, from which
comes the name, This matrix also has the property that its transpose is its
inverse,

The » x n matrix

1 0
0 1 . .
cos § sin @
. . 1
. . i
—sinf cos B

also performs a plane rotation, but in Euclidean n-dimensional space. The

matrix
cos 8 sin ¢
(sin § —cos 6)
is a rotation plus a reflection (the determinant is ~ 1}. Thisis also an orthogonal
transformation and can likewise be done in n dimensions.
These are the simplest orthogonal transformations since they involve only
two coordinates. There are many more orthogonal transformations that are

more complicated to write out in detail, and we will look at one particular class
of them in the next section.



45,5 HOUSEHOLDER TRANSFORMATIONS 693

Orthogonal transformations have the important property that they do not
“stretch ™ the space, that is, if Q is orthogonal, then

| @x]={x]|
To prove this, we write the casily verified equation
(Ax, ) = (x, 47Y)
Replace y by Ay to get
(Ax, 4) = (x, AT4y) = (x,)
Now set y = x, and we have
{Ax, Ax} = {x, x)

as required. Thus orthogonal transformations represent only rotations plus
reflections but no stretching. Because of this property they seem intuitively more
likely to preserve the amount of Hinear independence of a system fairly well and to
hold down roundoff effects, though we shall not try to prove these remarks here.

45.5 HOUSEHOLDER TRANSFORMATIONS

With this background of orthogonal transformations we now turn to the House-
holder transformation matrices. Let u be a real nonzero vector and let

_wu u?
2 2
Then using the outer product (uu’) = uu?, we define a Houscholder matrix.
uu”
P=l=-

For practical computation the above notation is convenient, but for purposes of
theory it is simpler to define

_u
ar
so that v is a unit vector and the Houscholder matrix is
P [ 2007

It follows immediately that
Pl JT o 2(00™Y o= [ = 2007 = P
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so that P is symmetric. Furthermore,
P = (] — 200" — 2007)
= I — dpvT + devTooT
But o™y = 1 s0 the final terms cancel and
Pr=f or P lwmp
Since P is symmetric, this is the same as
Pt = pT
and the Householder matrix P is orthogonal.
These properties are important because for a symmetric matrix 4, P AP =
PAPandthisissimilarto 4. Alsothisisthesameas PTAP preserving symmetry.
We now examine the effect of multiplying a matrix 4 by a Householder
matrix P, Consider
PA=({T~200N)Ad=A ~ 20074
If the components of v are vy, v;, ..., v, and the rows of 4 are denoted by Ry,
Ry ..., R,, then v" 4 is the row vector
U Ry + 0y Ry ok k0, R,
Then 200" 4 is the matrix whose kth row is just
ka(viR; o Dy R")
and P4 = 4 — 20074 has the kth row equal 1o
‘Rk ol 2”&(01}{1 g U, R")
In words, P4 is obtained from 4 by subtracting from each row of 4 a linear
combination of the rows of A. In particular, if v, = 0 then the kth row of P4 is

the same as the kth row of 4.
Similar remarks hold for AP using the columns of 4 instead of the rows

45.6 TRIDIAGONALIZATION

We will show how to use Houscholder transformations to reduce a given sym
metric matrix to a tridiagonal matrix

X ps 0 0 0
b X X 0 0
V] X X X 0

......................

with the same eigenvalues as 4.
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To show what Househelder transformations can do, we take an arbitrary
column vector x with norm o, and find a Houscholder matrix P so that Px has
specified components the same asthose in x and certain other specified components
equal to zero. (Or course analogous statements hold for x and xP when xis a
row vector.) For purposes of illustrating the flexibility of the method we will
suppose that x and P are six-dimensional, in particular,

*t Y
X2 Y2
x=}73 and Px=y=["?
X4 Ya
x5 yS
\ X6 Ye

and that we want y, =0 =y,. We cannot accomplish this and have all the
other y; equal to the corresponding x; (unless we started with x, = x5 = 0), for
we would then have

P =(Eyd) <(T %) = 0
But this contradicts the fact that
Ipf={Px|=|x|=¢

We can, however, accomplish what we want by changing only one component
{other than those we make zero). To see this, we again examine the illustration
and suppose that we are willing to change the fourth component. We want.
therefore, to get

Xy Xy
Xy X2

pl %t 0
X4 Ya
X5 0
Xg Xg

We have
X+ X7y 4wt = o
so therefore
Vo=t [0 — (x4 5,7 + xH)2
=[x, +x.2 + x52]
To find P we have
y=Px=(—-2eNHx

= x - 2e(e'x)
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or

' =x—y

where vTx is a scalar and vis a unit vector. The direction of v is obviously that of
x —y. Thus

4]

0

Xy 1 X3
x—yl  |x—p|{ %24

X5

0

50 we can choose 4 in the original definition of P = [ — un"/b as

with y, given as above.

We have a choice of the sign for y, so we choose y, to have the opposite
sign as x4, thus avoiding possible cancellation and roundoff. In practice, u is
easier to use than v, because it avoids the square root necessary to find {x — ¥].

Notice that y, and udepend only on the components of x that will be changed
by the transformation. Indoingthe computation, one can ignore the compo-
nents that are not changed.

The particular column (row) vectors used are the columns (rows) of 4.
When we form P4 we, in effect, multiply each column of 4 by P, and when we
form AP we multiply each row of 4 by P.

Returning to the particular six-dimensional case of our example, if

a1 a2 a3 ay, 4 . x 4.6
Q. ay, 2 22,3 a4 az,s ds.6
a3,1 3,2 a;3,3 s, 4 a3, 5 as, 6
4,1 Q.3 da,3 Ga,4 ds, s 4,6
ds, 1 as,3 as,3 s, 4 ds s ds.¢
5,1 g, 2 s, 3 g, 4 g, s ds. 6
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and 4y, ; = 4, , we can pick an ¢;, as described above, and set

%y
a
uy = #1
4,1
as5,4

26,1
Thus

Eunlz

T
wu .
Ll with By = =i

by

P;:-“I""

s0 that P4 has its first column equal to

5.
14
az.1

0
0
0
0
for some value of @}, ;. As a result (P, AP, will have its first row equal to

{ay,1,4,,2,0,0,0,0)

witha) , = a, ;. Setting 4, = P; 4, P, we again have a symmetric matrix similar
to A.

a ¢ ai, . 0 0 0 0

’ l ¢
az’l az'z LN Eea s azlﬁ

Ay = 0

0 ag, 2 as, 6

1f we now choose o, appropriately, we have

Uy = Y
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and P, = I~ (uu,")/b, as before, and P; 4, will have its second column
equal to
a2
a2
a3,2
5 |
0
0

P, will not change the first column or row of A,. Similarly, (P, 4,)P, will have
the second row equal

(arz,ls a'z. 2 ag, 3 0, 0. 0)

with a3 ; =43 ;. Then 4; =P, 4, P, will also be a symmetric matrix similar
to A but with two columns and rows reduced to tridiagonal form.

Continuing in this way, we obtain a matrix B which is in tridiagonal form
and similar to 4. Further, to effect the similarity

B=0407}

we have chosen ) as the product of the Householder matrices which are orthog-
onal. This implics that O is also orthogonal, and

B QAQT

Note that in the case where 4 is not symmetric, we can still ““ zero out” the
columns as we did above, but the same Householder transformations will no
longer zero outf the rows. We will obtain, in the nonsymmetric case, a matrix
similar to A4 and of the form

Lo O X X
QX X X
DX X X X
X X X X
XX XX
X X X X X

This is called the Hessenberg form.

1t is worth noting that if we do not require that the final matrix be similar
to A (so that the eigenvalues no longer are the same), then we need multiply4 on
the Jeft only by a properly chosen sequence of Houscholder matrices and will end
up with an upper triangular matrix. No requirement on the symmetry of the
original matrix would then occur,

Because the Houscholder matrix is its own inverse, this remark is equivalent
to writing the matrix A in the form

A= QR.
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where R is upper triangular and Q (being the product of Householder matrices)
is orthogonal. This procedure has application not only in the ** QR algorithm™
which we discuss in the next section, but also in the solution of systems of
linear equations {Chap. 7}, particularly the least-squares solution of redundant
equations (Chap. 27).

457 THE QR ALGORITHM

The QR algorithm is used to compute the eigenvalues of a matrix. The basic
idea is expressed above, namely, that we can start with a matrix 4 (call it 4,)
and write it in the form

Ay = O Ry
with @, orthogonal and R, upper triangular. We then define

Ay =R Q,
Note that

Ay = Q;1A191
= QITALQI

so that 4, is similar to 4, and is symmetric if A, is symmetric. Continuing this
process, we write

Ay = Q1 R;
with (, orthogonal and R, upper triangular, and define
Ay =R, 0y
In this way we obtain a sequence of matrices A4;, 4,, 45 ..., all similar to 4.

It is an important fact that if 4 is symmetric and tridiagonal, then so are all the
other matrices of this sequence.

This observation is useful in computing the eigenvalues of a symmetric
matrix. Given a symmetric matrix we first reduce it to tridiagonal form by
Houscholder transformations and use this result as the starting matrix of the
sequence A; of similar matrices. In this latter part we need to compute only
elements on the three main diagonals, and this results in a large savings in compu-
tation.
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1t has been shown by Francis! that for any matrix 4, the matrices 4, tend
‘“‘generally” to an upper triangular form.? In particular, for 4 symmetric
the matrices 4, are symmetric and will therefore tend to diagonal form. The
numbers along the diagonal will, of course, be the eigenvalues of 4. Francis
also introduced the operations called * shifts " to be performed ateachstep, whose
purpose is to speed convergence. These shifts are usefi] but they do not change
the general theory, and will not be discussed further here.

45.8 OVERDETERMINED SYSTEMS OF
LINEAR EQUATIONS

Suppose that we are given a system of m linear equations in n unknowns with
m>n,

Ax =y

where A is an m x n matrix, and x and y are, respectively, n- and m-dimensional
column vectors. Wewritetheequationsinasymbolic block formasin Fig. 45.8.1

FIGURE 45.8.1

Axey

In general there will be no solution to such an overdetermined system of equations,
but we may look for a least-squares solution as in Chaps. 25 to 27. This means
that we want to find a vector x which minimizes the norm

| dx — yi

3 G. ¥ Francis, The QR Transformation, Comp. J. 4, pts. | and 1, pp, 265-271,
332-345, 19611962,

2 If A has nonreal eigenvalues, this statement must be modified because a triangular
matrix has its eigenvalues on the diagonal while the process we described uses only
real numbers. In the casein this chapter, when A is symmetric we have proved that
the eigenvalues are all real.
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Using the methods we have developed, we can find a sequence of House-
holder matrices whose product is an orthogonal matrix { such that Q4 is in
upper triangular form

XXX
XX
Q4=R={ ¥

0

We will assume-—what is true most of the time—that the rank of the matrix is n
(if not, then the details can be fitled in) so that all the diagonal elements are
nonzero. If we set @y = z, then we have

[Rx = z| = | QAx = Qy| = | Q(Ax ~ p)| = | 4x — y|

since the orthogonal matrix @ does not change the norm. Thus we can equiva-
lently minimize the quantity [Rx — z|.

Since R is upper triangular, we can write this equation symbolically in the
form

n
Rin 2 in

R= Z =5 [rmnenn
C|{m—n ' tm—n

Then
[Rx —z}% = |Rx — 2|2 4 |2'|?
Now x is independent of | z'|?, so to minimize | Rx ~ z| we choose x to minimize

|Rx —z]%. Since R is of rank n (by assumption), we can make the latter norm
equal to zero by simply solving the triangular system

Bx=:2

exactly. The result is that this solution must be the least-squares solution to the
original overdetermined system, and the norm of the residuals is given by |2'|.



N+1
THE ART OF COMPUTING FOR SCIENTISTS
AND ENGINEERS

N-+1.1 IMPORTANCE OF THE TOPIC

It is unusual® in a book on computing to include a chapter on the vague general
topic of how to appreach and solve problems using computing machines. The
title of the chapter is itself ambiguous; it could refer to the art as practiced by a
person computing for scientists and engineers, or it could refer to the art as prac-
ticed by scientists and engineers; in fact, it is meant for both.

The subject should not be taken lightly just because at times it is opinion
rather than established fact. I feel that it is more important than many of the
specific results discussed in other parts of the book. At present, the subject is
more an art than a science, but this situation is slowly changing because the pres-
ence of computers themselves has made possible the mechanization of many pro-
cesses once believed to require human thought, and active research is now going
on in this important area known popularly as artificial intelligence. The more we
Iearn about how we solve problems, the more work we shall be able to shift from
ourselves to the machines. The art of solving problems with the use of comput-
ing machines, is of interest in its own right; it can also help the user in many

* But see F. S, Acton {11
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situations and greatly increase the value of the machine computations now being
done.

Most scientists seem to have been afraid to explore what is generally con-
sidered to be the creative process of discovery, but there have been some notable
exceptions. Among the mathematicians, “ The Method ” by Archimedes is one
of the earliest examples, and we now have the classic *“ How to Solve It by Pélya
148]. Both, however, are concerned with the attack on well-formulated problems,
whereas we are concerned with a larger framework of vaguely defined problems
from which we hope to extract results to fit an equally vaguely defined situation.
The motto of the book,

THE PURPOSE OF COMPUTING 1§ INSIGHT,
NOT NUMBERS

illustrates our broad frame of reference

Unfortunately, mathematics traditionally emphasizes elegance, which all
too often is identified with surprise. Frequently in a mathematical text one will
see consider the following function . .. and from the arguments that follow be com-
petled to agree with the resulf, without being given the slightest clue as to why we
should consider the function or why it produces the result. Many mathema-
ticians, including the famous C. F. Gauss, pride themselves on removing all the
scaffolding that was used to erect the result in the first place and leave only the
isolated result to be admired (surprised by). The motto is clearly in direct oppo-
sition to this attitude as it applies to numerical methods.

N+1.2 WHAT ARE WE GOING TO
DO WITH THE ANSWER?

Pélyainhis book “ How to Solve It "emphasizes the importance of understanding
the problem. The present author, from many years' experience in computing for
others, has found that usually the first question to ask is, What are we going to do
withthe answers? Wil the answers computed actually answer the questions that
should have been asked? Frequently one sees proposed studies, and even pub-
lshed papers, that cannot possibly answer the questions they claim will be {or are)
answered simply because sufficient attention was not given to whether the data
{and computed numbers) are or are not adequate to decide between the possible
alternatives.!

Again one may ask, Do we need ali the answers? Do we need more?
Would something else provide a better basis for insight? Many other questions
also occur, such as, Are the known conservation laws obeyed by the results ?

! Sce, for example, Jeffreys [23].
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In order to answer some of these questions, it is well to imagine typical
answer sheets and then examine these for their usefulness. More times than one
would expect the requested answers will not answer the needs of the research proj-
ect. The original request may have been to get the answers to a set of simultane-
ousequations. Sometimes this is all that the computing can give, but many times
other items, such as the difficulty of solution, can add to the understanding of the
situation being examined. Further, what is to be the measure of accuracy: accu-
racy in the unknowns, the residuals, or the change in the problem, to name but a
few? Were the simultaneous equations necessary? Would an alternative for-
mulation give more insight ?

Before going on in this vein, let it also be observed that one cannot expect the
problem proposer to know exactly what he wants. In research, and in many
stages of development, it isin the nature of the process that we do not know exactly
what we are seeking. Indeed, it may be said, “* In research, if you know what you
are doing, then you shouldn’t be doing it.” In a sense, if the answer turns out to
be exactly what you expected, then you have learned nothing new, although vou
may have had your confidence increased somewhat.!

Trite and obvious as the remark may be, it is important to know what you
are seeking. It is less well understood that you should also plan your work to in-
crease the chances that an unusual observation will be found. It is usually worth
adding a small amount to the total machine time if in the process many side checks
on the model being studied can be included. Thus, for example, in a study of the
design of traveling wave tubes the auther found that the equations being solved
were a result of “linearizing the problem,” and he therefore included in the com-
putation some estimates of the probable size of the main nonlinear effects and
found (not surprisingly) that in some cases for some ranges of the independent
variable this was much too large to be ignored, thus invalidating the modeling, the
corresponding computation, and nicely printed sheets of output,

Many of the greatest discoveries have been made by prepared minds making
a chance observation and realizing the importance of it. Thus, even though it
puts a little extra burden on the output equipment, it is well when planning the out-
put formats to include a few wisely chosen numbers beyond the bare minimum,

In summary, while there are exceptions, it is a good general rule to begin a
problem in computation with a searching examination of * What are we going
to do with the answers 7" Anactive, imaginative mind can make great contribu-
tions to the whole research problem: at this stage, and a dull, lazy one can prevent
any real insight from emerging from all the hours of machine time used to get
the obvious numbers.

1 p, Debye: *If a problem is clearly stated, it has no more interest to the physicist.”
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One of the most common mistakes in planning a problem is to request too
many answers. This is particularly true in problems having many parameters.
In such situations, what is generally needed is a good statistician who understands
the design of experimenis and optimization theory. Very often he can plan the
search ir such a fashion that only a small fraction of the original cases need be
solved  ‘The sheer volume of answers can, and very often does, stifle insight.

N+1.3 WHAT DO WE KNOW?

Having decided, tentatively, what we expect to get out of the computation, we
nextask What dowe know?  Whatinformationdowe have? Whatistheinput ?
Are we putting in all that we know? For example, if the answer is known to go
through the origin, have we included that fact in the input? Do we know some
conservation law?

Again we remind the reader that Pélya emphasizes the importance of under-
standing the problem, but again he is considering mathematically formulated
problems and is supposing that there is a complete statement, In the application
of mathematics this is, of course, not the situation, nor is it true even in mathe-
matical research. Often further probing of the situation being explored will bring
further information to light. In the least-squares fitting of a polynomial in Sec.
27.6 we first ignored the fact that the curve should go through the origin, and as a
result we had to do the problem over again.  When we used this information, we
found a more satisfactory answer.

Sometimes it is difficult to include all the known information in our formu-
lation. Thus, in the above case we knew that the first term had a positive co-
efficient. Wedid not include this fact in the input but saved it for an output check.
Nevertheless, it is well to get clearly in mind all the relevant information available
before going on to the next stage.

Sometimes this exploration of the unknown situation will reveal alternative
formulations of the problem, and these in turn may suggest new ideas to be ex-
plored. Sometimes we find that unnecessarily restrictive assumptions have been
made on the model, and that with little or no extra effort they can be removed.
Typically a problem has been needlessly linearized, or viscous damping has been
removed. Inany case, the role of assumptions should be understood, and checks
that will throw light on the validity of some of the assumptions shouid be included
inthecomputation. Thustheexploration of the input may reveal new or different
output requirements.
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N+1.4 DESIGNING THE COMPUTATION ROUTINE

Only after we have clearly in mind where we are and where we want to be should
we turn to serious work on the question, How do we get from here to there? This
is the domain of Polya's book ; all his remarks are relevant, and we assume that the
reader either is familiar with them or else will read the book.

Although a problem is posed as one suited to a computing machine, the
necessity for using 2 computer should be questioned. An analytical answer is
often very much superior to a numerical result, and sometimes, even when it is
more difficult to compute than the original problem, the error estimates may be
made much more accurately. Our exploration of what we know about a problem
may produce one or more formulations of the problem, some of them merely
simple mathematical transformations of the same problem and others, perhaps,
quite different. It is expensive to explore a machine-computation plan for all of
them, and some initial choices must be made. As a general rule (with many ex-
ceptions), the closer the mathematical statement to the fundamental concepts of
the field the better, always assuming that scale transformations have been made to
make the equations dimensionless. Fancy mathematical transformations usually
introduce difficult computaticnal situations.

The plan of computation adopted should make use of as much of the initial
informationascanbeincluded conveniently. The various mathematical approxi-
mations made by the formulas used should beinharmony with the model adopted.
The ¢flects of sampling should be examined, as well as the effect of the limited
amount of input data.

The plan of computation should include plans for checking both the coding
and the results.  This point is too often overlooked; thus we recommend, before
doing any detailed programming, that the questions be asked, How shall I know if
the answer is the one thatis wanted? What tests shall [ apply or have the machine
apply? It is essential that some redundant information be computed or found
from other sources, so that some checks can be made. It is the experience of the
author that a good theoretician can account for almost anything produced, right
or wrong, or at least he can waste a lot of his time worrying about whether it is
right or wrong.

N+1.5 ITERATION OF THE ABOVE STEPS

We have acted as if these three stages can be completely separated, when in fact
they are often interrelated.  Nevertheless, it is well to keep the three stages clearly
in mind and iterate arcund them as new information at one stage sheds new light
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on another. It is the author’s experience that rushing into the stage of arranging
the details of the computation is the most common mistake. This is especially
true of the computer expert, because there he feels at home and can show his skill.
But all his skill is wasted if he works on the wrong problem or produces numbers
that do not answer the real questions.

It is, of course, difficult to be expert enough in a particular field to ask suit-
able questions about the importance of what is being computed as compared with
some other things that might be computed instead. But there is an art in asking
questions.  Socrates claimed not that he knew truth but that he knew how to ask
the proper questions of man and draw the truth from him. He spoke of himself
as a midwife. And it is in somewhat the same way that the consulting computer
expert must approach the man withaproblem. Inthe final analysis, the man with
the problem must make the choices and do the research, but well-chosen sugges-
tions from the outsider can help to clarify the nature of the choices and aid in the
decisions that must be made at many stages of the work.

N+1.6 A CODE OF ETHICS

Because I have recommended that an active, aggressive role be played by the nu-
merical analyst and that he get into the design stages of the problem and stay in
through the interpretation and decision stages, it seems necessary to also suggest
some restraints on hisrole.  The following could serve as commandments,

1 Thou shalt not impose your ideas, opinions, and prejudices on the custo-
mer, for he is the man with the problem, not you.

2 Thou shalt avoid all unnecessary fancy mathematics, computer jargon,
and attempts to raise the * falutin’ index " of the problem.

3 Thou shalt not come between the customer and the machine, but shall
stand at one side ready and willing to give all the help and aid you canto
both.

N+L7 ESTIMATION OF THE EFFORT
NEEDED TO SOLVE THE PROBLEM

In any reasonably mature science, it is necessary to make estimates as to what will
happen before spending time and money. In a sense, the more mature the field,
the more accurate the estimates. Judged by this standard, computing is in an
elementary state. Often only the poorest estimates are available.
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Some of the estimates that should be made are the following:

I Wil the roundofl errors be serious; if so, to what extent 7

2 Will the interval spacing be adequate 7

3 Ifthere is an iteration process, how many iterations may reasonably be
expected ?

How much time will it take to code and debug?

How will the answers be checked to assure that they are right?

How much machine time will be required?

7 When will the answers finally be available?

S L od

A glance at these questions will convince the average computing expert that the
present state of the art leaves much to be desired.  This is no reason for not trying
to make estimates that are as realistic as possible.  Furthermore, proper organi-
zation of the computer facility can greatly improve the estimates made for ques-
tions4and 7. 'The provision of monitor systems, automatic coding systems, de-
bugging systems, and a short turnaround time on the computer are musts if these
two items are to be estimated accurately.  Stability of the computer center is vital.

This book has tried to approach a number of these questions in various ways.
In particular, Part II1 is believed to provide a basis for many estimates. How-
gver, many of the approaches in the book are merely tentative starts in the
direction of making reliable estimates, and much remains to be done.

A person who aspires to become a computer expert in the consulting field
should not dismiss these questions as unanswerable but should recognize that
reasonably accurate estimates are the mark of a capable craftsman—estimates
that are neither 100 optimistic nor too pessimistic.

N+1.8 LEARNING FROM CHANGES IN THE PLAN

It is almost inevitable that as the computation progresses, new information be-
comes available, and changes in the plan must be contemplated. But before
adopting a change in plan, an effort should be made to understand why the wrong
choice was made in the first place, Does the change shed any light on the model
being used? Should we still try to get the same kind of answers? Does the
change suggest new or different checks on the validity of the model? Can some
new insights be obtained ¢ither from the failure or from a new plan?

A change in plan should not be hastily patched in but should receive the
same careful thought and planning as went into the original plan. As remarked
before, if things go as planned, not much can be learned—it is from the unexpected
that the great new insights can occasionally arise. Thus a situation which forces
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achange in plan should be regarded as an opportunity rather than a failure, Of
course, if the change was due to carelessness or failure to think, then it should be
taken as another example of the value of preliminary planning and should be
charged to stupidity.

It is afl too tempting, when involved in running a problem, to be rushed into
making small changes without considering the consequences and the implications,
especially if the results have been promised at a certain time. Yet haste at this
time can undo much of the earlier careful work.  Itis well to remember that ““ the
man should be the master, not the machine,” and by proper organization of the
computing facility and one’s personal work habits much can be done to keep this
clear.

N+1.9 THE OPEN SHOP PHILOSOPHY

If we believe that The Purpose of Computing Is Insight, Not Numbers, then it follows
that the man who is to get the insight must understand the computing. Ifhe does
not understand what is being done, he is very unlikely to derive much value from
the computation, 'The bare numbers he can see, but their real meaning may be
buried in the computation. The professional programmer and numerical analyst
should not block his view of the problem and of the results of the computation.

Eddington has an illuminating story of 2 man who went fishing with a cer-
tain-sized net. When he found that the fish caught had a minimum size, he con-
cluded that this was the minimum size of the fish in the sea; he made the mistake
of not understanding how the fishing was done. And so it is with computing;
what comes out depends on what goes in and on how it is processed.  Without an
understanding of the processes used, it is likely that effects due to the model used
inthe computing will be confused with effects of the model adopted by the user
when he formulated the problem.

It has further been found that frequently the process of computing sheds
great light on the model being computed. Computing is a tool that supplies nu-
merical answers, but is also an intellectual tool for examining the world.

It is not likely that great physical insights will arise in the mind of a pro-
fessiona! coder who routinely codes problems. If insights are to arise, and they
are what we most want, then it follows that the man with problems must com-
prehend and foilow the computing. This does not mean that he must do afl the
detailed work, but without a reasonably thorough understanding of what the com-
puter is deing, it is unlikely that he can either arrange his work to get maximum
benefit from the computer or achieve the insights which can and do result from
properly arranged computations.
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Experience clearly indicates that it is generally easier and better toconvert an
expert in a given ficld into a partial expert in computing than it is to try to make a
computing expert into an expert in the given field.  But if we are to require this,
then it falls on the computing experts to make every effort to reduce the burdens of
learning and using the computer. Arbitrary rules, special jargon, meaningless
forms, changes in the methods and form, and delays in access to the machine
should all be reduced to a minimom and carefully monitored {0 reduce them
further when the next machine offers new opportunities to lift from the outsider
the burden of the nonessentials of computing.

The study of numerical methods and library routines to be used to increase
insight, rather than mere machine efficiency, is still in its infancy, and it is one of
the most important areas of future research. To work in this field reguires ex-~
perience in the use of computing in everyday work. It is, however, a field well
worth cultivating. Clearly the author does not subscribe to the “black box™
theory of library routines. The author does, howaver, subscribe to the heresy
that some of the results found in the ficld of artificial intelligence® could profitably
be applied to some numerical analysis routines.

N+1.10 CLOSING REMARKS

It should not be necessary to remind the reader that most of the above remarks
are personal opinions developed by the author while working in a particular
laboratory, and they do not necessarily have universal applicability. But in
defense of them, they seem to be grounded in common sense as well as in
experience. If the reader does not like them, he should not argue the topic but
should try to develop his own, It is important for the progress of machine
computation that the intuitive methods that we now use become more clearly
vnderstood and reduced, when possible, to explicit formulations suitable for use
with a computer.

E See, for exampie, Nilsson [45] and Slagle [52].
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